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1. INTROI}UCTION

Lel (,S") be a. sequence of numbers,converging to 
^g. A sequence

';#;{":ïF:ï:*ïå,:t*t*^in tra;qr;ä'iÅ'g tnu se[u-enc-e 
"is,¡ 

ioto tËe se-

:

i

l

I
l

I

L

I

I

I

I* : T(Sn, Snnr, ..., ñn*r), n : or]t,,..
a,níJ p is a fixed integer. The aim of such transformation is to provide asequence (In) converging ro s ia*i"""ilrãï (ö;iiäi,i:l ,

11¡1 
?'- tl -- 6.,-- No - ,,S

rt is knolvn l'qee tll) that accele'ati.ng convergence is equiyalent toitiiT- a ((perfect 
ìsr,imaüon ;f ;Ë;;;" r,,, thati*, ä ;;á;;nce (r,,) such

tim ?" :r
ø+ø ,r$ :- ¡$n

proceeding in this way, Ana c. Matos proposeal in i2r an accelerat-
i:ä."iìåtJ:d 

based on a generat-Lonve.guo.ä iäJäîa'ån tne rouowing

-"." l"it"[f¿]r!:; fffi:ilîåiî]',ffiîrT: @.) a siven auxliarv sequ-
l_¡et us define :

(1) T¡:: c'- frn,, væ e rfrf

(2) A,Qù | : -êg-!--, vø e llrl, /u e INA,S,+r
rvhere Afrn : frn¡1 -^r¡¡ A8ilt : ñz+r+r - ñn+rr and consider the follow_rng convergence test for *óquur"äÄ",-rf,
(3) lim inf A*(k) > O
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or

Iim
n+6

Rn+r
=1,r,lA,(k)

"r,hich means f¡at D,: ..'n-1.=.. , æ € IN (/c e IN, fixett) is a (.perfoct
A"-*(k)

estirnatio¡ of the erlor" of (,,S,) and wo get the following Theorem :

Trrnonnilr I l2l. Let (ß") be a mo:notóne serluence and, (m") wn øurilì,ørg
one, su,ch th,at:

a) lim o, : fr¡ where n is a Jinite nu,mber

.usutt]o 
the follorving we sh¿r'Ir make some obserrrations concerning this

rneq'alitie* rsi ,o,T ;i;iiJ"ï- ," îî,""-,
I Rr**

srtp A1(k) \ r,,
J)n

inf A¡(h)
J>x

Accelerating the Convergence
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(4) 
,tl3u.,n 

/.,(1,) < Q,

then (i9,) con\¡erges.
This test ena'bles us to obt¿in an êstimation for (S - B,). fn fact,

if rve suppose that Vra e [fl, AS, ] O (the case ryhen Â¡S, < 0, Vra € [N can
be treatéd in the-same rvay) ancl if conditions (3) are satisfieal; then 'we
have:

llI e [.{, Vz. e [\, qup /.7(ir) , !:'o . 2 inf. A1(h) > 0, ym)m,
j>,r Aò.'nr +r jv n

and since 
^/Sn 

> 0, Yn e À7, lve get Ã,u- ) 0, Ym ) n, Vm 2 -l[, hence

aa'' ( as-*r< 4t4-- , Yn2tY, Ym Þ n'
suP -'tllc) inf A¡(h')j>t i>n

tsy atlding these inoqualities, member by member r lor n't, : rù¡ Íù f 1, . . .

we get

(5) <P,.. 'n Væ>N.\-/ 
sup.41(k) 

\ ¿u7¡+ð 
inr. A/k) ) r rv 7 L')

j)n j¡n

where R^ :,S - ,Sr,.
fn the samo way, if conclition (4) is satisfied, we obtain:

(6) 
-il^t 

Þ ßn+t'' #î* ' Yn ¿ N'

- .. i>.* i>n

Then, if (/,(/r)), converges, we have

iri äirll is comuersemt gna )yy a.(þ) + 0, wì,ttr, lA^(h)) d,eJined bE

Tlten (5") conaerges and, th,e transforntøtion

Tn: Sn ¡ n 

--!::2, n € IN (k e [N, fired,),A^_tÏt)

respectively

1 -Ën1r'' 1
*op.t¡lr¡ '*n 'Yn2N'i> n >,' 

-'t\Iv )

Ï"11f 
A"(t{): ¡'r, 'lvhete þ + o is a finite number, we have :

D
11- tr¡+¡ : a,
?t+æfnp

SO

lirn än*r
r+æ t'nl*

rvlriclr 
'eâns thn| D, ::)i.lL , ra e l}r| (fu e IN, fixecl)is a((pel.fect estima_

lì,î-:l$å.ï'(%:;î1fåÎ# Tt,,o',,"n that, in the conditìons or rheorem 1,

t71 
- 

ct , fi-Cn-|.Ln:tJn t :' , n.eN (/¿e ¡¡, fixcd)
p

il",iTiJÏ,,iä 
,J,ì'i 

fr,"""åt îil_,"i1 
c on ver-

that the clifference 'betrveen Æ,: ,,S

tic expression of Jù, obtainecl using
difference betq,een R, anù Ðfl, :
Æn obtainecl using (rpD, where

r,tr)* -:uiil - c,Ír) r, {,(¿) - lim r!,), i : I¡ 2.
fn this respect rve present the follorving results. .,

:1,

(2)

accelerales the conoergence of (Sn).
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I-.¡prvnr¿ L Let (5") be q, tnonotone se(luence ønd (nft), (nf>¡ auriliøry
sequences such that:

a) 
,li3 ,t,, 

: ç(t),,i:rt2.
wl¿,ere rc() are finite nu,mbers,

b) 11rrr-A'Ílf :þ+a,i:r,z.
n+æ Aòn+¡

Then (np¡ and (nft¡ satisJy:

,r^ ø(2) -:- nÍz)t _ ,.
n16 nQ) -- ntlr

...Proo,f. From Theorem 1, 1r'e have that (¡S") is convergent and D;t) :
ní) -rl,2t 

'. ryQ) - nQ).'

PFt
of the rest -P, - S - ,S,. So, ti- Djt' : It i : rt 2imply Ii^ ?l:l :,¡+co nn - " "-æ þf)
: 1, rvhich means that tim nQ) - nÍz)n 

- u.
n-+ø 6(!t _ ú2t

LEMMÀ 2. Let (,,S,), (øf)) ønd (up) seg,wences that sotislg¡ the condi-
tions of Lemma L

Let (efft¡ and, (efft) be two sequences such that:

Condition a) can lre wribtcn as

r{,')r*, - r;:!u: [r(S,*r - S,) * uÍ,) :,,i :1,2,
and adding frorn n bo oo, rve obtain :

ryQ) -r[,1)r: p(S-8,,) f Ë.Írr,
(7,) fi(z) - n,(;r)h :tr(.î - ,S,) + f 

'.*,

Tho relation lirn l* : 0 can ¡o l""itten as ,-,t+@ e;r\

(8) -o¿<+ {u(tv>,Àrn),
el,t)

il;äå îi- J: 
arrr*rar5', pos*ive numbe. and À,, is a pos*ive inbeger ass,-

By condit,ion c), frorn (g) $.e h¿.1,s the following i'eqi;øIil,ies :æææ
- "È' e!') < 

*4, "$" < o I "!"' (n > N'l
that is,

(e) Ë "{,,,
-o¿<-l-,' (a

E "{"r

5
4A .4ccclcratirrg Lhe (ìolvcr.gcncc

83

r12

b) efitl + 0, eí') : 0, Væ e l]rl,

c) (rf)) lteeyrs a constant sign beginni,ng witlt, some sufJicientty tørge
ind,en n,,

o(zld) lliä:0,
then tlte øsyrnptotic enpress,íoìns D[]t : nlt æl't)t 

ønd, Df) - 
a?t - ú2)r

satdsfy the relq,tion:
|'l

Iim - 0,
nt@

tlmt is Dt') is ctn approæ,tmation for the rest better than D$).
Proof. fn the conditions imposetl on the sequences (,S"), (øÍrì) and

@L')), we have that (8") is convergent.
Suppose now that .[t) > 0 lor n sufficiently large

Taking into account (7), inêq*alitics (9) a'e equivalcnf, to the r.elation

(10) lim

(n >'N*).
,1,

tI->æ n$ I 
- nr(r')r,

É
- (B _ s,,)

l¿

Eem'arlcs' L) rr, fieginrui,tg¡. with art.indan n, su,fficientty large, ef),[,snegutiae, then tlte reusoninq is itot essenlialy ntoAftei,.2) I,h,e soluti,on (10) is equiaalent to :
The transformation

p, : rs, 1- 
*"' - *r')r, , e ft{ (h e IN, fined,),

acoelerates tha conaergence of tlrc transfnrntation,,

?u : Bu * ní) - ul])r, 
n eN (/c ellrl, fined,).
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Ehe meth,od, o,[ acceleration,. Suppose (8,) is a monotone sequence'
(ø,) is a convelgent sequetlce, lim fr¡r : fi¡ forwhich :

t,,', ;;' :pto.
,+æ ABr_¡.rr

ff the expressiotì t)n-tc+r - fit¿-ti - F(Sn*r - ,Sr) keeps a constânt
sign fol large enongh inrlexes, then r¡,e are loolcing for a sequence (Ón) such
that :(11) lll*u, - t,

ít)ì-^.+rbn-81.j - frn-t¡bn-n - F(SrrI - Sn)

Â. I'Inreqan

lirn
,1+@ ßr-It+I - fin-n - þ(Brnr - Sr)

In these conditjolls, the sequenee

(I - frn-rcbn-n
, n, e firl (k e IN, fixed)

\4'e are lookilg for'(úr,,) in thc Torrn ð,, :1 + ¿ (p e /ia,).
,1,,

Ir't'orn (12) s,e gct p : t
2

'I.he conrlilion.s beitrg tultìllerl, as shorvn in tabie l_

Pu:,su + {I: -finb6,rt,e [fi
v.

¿rccelclates the conr.e;r,g€nce of (ñ,) better than,

:l'u . ,,S,, * xt ---t" , ?¡, €lhl
þ

'1-able 1

b n Acccltrlat.irrg thc (lrrnvet.gcncc B5

(12)

Pr:Sr* ,5,, 7tt
p.

ftccelet'a¿eß the convergence of (?,')r where

rt\ cY | ç-frn-È .' --r¿: D¡¿ + 
f 

, 'll€lN (/ce[frl, fixctl)

which, in il,s turn (cf. il'heorem 1) acccleratos the convelgence of (8,)'
trVe say l,hal, (-P,,) ¿ìccelerates the convergcnce of (8,) bel,tel than

(r,,).
Retnat'\,;s. The setluctr,ce (b,) rna'll be takem, for enample, in th'e follo-

aai'ng form :

lt, -: ì- -P, V* e[l\, p e-I?x,
IT

in, ord,er lhat (I2) h,okl.
Numericq,l enumple 1

,¡ _l *2
T,et ,S, - i.l- ,,tL 2- J.,liln S, - ^S -l\ x L6449341

Êt l,;2 't+@ 6
Consider' (øu) clelinecl by :

frt . r¿A,Sn, Vø e [}r|,
that is,

*,- - 4 - ,
(r¿ l- 1)'

Vv'e ha,r,e that, lim frn: 0.

fn i,hcsc conrliûions,4,(0) : A'nu 
-

^s,,ìill ^u" .- -1 / o.
r¡+æ 

^Bu

1

:
3
4
5
6
i
8
I

10
11

12
lll
I.t
1 i-r

t{i
1i

1 .00i)l)tx)t)
1.2500000
1.3611111
1.4236111
1.46íJ6111
I 401Íì8[ì9
1 .5 r 171)71
1.5274221
1.53976i7
1.i,197677
I .5580322
1 . ir64 97(i(:i
1 .5708t)3ti
1 .57ir99ir[ì
1 .5tì0440Íì
1 .5343.16ír
I . õu780{;7

1.25OO000
1.4722222
I .548611 l
2.5836111
1.ô0250{)0
I .613837Ð
1 ,1i27172[
1 . {12{il 875
I .629i677
1 .632,1121
1 . {134 {211
1 .631-rOf,ì2{ì
1 .6íÌ72203
i.6382181
1 .61t903,t0
I .6397099
I .6102759

1 .6250000
1 .63888ti9
1 . (J42:ì611

1 .6436111
1.6441607
|. 6444501
'I 

. (i.1,t6006
I .6,147000
7.6447677
1 .6,14Íì001
1 . ô448:t77
'r .6448ã8li
1 . 044 u7tì4
1 .6,t ¡88 f 7
1 .644893 {
1 .6449002
1 , G4.t9055

.{. ;1NO't'Illìft 1ìOtlilUl,Â'llON I,tOlì ?'IttìOlttìt¡ I

Vn, e [frl;

-n2-n+l
nzlLnlt ) Vzr, e lirl, and-

let (,S,,) be ¿l tìton llone scciuerLce, (rlu) an ¿r,uxili¿r,r.,\. scqueltce stìch
tirat (42-la,) conr.eLgcs to thc finitc liirtit l, wherc p € [Nr;, 6rt-'!.6,,:: L(L1'-tñu), Lotru : ç¡,,.

J)cïine :

l,:l- L1'-1tt,,

(13) Iì,,ht, t;) - -.4.1-o'-, rr e [fi (t;,1t e¡!,.1, ïixed)
A,Sr.r_r

llhe leasollìng plesentcd irr Intlotluclion, ircrrniLs us tira fnliowing
test of conlelgeltce:

If
lirn int Iì,,(p,k) > (l
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oï

Ä. tr'Iurc¡nn

limsup B,(p,k) < A

I I
I

il

-¿\ cccleral i¡r

S'¡

g thc

1 .5000000
r .5833333
1.a111111
7.6236111
1 .6302778
1.(33.12460
1636ì377
I . (ì3853í12
1 .6397677
f .6.1067(il.l
1 .64131ì55
1 .6118fi97
1.642322,4
1 .6426625
7.6,12!.103
i.6431701
1 .64:t362:)

Conr clgertcc

T',,

then (8,) is conr¡elgent.
X'his test enables us to colìiltruct ¿n estimation fol the clifferencc

(,S - ,S,,) ancl thc formulation of the follorving result :

Trrnonnu 2. Let (S,) åe r-r, ntotlotone seçlr.ter¡ce and (cr,,) a,n u,u,riliary
one) Sr"Lclt, tlLût:

a) lp e [fl'¡ szr,cli t'lt,utliln LD ro",, : lt wl¿e,ret is Jinite
b) (li,(1t,tt)) is conaetr:t1i"t onalirn 8,,(p, tr) + a wüt (8,,(1t,tt;)) tr¿Ji-

nerl bu (LB). 'rÐæ

?h,en, (5,) connerges anrl l,lte transJornru,l,ion

T,: Sua 1-t1 tt l, la € [N et,tt, eÈ,1), linetl)8,,_¡(qtr lt)

r,ce of
/\P-ra, logy rviúh Theorem l is-f,"p"ii 

,läl'?; ililT"il-ii:,\ïs;.,,i"',r\æ1
divelgcnt series ! -- 1o plovc ilre corìvcr,scrcc of the scl,ies r * 

,

rvlriclr ,* 
"u,',.p,,åï. 

" Ê"t''
Nunterical euample 2

Le1. B" : i l-- ?¿ c IN*.4 ao
h:r h'"

Consjcler' (a V'/¡, € [N*

'uvhich acceler,ates the colrvelgeltce of (¡S,) betlet, tllat
?,, : 8u +l - L",,, 

rz e [\x.
v-

'fablc I

,¡+æ

lt
l

rl

1

2
c

4
5

B

I
10
11

72
líl
14
15
16
77

1 .00()0000
I .2500000
1.3tt17111.
1.4236711
1.4836111
1 .4913fi8/.)
1 .511J9-/1
1.5274221
1 .5397677
1 .;t497ß?7
I .5580322
1.56497(ld
1 . it70fl938

l .7500000
1 . (i666667
1 .6527778
I . 6,Juri 11 1
1.6,1694,14
1 .6461508
1.615725ß
1 .6 tD,l776
I .6{53233
1 .6.t52223
I .6.J5153,t
1 . 64 5104 ri

1 .575995ÍJ
1 .5804403
1.5343465
1.5878067

IIEI?f,]TIENc]JS

1 .6iI50696
r .6450 135
1 .6.150236
I .6450083
1 .6449963

æ1
tl,: F'-

L) t,
h:t tt

'llhis is a dir¡ergent sequencc, rrut trre sequerce (Áø,,) is co'LvoÌgent,
becattsc /\a,, : 1 

aird hur Árr,, : g.
tt' ! 1 i¡+æ

In these conclitions, 8,,(2,, t) : Ï:a - - 
tt' i I

Lzan - 

(rLjorlsr rril\z'' u) : 

^'su 
,x + 'z 

vra e [rl* ancl

llrn :-t+0.
,¡+æ 

^rS,By Theorem 2 r'e ìrar-e that,

?,, -_ s, +l ..!o, , ø € [N*
L2con

ÂSu

accelerates the convelgence of (,S").
As in Ðxarnple 1, rve construct a transfolmation

-Fu : ¡Sn *l-(L'a',)b", & Ê [N*,
t,l,

1. llt'czillski, C., Â. ncut tt¡tprottr.h lo rott¡:crt¡tnte t:,ncttr t¡tttnct ic¡tl nt

z' tt"'àr,''il'c, ,ircrr.rtrit:tt,ttr¡ods lxts((! il,t,o,,,,r,,,",,,,,,",j..,1-"-.""- 
ltrrr' l)ol'drc(lil: Iìci('(Ì

, 
^"r 

t'-',{Ì, 
,r r¡entrrr as 

t}(r{i(.t('c lrsls' Nutt'cr" l{atìr', 58 (1 t (lft) 32g-
r)ositir)c /r,rs (¡rr ,t!1.!l!!.'.!,:,:...r:".tr.ttlt1..iut' 

rt¡alttnlia, < [ !ht rrst ,[ ¿n ctJJ2. rolrìâtìl¡¡t¡), Sltrtlii ;i c(.¡.(,(.li'¡ ,f. i,,,,i.,,ììi ,',.!""'!,r'",,,,,",1ett1 :,ttir.t t; i;!t
4. Ncy, t\., ()hsttuttrio,,, ,n,,","r,,,,,,,',,,,1". . -' 

(('r'('(l;lr'l <lt'ltt¿tlctllnlit:ì' lll' p, rl'ilcll ri,.'il,'-
- rr¡iìr)iÍuì). Strrrìii \.(otÌc(ttttlt(t 

il (rtìù(rtl(tt(c l.l'eItt?tÌt /r.l's¿;rrs tuillt nr.¡. Hn,", i,.1,'ií' ñ:;')ï',i;,,:;t,,ì,,.,,1,0,,t,,!l)1,,1,,,,ì'?j;::;, 
1,1,,!,,1'y.;y,11,,i;;. 

;rî:;i;:-itinr trt,¡s (i,, r,,,,-

ct'¡ct'l¿ìri rrratcrrr:rlict,, t:t, I tit.l;i¡'i'í."'ri _'ii'."" l:os¡l¡r'( /r'l/r¿s (¡r¡ liorraniil¡). Stt¡rlii s

Jìcccir.r,rt t(J Xl 19g3
I tts! ilulttl tlc ()al tttl

,\lt . llcpubl itii -1,r. J7p.(). Ilot t,\
,? 400 - C IL¡.¡-a. ,, ,.oru

I(ott: tt n itt

t,7


