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REMARKS CONCERNING A METHOD
FOR ACCELERATING THE CONVERGENCE OF SEQUENCES

ADRIAN MURESAN
(Cluj-Napoca)

1. INTRODUCTION

Let (8,) be a sequence of numbers converging to 8. A sequence
transformation consists in transforming the sequence (S,) into the se-
quence (7,), where

Lo = T(8uy Snssy ooy Says)y o= 0,1, ..,

and p is a fixed integer. The aim of such transformation is to provide a
sequence (1) converging to S faster than (S,), that is, _

lim L" i =0,
naoo §, — 8

It is known (see [17) that accelerating convergence is equivalent to
finding a “perfect estimation of the error”, that is, a sequence (D,) such
that : ' '

lim .D.” =1
nsos § — Sn
Proceeding in thig way, Ana C. Matos broposed in [2] an accelerat-
ing method based on a general convergence test and on the following
reasoning :
Let (8,) be a monotone Sequence and (z,) a given auxiliary sequ-
ence converging to a known finite limit g,
Let us define: -

Q) Tat= o — x; VneN
2 ' S Ak = z Vn e k '
(2) (%) AS,,. N, keIN

where Aw, = g,,, — Ty ASpyy = Suskir — Sups, and consider the follow-
ing convergence test for sequences :

) b et ke y
(3) lim inf A,(k) > 0

N=PX
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or
(4) limsup 4.(k) < 0, |

B0
then (S,) converges. |
This test enables us to obtain an estimation for (S — 8.). In fact, |
if we suppose that Yn € [N, AS, > 0 (the case when-AS, < 0, Vo € [N can
be treated in theé same way) and if conditions (3) are satistied, then we
have :

IN €N, Lt Aiald)

sup A';(k) > - 2z int A, (k) > 0,

ion : ASm+k ipn

Vn € [N, Ym = n,

and since AS, > 0, Vn e N, we get Aw, >0, Vm > %, ¥Yn > N, hence

_ AT < ASpr < Ay y V=N, Ym > n.
sup A,(k)

inf A;(I{})

jan ien
By adding these inequalities, member by member, for m = n, n + 1, ...
we get -t A I ' ' R

Ta - Ta

5 —— < Ry ——, ¥n 2N
© sup A,(k) . inf A,(k)’ ’
jen s ivn

where R, = 8 —'8S,.
In the same way, if condition (4) is satisfied, we obtain :

(6) ——-Tl———ZRmk?fLﬂ_V”?»N-
sup A,(k) int 4,(k) -
EY jen r

Thén, if (A;.(kk-))f. converges, we have

lim Tl =1,
a0 PpfAa(k)

which means that D, = _AT"‘# , neN (keN, fixed) is a “perfect
K sl
estimation of the error’ of ?S”) and we get the following Theorem :
THEOREM 1 [2]. Let (Sx) be @ monotone sequence and (x.) an auziliary
one, such that:
a) lim @, = =z, where © 18 a finite number

H=>R0

b) (Au(k)) is convergent and lim A.(k) # 0, with (A.(k)) defined by

H=300

Then (8S») converges and the transformation

n=&+%i$;,mm(mmwmx

accelerates the comvergence of (Sy).

i
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-« .In th i .
result] e following we shall make some observations concerning this

2. AN ACCELERATION METHOD

Inequalities (5)_apd (6) can be written in the form :

_1\ < R"+k < 1 v N
SUp Ayk)  r. O imf Agg) Do
Jen izn
respectively
1 TR, il
P n4k >
sup A,(k) P inf Ak) ' ¥t e

Izn ion

If}gg A,;(@_ =t where y # 0 is a finite number, we have :

. BE,
lim =2t :_1_,
N0 7'7. lJv
S0
) B .
lim 2=22+F 1,
H— 00 717'/1‘1'

. Tu_t ' '
which means that D, — 7% » W €N (k € N, fixed)is a “perfect estima-

bion of the error” of (S,). Tt follows that. ir. the conditions of Theg
the sequence (T5) given by , m e e

& — Zp_p
{
accelerates the convergence of (.S,).

Starting from the results in [3] i
 tartix ) results y concerning the accelerating conver-
gence of series with positive terms, the following problem ari‘sesg: e

Determine the relations between two sequences (@) and (z®) s0
that the difference between R,= 8 — 8, and Do — Tuck .

Tﬂ:Sn+

y €N (ke[N, fized)

(the asympﬁo-

tic expression of B, obtained using (")) tend to zeréL faster than t‘hé

differen - : SR
ence between R, and D@ — ~—2=% (the asymptotic expresion of

R, obtained using (), where

() SENIGIET Ly Ea : ; :
Tazh =0 = oy @ = lim o), i =1, 2,

In this respect-we present the folloIng results,
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Lemma 1. Let (S,) be a monotone sequence and (aD), (22) auziliary
sequences such that:

a) lim 2 = ¢®, ¢ =1, 2,

n=—30
where «® are finite numbers,
AxH

- lim =u #£0,7=12.
b) s AS.nH.k I ) y
Then (aV) and (2®) satisfy :
a® — .’,Ug_)],,
lim ———— =

neoo ) — Cl‘,(;l_)]p

Proof. From Theorem 1, we have that (§,) is convergent and D —

= Mﬁ respectively D = M are agymptotic expressions
) i Dg)u ' 2 imply lim 25 —
of the rest R; = 8 — S,. So, ’I,Lrg Z. =1, 4+ =1, 2imply e DD
a® — g,

= 1, which means that lim —— e
noo 1) @SBy

LEMMA 2. Let (8,), (2fP) and () sequences that satisfy the condi-

tions of Lemma 1.
Let (¢0) and () be two sequences such that :

Am,(.Qk Sg)
a) SIS,

o = i=12

b) e £ 0, ¢ =0, Vn [N,
c) (ef) keeps a constant sign beginning with some sufficiently large

index n,
()

€
n=00  gu
Har by @) _fw(llk 2@ — W,(.g_)n
then the asymptotic expressions D§) = —T" and D = __—P-
satisfy the relation : '
'Dglz) - —Rw

im 22 —Ba _
i DM — R, '
that is DS is an approwimation for the rest beiter than DW. .
Proof. In the conditions imposed on t_he sequences (S,), () and
(), we have that (S,) is convergent.
Suppose now that e > 0 for n sufficiently large

[
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Condition a) can be written as
'/v7(ll—)k+1 — a0, = w(Snyy — ) + et 4 = 1,2,
and adding from » to 00, we obtain :

. . 0o
p® (I?,(EI,)A: = ’J,(S — Sn) _l" Z egl)?

V=nm
) - I . o
(7) 2 — g w(S — 8, + 3 e\,
v V=n
Lo e
The relation lim--*_ _ g can be written ag :
#—rco 5;;]) - )
o) 1
(8) —a < o <« (7 > N,),
€y

where « is an arbitrary positive number and N, is a positive integer agso-
ciated to o.

By condition ¢), from (8) we have the following inequalities ;

[oe] 00 [ee]
—ae) <y e <« 3 D, (n >N,
V=n

that is,
y, <
(9) —a < %” — <« (n>'N,).
5 e
vV=n

Taking into account (7), inequalitics (9) are equivalent to the relation

(2) __ 2y
Mﬁ — (S — Sn)
1. lJJ == 0
(10) p T zD, J
—_— (S o Sﬂ)
v

Bemarks. 1) If, beginwing with an index n sufficiently large, & is
negative, then the reasoning is not essentialy modified,

2) The solution (10) is equivalent to:

The transformation

r® — g,

P, =8, 4 » W €N (ke N, fized),

28
accelerates the convergence of the transformation, -
vt

W ey
Ty = 8, + uﬁ, neN (keN, fized).

[
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The method of acceleration. Suppose (8,) is a monotone sequence,
(4) 15 & convergent sequence, lim @, = &, for which:

H—>00
. Axy
lim ——%— =y £ 0.
o wiyk

If the expression @u_x,, — %u_x — W(Sayr — Su) Keeps a constant
sign for large enough indexes, then we are looking for a sequence () such
that :

(11) limb, =1,
ey b‘n_ : = xn_'b' - — (Sn 1 T S ) E
(12) lim — ik ike it A L)
5300 Bu—ryy — Tn—x — M(bn.H — Sn)

In these conditions, the sequence
r — a’)n_kbnqc
v
accelerates the convergence of (1), where

P, = 8 4. , €N (k €N, fixed)

X — Tn_p

2
which, in its turn {(cf. Theorem 1) accelerates the convergence of (S,).
We say that (P.) accelerates the convergence of (S.) better than
(7T,).

Te =8+ wneN (kelN, fixed)

Remarks. The sequence (b,) may be taken, for example, in the follo-
wing form :

by =1 - P , VnelN, peR*%
' n

wn order that (12) hold.
Numerical example 1

"

2
Jet S, = ¥, }—, n>1,lim S, =8 = % ~ 1.6449341
k=1 I H—3 00

Consider (@.) defined by : o
j &y = NAS,, V1 € [N,_

that is,
Ty = —L, ¥n € N.
(n 4 1)%
We have that lim x, = 0.
- n . sy . b K o and
In these conditions 4,(0).= AS. w Edn 1 Vn € [N,
lim Az —1 £ 0.
1300 AS“
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We are looking for (b,) in the form b, — 1 £ (B € R*).
”

From (12) we get f =

1o | e

The condilions being fulfilled, as shown in table 1

: x — @aby
-Pu = ’n _{‘“ Y —

ynelN

12
accelerates the convergence of (8,) better than,
& — T
Ty = Sa + Ty N eIN
"

Table 1

n Sn T Py
i 1.0000000 1.2500000 1.6250000
2 1.2500000 1.4722229 1.6388880
3 1.3611111 1.5486111 1.6423611
4 1.4236111 2.5836111 1,6436411
) 1.4636111 1.6025000 1.6441667
6 1.4913889 1.6138379 {.6444501
7 1.5117071 1.6211721 1.6446096
8 1.5274221 1.6261875 1.6447060
9 1.5397677 1.6297677 1.6447677
10 1.5497677 1.6324124 1.6448091
11 1.5580322 1.6344211 1.6448377
12 1.5649766 1.6359826 1.6448583
3 1.5708938 1.6372203 1.6448734
14 1.5759958 1.6382181 1.6418817
15 1.5804403 1.6390340 1.6448934
16 1.5843465 | 1.6397099 1.6449002
7 1.5878067 | 1.6402759 1.6449055

4. ANOTHER FORAMULATION YOR THEOREM 1

Let (S.) be a monotone sequence, (a,) an auxiliary sequence such
that (AP~'w,) converges to the finite limit 7, where peIN* A’ la, =
= A(A? 'a,), A0y = a,.

Define :
ln =i'— A])_l(lu
APa, )
(13) Bup, k) = ————, neN (k p e N, fixed)
AS,H_,S

The reasoning presented in Introduction, permils us the following
test of convergence :
If
lim inf Bu(p, &) > 0

"—>00
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or
limsup Bu(p, k) < 0

n-=00

is convergent. _ . ) .
then (i?ﬁfg test ena-tfoles us to construct an estimation for the difference

(8 — 84) and the formulation of the following result :
TuroreM 2. Let (8,) be ¢ monotone sequence and (aw) an auziliary

wch that : o
i -S;c)o ;lp € IN* such that im A?Ya, = I, where 1 is finite
b) (Bup, k) is cmwe;';eﬁw and lim Bu(p, k) # 0 with (B.(p, k) defi-
hy (13). . .
e byﬁ‘fgen)(s,,) converges and the transformation

. AP-1, .
Te=28.+ w, neN (p,keN), fized)
Ly = -
Bu_x(p, k)
J
celerates the convergence of (S,) ‘ ) . )
“ Considering a, = A?lg,, ¥u €N, the a.-t‘lalogy \Vl%]h The(fnl(iﬁz3 %1 (1)2
obvious and the results presented there remain tiue. The usefulnes:

i ults o followi xample, in which we use the
this formulation results from the following example, S¢

. S Q +q .
divergent series }) — to prove the convergence of the series
3 k=1 I0
which is computed.
Numerical example 2

i}

1
Let §, = 2—2 n € [IN*.

o WL

w1k i
Consider (au), an — Y o ¥ e [N*.
k=1 v

i 5 ) IS convergent
This is a divergent sequence, but the sequence (Aa,) gent,

because Ag, — and Iim Aa«, = 0.

n _l_ 1 - 00
A?q w41 %
£2041 | =—2 = T2 ype and
In these conditions, B,(2, 0) = AS, "+ 2 N
2
lim Aan _ —1#£0.

By The();el'll 2 we have that,
. I — Aa, =
ln :/\Sn +—[S‘gn:, ne[N
ASH

rates the convergence of (,). ' !
acceleA;; in Example 1, we construct a transformation
- n b'll
Pn:Sn‘f“;ﬂ) , ’H/EN*,
v
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which accelerates the convergence of (S,) hetler than

-Tl.- = »S’n —,-

n { S Ta ’ Py
1 1.9000000 1. 5000000 1.7500000
2 1.2500000 1.5833333 1.6666667
3 1.3611111 1.6111111 1.6527778
4 1.4236111 1.6236111 1.6486111
5 1.4636111 1.6302778 1.6469444 |
G 1.4913580 1.6342460 1.6461508
7 1.5117971 1.6367971 1.6457256
8 1.5274221 1.6385332 1.645477¢6
9 1.5397677 1.6397677 1.6453233
10 1.5497677 1.6406768 1.6452293
11 1.5580322 1.6413655 1.6451534
12 1.5649766 1.6418997 1.6451048
i3 1.5708938 1.6423224 1.6450696
14 1.5750958 1.6426625 1.6450435
15 1.5804403 1.6429403 1.6450236
16 1.5843.465 1.6431701 1.6450083
17 1.5878067 1.6433623 1.6449963
T e o
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