REVU E IPANALYSE NUMERIQUE EY DE TH EORIE DE L’APPROXIMATIQN
Fome 23, N° 1, 1984, pp. 59— 93

ON THE SELECTIONS ASSOCIATED TO THE
METRIC PROJECTION

COSYICA MUSTATA
% (Chuj-Napoea)

1. INTROBDUCTION

- Let X be a l'eal.no_,lf,med:sp:aeé and M a closed subspace of X. The
distance from a point z € X to M is defined by

1) d(@y M) : = inf{ o — Yy e M.
Let ' iy -
(2) Pula): ={ye M :||a —y| = a(z, 1))

be the set of elements of best approximation for # in 2. The subspace M
ig called proxziminal (Chebyshevian) if Puy(z) + 0 (vespectively Py(z) is a
singleton), for all x € X. If M ix a proximinal subspace of X, the multiva-
lued operator Py : X — 2M jy called the metrie projection of X onto M.

~_An application p: X — M such that P(x) € Py(a), for all z e X, is
called a selection for Py

The set ' T
(3) I(el‘ .Z)ju S :. {.’L'e X o 9 € P]u(a))}
is called the kernel of the metrie projection.

IT K is a subset of X and M ig proximinal (Chebyshevian) only for
the elements of K, then the subspace M is called K-proviminal (respecii-
vely K-Chebyshevian).

The restriction of the metrie projection Py, to K is denoted by Puu
and

(4) Ker Pyyy:={sel:0e Py(z)}

is ealled the kernel of the metric projection relative to I,

For two subsets U, V of X, their sum is defined by U+ V:=
={u+tviuel,veV}) 1t every g€ U+ V can be uniquely written in
the form » = u 4 v, for we U and v e V, then this sum is called the alge-
braie direct sum of the sets U/ and V and is denoted by U'—lé V., If H=
= U 4 V and the application (u, V) >4+ 0 is a topological homeomor-
phism between U x V and If, then K is called the topological divect sum of
the set U and V and is denoted by K = U @ V.
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MAIN T ORER

Obviously that for K « X and a K-proximinal subspace M of X,
the properties of the selection associated to the melric projection Pk
depend, on one side, on the properties of the subspace M and on the other
side, on the properties of the set K. : ' i

I. Deutsch [1] characterized the proximinal subspace M of X for
which the metrie projection Py admits a linear and continuous selection :
namely, Py, admits a continuous linear selection if and only if Ker P,
contains a closed subspace complementary to M (see [L], Theorem 2.2).

The aim of this paper is to answer the following question : Tor a
closed cone K in X and a K-proximinal subspace M of X when does the
metric projection Pyyx admit a continuous, additive and positively ho-
mogeneous selection 2 :

A cone is a nonvoid subset K of X such that : a) v 4+ y e K, for all
@y el b) he K, for all % > 0 and xe K.

A partial answer to this’ question ig sugepstod by the above quoted
vesalt of F. Dentsch and is given in the following : :

Tueores A. Let K be a closed cone in X and M ¢ H-proxwiminal
subspace of X. If the subspace B contains a closed cone U and  Ker Py,
contains a closed cone O such that

(5) K=Uo@ C,

then Pyx admils a positivels homogeneous, additive and coniinuous selec-
ary/ 1 A () H . :

tiomn.,

Lroof. Lot U be a closed cone in M and € a closed cone in Ker Py, i
such that ¥ = [7 ® C.

Then, tor h e K, there exist uniquely deiermined elemonts u, e U
and ¢, € ¢ sueh that h — Uy - .
Deline the application q¢: i - M by
q(h) =y, hel.
Since K is homeomorph to U % ¢ it follows thal the application q
is continuous.
Let ki, hye K and w,,, i, € U and ¢4, 6, € ¢ be such that h, =
= Wi, & Gy hy = wi, - ¢),. Then
Q(7l’1 + hz) W 7l”"1 + /u'/tz == Q(h’i) + Q(h'2)7
showing that the application ¢ is additive. :
Also, for % > 0 and # € K it follows M€ K and
QM) = quy = rg(h),
showing that ¢ is positively homogeneous. _
The inclusion ¢ < Ker Pycimplies thab for he ki v ko= 1y 4 ¢y,
e U, ¢ O, we have ' F M

Un = q(h) = q(un + ) = q(w) + (o) — ()
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‘and therefore

I — gl = fun + e — will = [lea]| = d(cy, M).
but
A(w’ 4 cpy B) = d(c, M),
for every v’ € M, so that
1A — q(h) || = d(en, M) =d(uy - eny B) = d(h, M),

which shows that q(h) is a best approximation element for h in M.
In conclusion, the application q: K — M is an additive, positively
homogeneous and continuous selection of Py W

APPLICATIONS

17 Let X : = Lip,[0, 1] be the linear space

(6)  Lipe[0,1]: = {f|f:[0,1] — R, f is Lipschitz on [0, 1] and f(0) =
= 0}, with the Lipschitz norm

(7 17l : = sup {—'ﬂ—“)*ﬂ?'— L@y e[0,1], ¢ £ y}.
le — y|
Let
(8) M= {g e Tipy[0, 1]: (1) = (0) = 0}
and
(9) I = {f e Lip,[0,1]: flz) > 0, for all e [0,17]}.

Obviously that M is a K-proximinal closed subspace of Lipe[0, 1] =
if fe K then g, € M is an element of best approximation for fif and only
if g =f — F, where F(x) = f(L)@, 2 €[0,1] ([4], Lemma 1).

In fact g, = f— F, with I given above, is a unique element of b.est
approximation for f in M, which means that M is 2 K-Chebyshevian
subspace of Lip,[0,1].

We have

UF = galls = alf, B) = ind{|if — gll, :ge M} = f1)

i

and
Rer Py = {fe K :||f, = f(1)}
={hel:2) = aw,0e(0,1], @ > 0}

In this cage
C = Ker PJ[/K

and every function f e K can be uniquely written in the: form f — g+ h
with g e U and h e €, where h(z) = f()&, « [0, 1] and

U ={glg(a) = f(a) — f(\)a, @ e [0,1], f e K},
0= Wa) = f)a, < [0, 1], fe K}.
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Since M iy H-Chebyshevian it follows that the metrie projection
operator P, . is one-valued, continuous, additive and bositively home-
geneous. -

2° For #,€(0,1) fixed, consider the lineayr space

(10) Xx: - Lips [0, 17 = {1/ 1 [0,1] - R, fis Lipschitz on [0, 1] and
HA@,)=0}, with the Lipschitz norm (7).
Let
(1r) . M : = {g € Lip,,[0,1]: 9(0) = g(w,) = g(1) == 0,
the annihilator in Lip. [0, 1] of the set 10, 24, 1}, and
(12) K: = {fe Lip,,[0,1]: f(z) > 0, for all & € [0,17).

Again, M iy g K-proximinal subspace of Lip,,[0,1].
Indeed, for fe K let

(13) B(f) = {F e Lip,[0,1]: 110, 20,15 = [li6, 2, 1y and
171, = max {m i ‘&}
@y I —

be the set; of the extensions to [0, 1] of the function S0, x,. 1y which preserve
the Lipschitz norn of Joon {0, &, 1.

Then
(14) Pywlf) = f — B(f)
and
Kor Py {f Sl = mae [ SO ﬂ”
Zy 1 — @

(see [4], Lemma 1).
In this case the cone ¢ — Ker Py i given by

(15) O:={heKer Pyg : Ma) = (2 — z,), for o e [0, ]
and Mz) = Ba — o)y for @ € (a2, 1, « <0 and 8 » 0}.

Then every fe K can be uniquely written in the form f = wy - ¢,
;€ U and ¢, € ¢ where

(16) o) =~ o) tor e o,
%o
S CV (@ — 2), for & € (,, 1],
1 — o
and
17 ulx) = flo) + o) (2 — 2), for ne [0, 2,7

a

= Jta) = S,

Zy), for z e (@, 1].
1— gz

5 Selectians Assaeiated 93

In faet
U:={u,c M |u, defined by (17), fe K} and
O: = {0, €K| ¢, defined by (16), fe K).

A continuous, additive and positively homogeneous selection far
Pz 18 given by ¢(f) = u,, f e X, a fact which can be immediately verified.

Remarks. Theorem A gives only a sufficient condition for the exis-
tence of an additive, positively homogeneous and continuous selection
for Py, . .

Simple examples show that this condition is not necessary for the
existence of a selection with the above-mentioned properties.

Let ¥ = R? endoweq with the Bueclidean norm and let

K:—{(w,y)e[RZ:y:2:17,a:> 0}

and
M:={(2,0):ze R}.

Then, obviously, the subspace M g K-Chebyshevian and
Ker -Z)M/K == (0, 0)}

In this case Poxis a continuous, Ppositively homogeneous ang addi-
tive application from K to M, but K does not admit any decomposition
of the form (5). :
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