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y'(t) : g,(t), I e fa, al is in¡no_
D&l'ues _ol tl¡c rcsultinl muttiíiep
nxatica,llll.

ies certain.
of the solu
g is contin

The ecluations.,of this type fourrd âpplica,r,ions in rìla,ny fields such ascontrol theor¡', osciilarjoh tiiõory, 
"tõ"tiüãynl,iriã-,"'rri"^i;uremarics andmcdica,I scienccs.

These last'ears some methocrs rrave been proposecl for ilre numericarsolubio's of neutial deray clifferu"ii^r ä[uatons än¿ *e rcfcr to the su'vevpapers or Bcuen [B], [4i, i""li¡"ìuiã, lìr1 _ irol, illr.""ie úõj:" 
þqr vur

The idea of using^spline functions to_ approximate rhe sorution ofrleviating argument diTferiential 
"q"riiq1* has been appliecl in a number 

.

ot papers, for insbance [?], lrsj, i2ãl _ t261. 
'-a-¡ --l

' tr'or variable delav ilre sprjne -approximation solul,ions for flro neutralelelay clifferentiar equations, ai in the'är*. ofirs..rrãérryääordinarydiffe-
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t,ential equatious, posSeSS Solne âdr:antages oyet other piece-1vise polYllo-

mial altploxirnation rnetlìocls.

fn this llâpel l\re considel' a, spline 1'Ìre

neutrai ¿cta-v'tliifelential equations' Our s fol
the nsual delay case [24] - 126) some c qua-

flr.al,ic ancl cubic splinõs áre equivalent to lrapezoiclal antl Milne-Sirnpson
niotìi,.t*p fo'rnulaô. We shall also investigate the estima'tion of t'he orrol
antl thc-co1l\rel'gence of the given lrocedirres. r¡he notation used in t'his

palpeÌ ale takeñ flom [15] - t16l ancl [24] - 126l'

2.I}E'scllIPTIoNoFIIII'SPLINIì.ÀI¡PRoxllIAT¡NGllliT}IOD

Assume Linat f : lcr,,, bl x Crln, b)x Crla,--bl-x-Clø, Ól - [R antl
the f'.ctionat / satisfieÁ the conditio¡s -I1, and I/, belorv ;

Htz For any n e Ctlø., bl the mapping I - l(t, n(t), r( '), r'( ')) is corr-

tjnuous on iø, á]

IIr; The Lipschitz condition hold-s:

ll,f (t, nr(t'), llr('), zr( ')) -,/(¿' nz?), ?lz('), zr(')) ll <

< ft(ll ø, - n"i)i^,t11- llyt - !lzt"¡o,r--0l * llø, * zrl[.,,-01) 1-

* Jf rllzt - zzl',tu, t1

rvith

I'1)-t, 0 ( trz ( 1, à ) 0, for any t' e la,bf, 't)þ nze Atlu',Itl,

At¡ llz¡ iy zz e Cla, b)

.Ihe last condit,ion rneans that thc depondence of ./ on i|'(s) for Ú -
- I < s < ú is not too stl'ong. Ilcre
of all frurctions of class Ct frotn [cr

b):
(s) ll :

solut'i
b), d
ral number.

l'or the cFralil,al,irre behaviour of 1,he solution y, in particular the

plesence of j¡rnp-discontinuities in the hig'her dorivatives caused b)' tlic
ãevial,ing function ¡7, knorvn as primar¡r clisconl'inuit¡" the l|eader is Ie-

ferrerl for example to [3]. Jump-cliscontinuil,y occurs in the I'ar'ious del'i-

vatives oT tìre solution even if J'r9r Q a,le analyticin theil ar.gument's' Such

jurnlrrìiscontinuities a,re causecl ìry the rleYiatirrg g antì. propagate frolu

1,he point a,. l)enote the jump-discontinuities points by (8,)' rvhich are the

roots of the cquations 9( 1) : Ln-r, Es : ct'

since in tiiis paper g does not, depend on y (no state-clependent, cle-

'iating) 
\\re can consicler the jump-discontinuitics to .be 

hnos'n ancl they

are disposecl in the strictly increasing form :

€o (år <...
proxirnating function s : fø, ¿r] _ R
space of degree nz und class'of snto_

: ^ :lìiå:.;iåi i,ll 
;rig¿ li i,"i,i'i, _ rï

f,et us considcr t,he.fi'st jnter_ral [ €0, Er] n4rich is fø, [,] cli'idecl bya uniforrn partition defiltcd J:), ilre l<nols :

Lo: to <¿r < ...1r { fr+r ( ...1r : Err

+0t jh,

on 1'he first inter'ar fro, fr] ttre sprine componenl, is trefined rry :

so(/) : : yeò + +! (ú - úo) + ... +1!

(2) + !t"'-t\tù (t _ t^\n,-t + _!+ (t _ tò,,,

uith the ru*t .*,"mÍlÏ Ïa","*rrrrrr".r uo¿

y(i)(to) , : # U(t, y(tt, y(ue)), i,rnurrr,,:,"

\lre norv dctermine no by recluilinE that so satisfies the follof ing col-location conclition :

sj(úr) : Í(tb so(t,)) ç(g(ú1)), ç,(g(fr)))
rvhich is to be solved for ø0.

rìavìrg cletermined the poly*omial (2), on the next inte'r,al [r,,1r] rve clefine :

(3) sr(¿) : 'ü;' s[i)(¿') "' 
:,.I* 

îË (t - t,)i + -+ (t - t,)",

^'tÌ]]:l:'-s-[r) 
(1')1 0çj<zz - 1 are ]eft hancl lirnits of derir¡atjv€ß â,s ú * Írot tlre s_egrnent of s tlefinecl on [fo, lr] and a, is deterrninecl from the follo_'

rving' collocation condition :

sí(tz) : f(t, sr(tr), sok/ftr)), só(g (¿r)))

_ conti'uing in,this manner rve obtain a spline function s: |Eo, [r1 --.H1.* lrt 
= 

st, s-e rS, which approxirnates theìolution y of (1) uir.í-rn'tii"tt
satisfies 1,he collocation equations :

sj(/rnr) : l(t,,rr, s¡(/¡+r), sLrk(tr*t)), sj_lgftonrÌ)

k,:0¡ - 1, i:0, M
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$rhich giles tlìe lelationship holding l¡e1,u'een the I'alues of a splinc &ncl its
clerivatir,e at the krots (consistenc¡' rela1 ion) :

Trlronr¡r 2. 121, p. 186 | IJ s e S,, then, tlterc erists ct un,ique li,neor
cottsislency rela.tiou,betueenlhe quattlitir:s s(t¡) nttd,s'(t,¡,),lt - 0,1,. ..,rtt - \,
nantehl

n-l nt-|
(8) 

^._èìnrt',s(l¡,*") 

:/,) ú["')s.(trn"),0 ( ì, ( rìra7 -nt

tthose coeJf iciettls may be Lrrilten, as i

al,"') ; : (n, - 7) | lQ^Ø) - ()*(/t + 1)l

(9) ú,{!"t ; : (nt - l)! ().)r(l¡ * 7)

uha'e

Q¡,(';:) : -- lå, ij (--1)' ('i),. - ,)î'
TrrEonn¡r 3. The ralues s(ô,), k : 0r 1, ..., Àt o! lhe spline futtcÍ,iott,

conslt',uctecl al¡on:e are precisel,rl lhe 'calues Jurn'ishecl lty the clisct'ete mnltisteyt
mclltocl clescribed, Ity the .folloruing ?'ecr"trrence relqtiott,

11t-1 nt-7
(10) \ tir;"t lli¡r; - h Z, bY") !J'¡+t,,t l¡: 0,1 ,2, .. .

j:0 j=.o

iJ the starting 'tnlues

(11) 3/o - r(lo), tlr - s(to -l- /¿) 
' ' ' 

.t !J,,-z: s(io -l- (nt' - 2)lt)
ctre usecl.

Proof .I'or /¿ < I ont¡' one set of lalues yj) j :0,1, ... surtisfics
J',

(10) rvith the staltirrg ltlues (11). tì¡'(8) the lalues s(ti),1: 0,1r ... s&-
tisfy (10) ancl sþr'ioqsl)- lnr-c thc staltìng r-alues (11).'Jìherellole the va-
lucs t7(l¡), i: nt, -7,'tu,... rmrst t:oincicle l'ith the values s(/¡). Because
s € t"'-1, s'c clcfine its lr¿,rì' tlclir.al,ilc in the ktrots lr. b¡. ¡¡" usual lrjthnc-
tical nrcarr i -

(t2),(,,)(1i )' - +[',., (, - +)* s(,,) (,,' -,- Ð1, /,; =: .[,r, .r

Our pulposc no\\r js to discu.qs the conlerg'eltce of splinc âllpt'o-
ximation to the cx¿rct solution a-s /¿ - 0.
LeL y, ç bc tlc unirlue solution of (J ) anrl as usual I'c rrrite :

llt: - .t1!r), !lí': : y'('Í¡;), 9r: : rp(¿r)' Al: : q'(li)
,s7¡ I : s(17,) , sl : s'(1¡), l¡ :1,2r ...,tt - t,,| þ]t

\l¡e neccl the follorr-ine' Iclunas :

IrUrl'lA 1. ff
I s(f,,) - UU,.)l< I(ILI', 1s(g(f,,)) - ltØ(tt,,))l < Iil¿n

720

(6)

A. ìlclìtru nutl (1. Àlicltla

s 
^'-r(9(lt*r)), 

s^1-t (g( f o rr) ) -:lf(fu*1)

5

If rve consicleÌ norv the intcrval l1¡,\¡rrf, U : 0, n'I -7) rvhich is

al,qo cliYicled by a unifolm partition $'it'h the poÛr1's :

l*: to I l;tt, /,' :--0, ,Y, toi -- 1¡, /;v : 4;*r, 
" 

' l-t.t - 4t

-¿\r

anr-t if \\re denote by s, s e ,S,¿ thc spliuc lLrnction apploximatiag the solu-

tion of (1), then on the interr'¿ll [f¡, fra1] s js delined b)'

(4) s(ú) : : 
,E; +9 (r - rr)f a -,ti, (L - tt)''

"nlrero 5tz) (fu)r 0 <z< nt, -7 arc left-hancl limit,s of the cleriYa'tives of the

sng.r',,err1, ri s ctcfinetl on ll¡,-1, l¡. 1a¡cl tle paratnctct c¡ is tlcl,erminetl s.ch

l,hat :

sj(úr+J : TU't,*r, s.i(l¡'+r), si-r(9(f,,*r)), sj-t(g(fu*)))'

(5)
j : \fl, it : o, -ð[ - 1, s¡: : slr,

T[is ltroceclLrre yielcls a spliue ftutction s e,s,ro1er the entirc inter-

val l't,6r*L'l s'ibhthe iinol,s {¿o}i\,. It remaiDs to shorv thai' lor /¿ sufficien-

tl¡' sma1l l,he pararnetcr' 6¡, ¡¡ ç h ( lY can bo unic¡uely tlel,erminect ft'om (5)'

lrIEoREw7.If Jsettisfiestlt'ectss'tt ttt1ttionsH',,IIz, ?e C''-7, ø<9(l) <lt
t e l_c.,b) cnttl í,f h is sm&ll enourtlt,, !,lten tlt,ere enists n ttnirltte spline etpproni-

mttt,ing sc¡ttrt¡r¡ìt, of the n'eutt'ctl ctetety cl'i'.ffet'en'l'ict,l erluctt¡ott' ltt"oblent' (l) g¡ten'

Itu l,lte o,bore cottstt'tt'ct'iott''
prooJ. Tt remains 1,o be proved lhat nr ciìi1 be ruticluely clel,crminecl

florrr (5). Iìeplacing s given by (4) in (5) rvc lìrÙYe

,,^: !*l¡(t,,.,, ¿r*(r,.ur) I û'-v,",
hil-t l' \ "-' m.t

ì
t

rr_r s(,)(lr) (t _ tr)t\r'lrere A*(t) t: E -

d:o il
If u,o derrote equat'ion (6) for brevit'y l'¡y

(?) chi : 11b(a'h)

using i,he assumptiot HÐ for /¿ ( iL tn. functiorr 7r: fR * [R is a con-
LI

traction, also (6) has a unique solution û¡' âDd the i,heorern is provetl'

In orcler to rnake a connection t¡etn'een the above spline rnethocl an¡l

tho linear multistep methods (see [16]) rve present i,he following t'heorem
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uhere I{ 'is u, col¿stant i,ldeltendant c¿f h, a,ntl

s'(tÁ.) : /(lr, s(úr.), s(g(f*)), s'(g(¿^)))

then theye efrists & cotlste,iLt I(., sttclt, tlLctt

I s(lr) - ltftòl {IÇlt",l s'(lr) - !t'(tr)l < Itrtf'.
']ìhc prortf ìs ,just a slight moclification of bhe Lerìttnâ, 1 frorn 1251.
IrEt{t'IA 2. Let !/ e C,, Ft[n,, D-l ¿ntcl s e,,S,,, sr¿cl¿ th,u,t tlte Jolloto.ing con-

tLítiotts holtl:
I s{"(1¡.) - rt,t(tt,)l : O(hr, ) r : 0, 1, ..., ,nz _I

(13) lsr'.t(g(1,)) - yr,t(o(t*))l :O(tf,,-), fu : 0,1, ..., N - 1
tnt,cl
(14) Is',,)( .) - 4"ù(.)l : 0(/¿) on [û., f¡111

Uttdct tltese u,ss",tutyttÌon,s,Lue ho,t^e

(1õ) | s( .) - A(.)l : OQt,) on ftr,ttl
whr:re ?: : min (r l p,), f),n - I

St't thrlt 
r:o'7" 'ttt

(16) I sr,,t1 .¡ - yltù(.) I : O(/¿) on lu,, b).

'I.he prooT is similar as irr [2õ].In rvh¿li, follows $'e sh?ìIl investigatc the cluadlatic spline âppro-
xirrtatiou (m :2) i-¡utl thc cubic splirLe approxirnal,ion (nz : 3) of 1,he so-
hrtiorL of (l ).

3. Q u,\ I)n,\1'I{ì .ìr'Pr oxni;ï 
J-,T,,iTïìrl, 

r uNrì'rro Ns,\ND lfrìi

Iìor, ?lz : 2, (t0) giYcs :

(lî) !Jt; - !Jr;-1:!f rl,* ui-,1 :!t.¡r Lf,*¡,,t¡ --r,2, ...22
wherc .f ¡ , : ï(l¡, !U¡), ltkt(t¡)), tt'kt([i)))

lhis is a one-step rnci,horl t'hich furnishes lrhe s¿¡me \¡a,lues in the
litLot's as the c¡uarlratic spline s.

llre rnethocl(17)hrus a clegrce of exactncsstwo ancl tJo: Aþo) : s(úo)
the onl¡- starting value neerlcrl.

'l'rtnor¡,lrr 4. Il T e Cz(la, û) x Clfa, b) xCLla,blxC,l",bl)tlten,t l¿ere
cri.sls tt constttnt K su,clt, lhat,.'for cur,r¡ lr, su,f f ic'iently sntull u,ttcl t e lu, lt), the

J' r,,ll,owi n q i,nerlurtli.ti,es h,olcls :

ls(¡) - UØl <I{1t2, I s'(¿) - y'(t)) < I{h,z, ls"(ú) - y"(t)l <Iilt
ytro'u'i,cletl thu;t s" 'is cu.lcttlntecl uccortltnrt to (12) for nt :2.

ProoJ.13¡'lhcorem 2 the valnes of the clua,rlratic splines orr the hnots
arc tlie sa,rne as the r.alucs --vielclecl by rule (17), lvhich is hnorvn to l¡e a
seconcl-clrcler clisclctc lnethocl. So, a conslrant I(, cxists such that

I s(fr,,) - y(t¡)l < I{rhz
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From Lemma 1, it follorvs immerliatel,v that (13) is satisfied taking
m, : ?o: ?t:2. Dxpanding by Taylor's theorem s¿1*1 : : s'(fr+r) ancl

!Ji.,t: : !l'\r*t) gives for any fe I f¡, f¡.,.11 :

sl+r : si ¡ hs"(t), !tí+t: tJi I hy"(E), tr I I ( fr*r

because s" is constant.
lL'hereforo

It'ls"(t) - y"(q)l < I si - yil * I s^i*t - tli*rl
R¡'Lemma I, I "c - ,l < /t, s'e can u'l'ite

s"(l; : u"(t) +O(h)
Applying LêDlrnâ' 2 for ttt : ?o : ?t:2 it Ïollorvs

I s(¿) - y(t)l : o(h'z)

Using Lemma 2 once again rve get

I s'(l) - u'(t)l : O(l¿2)

l.he lasl, inequality results directly frour Lelnma 1.

4. CU]II(J SI'I,INIi FUNC'T'IONS ÀND îIIIì IIII,NII-SIiIPSON IIULIì

trrom the consistency relation (10) for n¿ : 3 r'e get

lJr - !/r-z: {fr,, I J,ttí-, i yí,"): !Vr ¡ 4fu-t* Tr-Ã,

(13) l¡ :2¡ 3? . . .

rvhich is one u'ay of expressing Sirnpson's ru.le. Ol'r the basis of Thcorem 2,
Sirnltson's rule yielcls a cliscrete solution i/r coincicling u'ith the cubic spli-
nc valttes s(l¡) proviclecl yo: s(lo) : A(úo) and .r71 : s(lo f /i) (given b5'
(2)) arc ta,hen as initial r-zì,lues. The cliscrete methocl baserl on Simpsonts
rule is of fourth otclct, provicling that the starting values are of the sarne
orcler. Supposing- that I s(¿r) - y(tr) I < I(h,4 wc mây conclude oÏ 'bhe
J¡asis of Lemrna, 1 that
(1e) I s(r^) - y(tùl : O(lta), ls'(t') - y'(tr)l : O(ha)

I s"(¿r) - y"(t,,)l : O(lt')

Norn' l'e can pror-c t,he follorving theolcm :

TnnonEu õ. IJ s is the cu,bic sitline futr,ct'iott, ctptTtronintcttittg tlto solu,-
tion of problent. (7) cmcl

,T . Ct(lu, bl x Crltt, b) X Cl([a, bf x Clø., b)),

then there enists tt ccntstuttt I{, indepenclent o.f h,, suclt, thut for u,ll lt' sttt'ctll'
enouglt antl telu,b) ltokl:

I s(r(¿) - y1't(t)l < I{t¡a-i¡ j : 0,I)213
gtrot'tded, s"'(lr)is girett' by (72) for nr : 3

6
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il

I

p,oof. rr is not u,rr,,",î,11 

î}i;rl,î*,

Thc stelt size lt,carr be changecl at an¡, step if il, is necessar¡,, l,it.houtarlcliLiollal corr r¡rlicaliorr s. o '

n a usual inil,i¿rl rralue problern

X'*l ": å,iìTå"' 
-o 

å llîiî*,'t * lll:
he srnoothirrg conditions in ilìà

Jio "3,i _:,"ä.J ü. i llîåÌìLli,î,Ët +,"ïì';

s(1) =: s(L) * ':'(/À'L (l - r,.) * {!ù (t _ tt)z I1! ' 2l "¡t

)- "l'' - (r - /,.)B * -bt-B! 4! ft-tr)4,te ltr,t¡*1)

rvhere s(1,,), s'(l¡) s',(/i) arc l<nown ancl ilre pararncters rrr ¿ìncl D¿ ale to ltccleterurinocl from ilìe' colrdition,s

s'(lr+r) : f(tr¡b s(f,,*r), s(g(/,,*r)), s'(g(lr*r)))

(20) r'(l'0, 
).) 

: l(lo,.r ' 'slú I :), s(g(Lo. r )), s'(g(l* , r )))

ri, is not rlifficult to 1rr'or.c th¿rl, for /¿ small cnough the pa¡aneter.s
út* âncl !r., k':-0,1, ... c¿i' l¡e clete'^rinecl u'iq'eri-Ìio,r, systcrn (20).
Uncler. this conditions i1, is clear ilrat, s e C2la, rj.''-" "

Rem,ctrk. L Ihis proce,rlurc 
_surtrtests ;tte i'ossibil,ities to a,p?trori.ntatethe solutiott u.[ prubrant,'(r) rt.t¡ slttitic" Juttctto,r'i/ ,iig;.";;;,, trrttr treJ itiertcyk(h 4nt).

2.'f'lte speciu'L ch,oice of ttte collocct,tion lutots cou,kl fumish, cr, Itiglterorder of coil,L'erqe)¿cc.
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