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inclical,e l,hat a ploperly implementa,tion version of our algorii,hms should.
be useful fol the nurnericâl inlegration of stiff clifferential systemÊi. We
expect that, in the case of a varialtle steplength, those new rnethods have
better properties than the classical rnethods.
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2. I'nlÌLI_ìIìl\.\lì llts

LeL II bc a rcal scpar'¿ì,I)le Hillrert spa,oe, \\rc considcl flre oper.ator-equtul;ion

(2.1) Au, : 1,,

..

I

:

1\'hcrc I ìs a rinca'-nbouncred oper,ator clcfi,.e,cl o. a dense (ìom¿ì,1.n D(tL) c_c-II, u€D(al) is a''^trno\\,rì Ëi;;;irt, 
",., 

ele^ent !eIIis gir.en.I)l':l'lxll'loN 1f3- -l ,g-111. An oi.reraior,¿L is saicr to be t-posif,iverv
l,Tli'illÍíil'd], jt,Jtru;illtl,..îä"I.¡r" o¡'n':*to,' i?'ì,'Ïu,-biirîä"ä;i
(2.2) (Au, Itu,) 2 ^¡l!lu,li2,(2.3) ptull, 4 yleLu, rhl
for sorrre positiye const¿ùnts ^(.tt ^iz aricl all u-e.D(/L). ((,) anct li ll ctenoterespectir¡cl). 1,lre inner produci'ariá ;;;;r. in I1).
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.4 is /{-s¡'mrnetric if
(2.4) (Au, I{a) : (Ku, Acs)

for all Qr,1 ueD(A).If :ll is /l-symrnetric ancl /l-p.d. ancl Iloclenotesthe
conpletion of D(.4), i1 the metric

(2.5) ltt,, tsf : (Au¡ Ka), lul'u" : lu, ul,

a subset of 17 and. -4 has a closecl Il-p.c1. ancl
r¡'hich is
completo clent ele-

J'stem). T the gene-
ralized. Ritz method can be u'ritten in the form

Dnrtwrttow 2: T,u solution or e:T)is sta'le, of there exist positiveconstanrs M, Q ancr p' i"irãp"î.i"ä:"f ,á, ,oàliilrä;;";l'[ï;¡,¡,; ( ìr and
fl:Yåt-"-t 

g(") the system (3.1) is sor'abre and the forowing inctl'arity
llup') - u ,ù ll,t) < 0 llt, Il,oa * p 

llà(,,) li,f) 
,

_,1],."rg liì',,11r;"r arc ilre norms of thenotecl inai'" -'-r u'u 'u'rts oI the matrix (y,òi¡:, in tlt). Jt shoulcl be

(3'2) l/f,l/,ør llr,,ll,p,¡:älî, y, irr,l.
nn¡rnrrrolq 3; ll'hg apro-ximatir.e sol.1,ion of 

're 
generarizecl Ritz;i'il";: !ïîJri^iil$,':,li..tl#rÏiÏ;l*" "*i*r pð.itîïã Ëon*t n ts.tru e1

à(,,) rhe s¡,sr,ern (3.1) is sor'a,brc 
""¿ 

r,niîrlil;*g,,ir-í;,rîÍ";.,ïtrr'#i
Ian - uu lo, < 0, ll l,ll¡u,¡ f ?r lià(,,)llu,l,

where o, : i b? qo.
i:1

D¡¡ru'r:roN 'r-.-.rf trc soluûion of (2.7)_and e appïorirnare solutionfli,lti_-:i,Tli'ii;,rll,y ;,iãti_iiiläii." stabre, e gcrierarized R*z mer_

2
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(2.6) ,t" : p ø[") qt.

To compute the scalars afD(i - 1, . .., n),'$'e must so1r.e the follorving
system of aigeblaic equations

(2.7) r fJ,,ç¡('tl :1"'ù.

I¡ere ø(,,) : (a\"\¡, l@ :(/Í"X/Í') - (f, I(9))(t : 1, ...., n) arc veclols
lnd (R*),t : Uv,," r(eù'":1ìi": tr(i, i :i, .. ', 1!) is the genera'Iizecl

Il,itz matrix.
It is rvell hnorvn 19-111 that if (2.2)-(2.4) are hold, there exists

one ancl only one solution of equation (2.1) in ão a1rcl

(2.8) lu" - wlno '0
âS 11, + oO,

If K : I \\re come to the usual Ritz methocl'

3. NUITIìR1CAL S'I'AIIILITY

\4/hen rvriting clorvn 1,he s¡'sl,e
clenote the
(Ae¡ l(qi)
òÍ") be the
8Í"). Instea

(3.1) , (ft,*f,,¡Do'r:/(''+à(")'
where 6øl: (b!), ..., b#Ð) is 1,he column-vector of the,,nonexact") F.'lf'z

system. We ässúme thãt'(2.?) and (3.1) are solved cluite exactly, i.e.'
rvithoul round-off errors.

I'eL ø@ clenote a vector u'ith elements ø{"), ..., Bfi)' T'eI'

ll"þ,) ll,ro,: (,å ÞPp)''o (1 < p ( oo),

llø(") ll,gr = ,T2l lrf,l l.

4. IIIìSUI,ÎS

"í,'i il'ìJ;îlji,ï;ìî'å'ir'ïi"tl,î01,, 1 e genc,,arized ,,rciliot|s Ìitz sr¿r,bi-
'Iuoon¡u I. Let ct, coot.tl,inate systent, (ç,) Ac sucl¿, that

c¿¿:I (i:1,...,)

'l)::) X Jc';/ <Ào{1,rçrçrr, _îi¡*n . .l

Lo is tt posilit:e consr.¡\, lìå*-"rr'u'ruttostatÙt, inclepenclent of 'ì.,. 'l'Jtet1, t'he solrttion oJ e.i) is
Proof. Irollorving f1B_l4l rervrite the system (2.7) as :

cr,[) -.f{", -,_,i., cr¡ ct(,,,) (¿ :1, ..., 1L).J:l. j+d

llø(') ll,gt < JJ,/(")li r(r) + .ììrax Éæ 1<¡<,¡ j i,r*, l",tl lkoþ')ll ,gr.

litv

(4.1)

anrJ

(4.2)

whet a
stctbLe

1'hen

(4.3)
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(4.4)

i\ou'

(4.¿,l)

L{e r rcc

(.1.?)
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fi'r'orn (4.3), taìring in accoulrt (4.2), lve obbain

liø(") ll,<,, < (l -- ).0)-t il"/(") ll,r,r

ll.ï(")):/u) - nrÍt\ l(,;f, Iipt)l E nra,: lr¿fcp¡illil'jl < ^(r]tlä
æ l<?</r lii<il

L¡ec¿¡rtsc of (2.ii) arLrl (.t.1). (4.4) anrl (4.J) inrpl¡.ilral;!j/J,rll,,,¡ âncl Ll¿(,,)ll,t,,
âre l)orln([ec[ ¿rbovc inclepcnrlenil¡' of r¿. TTênce u¡' lllheorËi, tr.t f¡l "î"imn:ccliatcly conte to the tlcsir.ecl lesult.

illn¡orin,lr 2. Ass,¿ttn,r, thut th.e ussrttttptiotts oJ ,1, lu:ot.en¿ I u,re lttLf'itteùcttttt tltere ee:'ists u ltus,ititte con,strt,t¿t Nn ititlc,ltcntte:n,t o/rt, sttch l,lttú,

rn ilris scction lye consider a class of coordinate systenrs for rvrricrr(4.1) anct (4.2) a,re easil.y 
"u.iii*¡io. 

-'

I)¡;r¡rNluoN 5 L2l. Let (E¿) J:e a coorclinate system ancl
(a) lEtln": I (i :1, . . .) ;

(b) sr-lp Ë j[ç¡, p¡] I < ÀoJ i:r, i+i
(io is a positive constant) ;

(c) tinr i* l[n,, p¡]l : o.
t+æ j.=1, f;Êj

I"ü.,lt'i:. 
sJ'stern is callccl a spearecL s).stem *,i'r respect to operators

I)rirrrN'r'rt-r'r 6 {12r.If (ç¡) sar,isfies 1;ìre assu,rptions (a) aua (b) oul1,(scc Dcf i'ition õ), tlìct"this'*¡i*to'i i*-."ii"ä';"ö;;Ïi'iüir\",1 s.1.src'r *.irhrespect to operators ;l and _If.
'trrr',orr';i' J. ñuppusa ltyt_(gi) is rr. speut,ea s¡¡st.tt, w,h. res.teat rt.t --lurd r(. r'tte n' thc sohtiíon.ol e.7\'ìi sturtte,'ir, t*) i;i,"'ì,,"or.äirr, (4.6) rs /rrr_J'ílted,, tl¿r:n, the stabitity tal,,es þlucL ¿irli, ¿r(1 il; -i, 

;;:r;:,:.,rr.
].,rou.f . A.s ( rp¿) is a spe,ar.ecl sr. cllt l.ithcludc lJral | -1t;, 

t t¡,*, ç C, *'ììcr,c Cis ir ,rn*ta,rt, , i?_Tii;
llf_(') ll,- ar',¡ bouriled abor.e independenti¡, 61 proof of'Iheorol 1). illhus thc assert,ions follon, norytllheoler* 2. 'r'r') rv'\'ìl' uu\l fõ] antl

5.K ;; ',,'n,7rT,*r'T!rf,i;:i"";Tl:,:ri 
î,r^i;,:

i;; i' 6) is true, tttett' tí.e'itab , pt,,r,,

'llhis rcsuri, folrows il'nrecliatec'y from Th.eorems 1 aud 2.

6. ß:{A}IPLD

rt is possirrrc in. ce'tain cases to choose an operator -K so as to ensurct hc slabiUtv.
One of l,heso cases is embodiecl in the following example.
lrct II : Lz 10, æl and

(6,1) tl.Lt,: - dld,æ (b(æ) rJulde;)

is defined on the cromain D(a) of úrvice conti^uorrsly differentiabrc func_tions rvjl,lt the bouncìary 
"òn,litiorrs---(6.2) ue) : u,,(n),.= ç¡.

(,t.6)

'1.'ltr:n, th.e sìht,tir,tn oJ'Q.T) i,s st*btein llt,t,lf,r(l E p { ot)-ttot,tn,s.

. .?rorlf'. Let ,Il;tr bo tllc tn¿ltr,is tviilr eÌements 1¡r.¡ - tt¡¡U, j : l ,arrrl -l < p < oc. \À'c har-c by Flolcltr''s jr-teqraliti

= (,! h¡¡lirÍ") l')"' (É io,,r)

fo¡ all r.(,,) : (;rr!,,r¡1j : l; . .

rur, obt¿lirL l¡ecause o1' (8.2)
nlnil

I ] I lit rt;1")t,t' < (1 - )'o¡-tr't't I 1) 
! l,rÍ'?) 

?'

j==1, i--1 i:t

llIl,;t sr') il,jj,¡ < (1 -- Lo¡-t li no)ll,yt

¿rtrrl ii /l;'lj,r,,r (1 < p < oo) ¿lle bourrrlecl abor.e intlcpendcnfl,r. of rz.

Nol. u'c ostiln¿¡te

n0) _ R;t .¡t,t
itr tltc 1,,-rrorrn. ilhen using (4.G) anrt (4.7) \\'0 establish tlur,b ilrt(,,)ll,ft

¿¡rc J-rounderl al-¡or.c indepenclentlr. of n, L<.to. Q.JI.D.
lt.tuolill,ir ii. Lel utttJer the ctss,u,tnyttiotts of lf lt,eorent, z ttrc incrlu,a,lily

!i,6) Dc I't'trc iJ p =: r. ?hetu the upytrcn'imatc'solu,t'ion rf th,e qenei'c(,tizoit
Il,iL¿ n,ethotl (2.6) is stctbl,e.

Proo!.;\s
,ttn-,ön-å(n, -ln)q,

at'rtt lqiltru - 1 (? - 1) ...), the tlesirecl resrLlt follorvs florn .I'heolern 2

ll/(")ilí,,) <r\ (1 <z{.c)

, 1L)

f,,, ,t"
1lq

Ut-t 1 q-1 :1)

, rr,). Since ìtl. '¡h",,""'rr 1 ji/l;l ll,r"¡ ( (1 - ),u) -t,
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T-,er b(æ) l¡e continuousl differe'tiable o' [0, æ] and b(n) > öo ) 0. Letus assume tJirat K is given by ilre formula -- '\""/
223

(6.3) Ku: u(t) b-l(t)u'(t) clt

Let ãn denotc t'he linear space of all real f*nctions ø(ø) akrsorutervco'tinuous on r0. æ1, -satisfyì"g:;ir;îoundary concrjtions (6.2) and sucirttrat, u,(rl e L, io', nj't6J. iriiäB"riu ,i,.,

(a function a(n) >
scalal procluct (;lrr,,
( 6.3) respcctively)

øs_ì 0 will be choscn Jrelou'). Non, we rvrite clorvn theIht) in L,10, æl (-4 ancl f('a,-e as clefinecl in (6.it;nc1

Iutu":[F*,"" -.
l\re choose ilre next system as a coordinate one

(6.4) (Au, nu): - 
lt 

fldr(b(n) dulcrr)i^Ur-(t)u,(t)ar]aø ( 6.5) e¿ : r;1sin ri ø (lr,r, cosz riø) nr)-''' (i :1, ...,),

Integrating (6.4) b¡. palts rve have for a\l u,, ts e D(A)
Jrt;ä" i;a?o-') 12' rT' is clear that ( et) c- D(a) anct this sysrem is com-
lI¡e rnahe sure that

c¡, :(Apa I{9) :I (i : 1, ...,).
l{orv rve have

(4u,, I(a) : - Ittù 
,tu¡a* 

i 
nol a-rtrlr,(¿) .1, ]i

ß

0
+

* 
I 

,, ù #ff a.: (Aa, nu,)
( 6.6) C¿¡ : t,t,io(*) cos /¿ (r cos r j ndn,

Jbecausc of (6.2), i.e., A is 1l-s¡'rnpetric operator, Next

(Ix
ru(n):\ø'(l) cll
J
0

\l'here l¿ : a(r) cosz r\ tc dn
--112

V'4t) u'(t)l[ir$ dt.

Ifencc, b¡' Cauchy's inequalil,y,
fntegrating (6.6) trvice by parts u,e obtain

(gr,:i+j_\ o,¡:i_j)

c¡¡ : )-Ttitilg¡2la'(n) cos gi; nlli - o¡lin,,(*)cos ø¡r n d.n _
J
0

I F

r) dr\u(n)(u'(n))z dr : ^(rr(Au, I{u),
J
0

ll,r,ll!, < æ ü-1(

wlie'c y, : ('1.,-'{ ù d*) -112 (6.7) - gif 
J 

a',(n) cos g¿t x¡ dn t ø.rf la,(n) cos ø,iøllå.].

At last \\'e use Cauchy's inecluality once rnore to estimato Ifence we get the estimate
fr
I

I{u,?: \u2 
IJ
0

fr c¿, ( 2æ-r uo-l1 a'(0) I Ia,(") + ".ä11 a,,,(a)) l{i_j)_z,a(t)b-t(t) u'(t) dtlz ùn l'e'r
@

Thus rvo come to inequality (2,3), where ^(z:

á Ís Jl-p.d. operator.

(" It,, tt-,(n) dn)''", l'€'r s'here

*lp I lc,rl (t\0,
' j-l,i+¿

À¡ : {7ç-1 a;llla'(O)l * lø,(rr)lf æ max la,,(n)ll Ë ,rr_r.o<¡<r - #t
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So
á ancl I(. l.c^spect to opcrator,s
ber, øo : e is a' Positive llltlll-

'a'lecî Ì 
\,alicl, i.e., the gene_
irr (6.1 )) is stabte.
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Benta,I; 1. -{n important class of eq'a,tions a'e th.osc of flrc for'r
(7.1) 

*|* Atr:f(t), tt(o):Mo, o < Í < ?.

'i.{ ii"!îfl ,,'å.,i,'iål å.,åîî 3lîalltel0, l'l).

^TuIîou'* 
Galerkin stabilit¡r of pro-

r, note ale truc for ilre coorclinate

(gl"'ù)U:1, ..., 1t?,¡ j 0 ( rr,, <, ... ; { nu, {,?,¡.¡y (,...,)
a* uerl' rìlcrnents ( oÍ"'*); cro not, ilì genoral, âppcar zlr'orgst cre'rc'ts(gi'"*t't, for, /,: :1,2, ..., f1,? - gl. ,Ihcse s¡,stems a,r,c u,irlespread inapplications (sce ilre fir-ritc elemc'is 

'reilrod).
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