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SUPERMULTIPLICATIVE SE9UENCES IN SEMIGROUPS

GFIEOIìGHE 1'OADER

((ìluj-Na¡roca)

1. IIEAI, SBQUI'N(IES

_ . f1r l1l, solving the problem [2Let (ao),¿r be a sequence o-f real nuil
< ø" + ã,rr, Y n, m > 1. Then

L the lollowing result is provecl :
bers satisfying the relation ctn+m {

(1)

F:,#'+Ð,+
IMe can anarvse this resurt b.y taking into accounb soure deÍinitionsand results from Ë+1. l*".;ì;; äå,rä_"oo-"*i¿o". rne ìãts ot star.shapedand of superadditii" *uqo"oces clefinecl by

/Sã' : (un)nrt: ø" 
ç-j?+l

11, tt, ! I ,Yn'2r I
I

respectively :

S : {(or),,rt i ar+m 2 a,n I o*, y n, m > I}
ancl we have provect the proper inclusion
(2) B* - ,S.

Norv, multiplying inequality (1) by _1, we get

E,+ff-¡) ,'
rvhich is obviousrv varid for any scquence frorn rs*, but the result of 11]lteans that it holds even for ali sequenccs flom ,S.'

starting from_this relnark, in rgl r,ve have posed. the probrem of
ffffît"*ion of positive weighú *"qiéo"", (pùurl.-ioñn tr,u property

(B) i or(gt -+) Þ o, y n>- rÁ:l \n k J
for overy sequonce (
r:esults from l8l for
considored. in t5l.

cüu)n>t e ¡s. rn what folro'ws rve want to generari ze thethe case of sequences in a *"-ig-"p-*îi"r, *ãirîã
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ility relation
rtlb+Jce(ì, b:a,c.

.urr",rl'rTlrr(tÌo;:,.f;! 
år .eq.erìcc of ele're.t's of ((/,.). rn ful, n-e ha'e.

(a) sfa,r,shalrecl it

t:'l,jtlfll-r,Ytt 2I;
(b) sultelmultipliczr,tirre if

trnl'n¿lc'n+ntt Y ll,, ¡ll, > L

ji".'irrot forlor.s *e reprace ilre clefiritio. of sta,rsrrapeduess l_r.y a, st.o'ger

d|lali,Yn,<nt
of starshapecl, snper.uultiplicatir.c

'1ir:s, u, rclal,jou likr, (2) cnu bc r.alid.tlral, if ((i, .) prest,r,r.cs l lrc rlir.jsi_

tlrr¡rr u" l1¡" => 't: lY

irolcls. ,,S'å - ò'"

,,,.r ,,ïnì,..u1:t.iäl;""ïi'i,jr",',1ií,ï,,ÍTì1,,_r.¿;,,);¡ïl; ,ccq,o,,(,e (n,).,, e 
"sä(4) 

(gr,)",",iî'"

rtelon,gs to flrr:. '1o:- 
2' v n' > 1 rl

Proo.f. Fot: evel:Jr sequence (uu),>t frorn Be n,e have
cJtz.:n_tlrr, I ç /c ç ø

.R'entrttlt, 1. In the c¿lser of usual supcr.addit,ir.e se(¡relÌces, \\,e lì¿ù\,eplovcrl a sitnil¿tr. r'csulL in [g l.
-Ilenrct,t'(i 2. Ii'tll' rrortintõgór' seclueuces (çLt,)t,>r, n.e must liilrcl ob¡cr Nlrpcsof fol''Lrlatiorrs. so, fol ilre.'so,1,rô,'r,,,, .r"iii*ríï,. q": i17,,, .,.o haye ¡rcfollon'ing :

-c 
ou'jecltrt't. rt the sequcì'ìce (t,r),,>t bclonss l,o g,r, i,he1, f¡r. eycrJ.tt. > 7, \\'c Ìtrìr.{,

- Mie ctu^ D'o''c it for snrall 
'al.es 'f r¿ (sa'rr < 10). Ii'rlr exa'rlllerlor ,n, : i¡ \\-c uscr

øa,t', jl:,r, !üz):Bl)J:5j rrn'llc.,, ancl øi l,r,
at thc r)oN'cr'30, -10, 10 rcspcct,ivel.r. l6 ancl ihen rnultìpliect. Also \\,e czuìvelif-r'(õ) fol thc'setlucrnces (er,),>r of ilrc subsct ttr;i S" drdjnccl as

1',, 
l(J.,),,>, 

:,r,, fir,'i'), rr,e (i, v i, tt > sl,

rvlrclc' [r:] rlctrol,es 1,hc,jni,egel ¡rrr.t; rrt rr, l\.cr hale pr.ovecì irL l5l ílmt r.,çis a ltloperl subset, ol ,S¿;.

lrr)ùrtr-.\ 2. lhet'1¡ seq,u,(nce (r,),rr o] lI,¡1 uer,i fies (õ).
?roo!. \,\-e h¿lr'c

0 rr lls cr()

thus

fl rri].1ri*l

ot'

(É "r)"
q h-

2l:
1

e
;t fL ,'a

l\t

t+l "[+],

,, 11 I h l,t.
fJ zuoi'l-' I t'

,.-=t_{, * :g II
thLLs (5) is fulfjllecl bccausc

1.0 h

i 1
Ytt,,i >-L

(scc 13l).
Retn,cu;|,:3. .l'or thc c¿rse of superadcutivc¡ sequences 1.c lnarlc thisconjccl,ulc il fi] ¿lrtrlthc collcslroncliirg special c¿lse of Lcururâ 2 ¡'e ¡ar.e

ltror-erl in 1,8 1.

flt'mctt"l,: 1. Itt 
-lG) anothel lcinr'l of st,itrshzlperlness arrcl s¡pc¡aclcliti-r-it,¡'relatecl to t'lLe logalithlric couve-xitr. is ctefinect. so, if the functio¡
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,f r R* * [R- is stricily increasing, we say(i) /-starshaperl if that the sequence (øn),>r is

lk@_ çf ,,1,*,)
,tù n+;,Yn' 27;

(ii) /-superaclclitivc if
.f (a") *-f(cø,) < .f (an*,,), y n, tn, Þ 7Ilol example, log_starshapecluess treans

cL,t/" <a},!fi*Ð, yn >I
ancl it implies log_superaclclitir.il,y, i. e.

(,n Chn { ü¡-mt V n, nt 2 I.
B¡. Lemma 1, this last lelation implies

Ii ,, * crf.t'rt/2, V n, Þ I.

,,

I

TliirTSij""ture 
means, for 1,tris case, that eyerJr log_superaclctitive seq'ence

p-red! ( (úu, v nÞ 7¡

rvhich is obviousl¡, true for 1og_starshapecl sequences.
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