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1. REAY. SEQUENCES

In [1], solving the problem [2], the following result is broved :

Let (au),51 be a sequence of real numbers satisfying the relation g, <
< an+ @ny, ¥ %, m > 1. Then

(1) g >y L

i1 k2 n i k

We can analyse this result by taking into account some definitions
and results from [4]. There we have considered the sets of starshaped
and of superadditive sequences defined by

a’ll

a
8% = Hanhup1: — < —H vy 5 q
{( ) n n 41 ’ }

respectively :
S ={(aw)us1: @nim > an 4 Gmy ¥V, m > 1}

and we have proved the proper inclusion

(2) , S§* < 8.

Now, multiplying inequality (1) by —1, we get
(%) 50
=1 k \n k

which is obviously valid for any sequence from S§*, but the result of (17
means that it holds even for all sequences from S. ;

Starting from this remark, in [8] we have posed the problem of
determination of positive weight sequences (pi)i»1 with the property
that : .

i an a .
3 — ——1>0,Va>1
(3) kglpk(n k) ,

for every sequence (a,),»1 € . In what follows we want to generalize the
results from [8] for the case of sequences in & semigroup which we have
considered in [5].
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2. SEQUENCES IN A SEMIGROUP

= ‘I{._w}_rfu']qng that the relation p=" can be interpreted as a relation

of divisibility in the additive semnigroup of the positive reals, wo have trang-

posed in [5] some of the results of [4] for semigroups, S T

L _.'[“eb (@, .) be a semigroup, that is the binary operation . : ¢ ¥ @

:1-1:(1_ ]Il:mfi.\:it;(_l“llil::li‘lt\“ € suppose also that the Semigroup is commutative
We congider the nsnal divisibility relation

ab=3ce@, b= qe.

Let (zu)is1 be a sequence of elements of (¢ In 35 i ,
called this sequence : ' () In 13, we have
(a) starshaped if

! Ja’;llﬂa Vo>l )
(b) supermultiplicative if
&Ln iy ]-’Tn_'_m, A4 ny, m > 1.

In what follows we replace the definitior bar 108
. s . 3 t Hmition of starshapedness Dy a stroneas
m arsliapedness by a stronger
Tu @, Y < m
, N e ; 2L :
and H(;ﬂu[-t_ by 8% and Se the set of starshaped, Supermultiplicative
respectively, sequences from (€, .). ‘ '
) 1 the semigroup has some broperties, a relation like (2) can be valiq
11’01‘ example, in [3] we have proved that if (G, .) preserves the divisi-
bility, that jg L
&yt =y
then
Sg < Sg
hiolds.
By analogy wit ‘elati g ) orvy i1 o
- 3” nalogy “1th' relation . (3),» for every sequence (ay),»; € 8%
and every sequence of natural numbers (@n)us1 we have :

)

4 a ' " A,
N (1125

fac \”

. We denote by 1, the set of sequence (qu),»; of natural numbers
with the property that (4) is valid for every sequence (#)nsy from S,
We remark that 1V, is an minteger” cone, that I8, it is closed with res )e;:i
to addition and multiplication by positive integer numbers i

LEMMA 1. The constant sequence given by '

@ =2, ¥n > 1
belongs to 1.
M F 2 FAP Y
Proof. For ever Yy sequence (w,),»; from S¢ we have

a3 ai"?l—ICJmH, 1 < k <N
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U )

11 @] af?

L=

or

"
n" a0y 2k
2 3
( 11 ;c]:) =t f
"
=1 |
Lemark 1. In the case of usual superaddilive sequences, we have
proved a similar result in [8].
Liemark: 2. For noninteger sequences (¢r)is1, we must find other types
of formulations. So, for the sequence defined by ¢ = 1/k, we have the

following :
Congecture. It the sequence (a,)s1 belongs to iS¢, then, for every

n > 1, we have

" it
i)

(5) H a‘;—/"_ Q-
k-1 Kk
We can prove it for small values of » (say n < 10). For example,
for » =5 we use
Wydy @5y oty i, @3 |2 and & |a
at the power 30, 40, 10 respectively 16 and then multiplied. Also we can
verify (3) for the sequences (#u).»1 of the subset Te of S defined as
ey -
Ty = {(ipn)upl P = Hw[ Pwield, Y, m o2 1Y
i=1
where [a] denotes the integer part of x. We have proved in |5] that Te
is a proper subset of &,. :
LIMALA 2. Bvery sequence (aa)usq of 1 verifies (3).
LProof. We have

H.QI/‘-' :H(H/LU L)A _—_H'N);Z | &

fm1 K k=1 Vi1 1

thus (5) is fulfilled because
AR Y I n
. I S Yo, i >1
& /s[fz] [,,;]’ ’
(see [3]).

Remark 3. For the case of superadditive sequences we made this
conjecture in [7T]and the corresponding special case of Lemma 2 we have
proved in [8].

Remarl: 4. In [6] another kind of starshapedness and superadditi-
vity related to the logarithmic convexity is definec. So, it the function
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f:R, & R, is strictly increasing, we say that the sequence (ag),s1 is
(1) f-starshaped if

I o) [y,
" n 41

(ii) f-superadditive if

J(a) + flan) < f(“ﬂ+ln); Yo, om >1.
For example, log-starshapedness means

" < a0 gy s q
and it implieg log—superadditivity, i e.
o Gm < tpomy N0, m > 1.

By Lemma 1, this last relation implies

"

H o <aftor vy s 1.
k=1

The conjecture means, for this case, that every log-superadditive sequence
verifies

"
I A" < an Vo> 1,
LESS

which is obviously true for log-starshaped sequences.
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