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ON (a, 8, m) — CONVEX FUNCTIONS

VASILI: MIITESAN
(Cluj-Napoca)

L INTROBUCIION

In [3] we defined g class of generalizeq convex functions which
onifies the set of the monotone increasing, starshaped, convex and quasi-
convex functions,

Many generalizations pefer o the tonvexily with respect to a Liven
funetion ¢ (whieh means that the funetion gef is convex), So, for g(z) —
=102 2 we have the Iog‘—cmwuxi['-}" (P. Moutel [47), for g(@) = a* the
o m-convexity defined by M, A vriel, I. Zang [1 l'and by 1. Marusciac [2].

We put the following question : s it possible to define a clags of
generalized convex funetions which contains as particular cases all gene-
ralizations of he convexity mentioned aboye?

The aim of this paper is fo give an affirmative answer to this ques-
tion for the eclass of positive funetions and to give some characterization
ol these funections.

20 (7, B om) — CONVEX FUNCTIONS

Durmartion 2.1, et S0, b - £, and o > O35 Bymel0, 1] =4
The fTunetion Jis called (e, B, m)-convex on [0, ] il and only if:
V oz, ye [0, b], tel we have

(2.1) T (L —1)y) < (812) 4 m(1 — o)) e

Denote by K& ®(p) the sot of the (a, B, m)-convex Tunctions on
[0, b], b > 0, for which J0) = 0.
ProOPOSITION 2.1. Tet o e [0, b]. Then fe ja ) if and only if
the  function
parh o
(2.2) Pl - L40) = mfa)
(2 — ma)®

5 Tnereasing on (ma, b].
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Proof. Let fe Kg®(b) and let x, y e(ma, bl, ma < o <.
There exist ¢ (0, 1) such that

(2.3) x =ty + m(1l — t)a.
B ) :f“(w) — m-f*(a) :f"‘(ty 4+ m(1—t)a) — m-f4(a)
M (2 —ma)® (ty + m(1 — t)a — ma)?
L) + md —8)-fa) —m-fHa)  fUY) — m[a) g
< =5 @ty (y)'
"y — ma)® (y — ma)P

hence p*® is increasing.

oty M

Conversely, if p{% is increasing, for ma << o< y we have P () <.
< pEa(y), i
fow) — mfAa) _f(y) —m-fa)

(x — ma)? T (y — ma)®

hence

ﬂm<ﬁ*mﬂ%m+m@f(ilﬂfyw»

Yy — ma Yy — mna
Writing ¢ = (« — ma)/ (y—ma), t€(0, 1) one obtains (2.1), therefore
fis a (a, B, m)-convex function.
COROLARY 2.1. If f 18 differentiable on [0, 0], then f e K@®X(b) if and
only if we have
fa(@) — m-fa)

T —ma

y for x> ma.

(2.3) ﬁﬂmym»>%~

Proof. By Proposition 2.1 we have (p®2)(2) > 0 from which we
obtain (2.3).

3. PARTICULAR CASES

Many particular cases of the («, B, m) — convexity were studied

by different authors [1] — [5]. We shall present in the sequel some of

these cases.

(a) (1, B, m) — Convex Functions. For « = 1, from (2.1) we obtain

(1, B, m)—convexity, defined in [3]. From this, for (1, 8, m) € {(1, 0,0},

(1, B, 0), (1,1, 0), (1, 1, m), (1, 1, 1)} the following functions are chtained :

increasing, B-starshaped, starshaped, m-convex and convex. If f(z) > f(y)

then for (1, g, m)e{ (1, 0, 1), (1, 0, m)} one gbtains quasi-convex and

m—quasi-convex functions, respectively.

(b) («, 1, m)-Convexr Functions. For § = 1 we obtain («, 1, m)-con-

vexity, from which for m =1 we obtain the convexity defined in [2]

and for « = 1 we obtain the m-convexity defined in [5].

3
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Remark 3.1. Kvery function f which iy quasi-convex is a { o0, 1, m)-
-convex funetion, f.e. lim (- f*(@) + (1 — ¢)-f4y))¥* = max {f(@), fly)h
G000
For the functions f € K" (8), we shall give a more general charac-
terlza_twn than that given in Proposition 2.1 for fe Kx8(b).
For fe & Y(b) consider the funetion

{3.1) % (@) :fitm, we [0, b]\{ma}, e [0, b]

@ — ma
and
[ 1 1 1 /‘ 1 1 1
pOzrf oy - :
(3.2) 1wy @ 2y) = ma, Wy Ty / My, @y

mfX (@) fx) [

Zyy Ty @3 € [0y b, (25 — may) (w5 — mi) > 0, 2, £ 1y

3172 m2 .
mixy

Proposition 3.1. The following assertions are equivalent ;
1° fe K& (b); _ '
2° p.Sa 18 tnereasing on the intervals [0, ma), (ma, b];
3% 1@y, @y ay) = 0.
Proof 1° = 2°. Let o, y € [0, b]. If ma < @ < 7 then' there exists
t {0, 1) such that

(3.3) =1ty +mn (1 —Ha .
P () = fH ) — m-f*a) - J¥ty 4+ m(L — t)a) — m-f%(a)
T — ma 1y 4+ m(l—ta — ma
UL A md 0 fHa) — mefHa) fy) — mefX(a)
< = s ])’Z‘,,m(y)-

Wy — ma) Y — ma
If y << @ << ma there also exists ¢ (0, 1) for which (3.3) holds.
JH (=) — m-f*(a) _omefqa) — [ty 4 m(1 — ta)

P;f.m( '/L') -
Tl ma — ty — m(1—t)a
PO 1€ il S A1 OB ) o ok S ORI
t(ma — ) W — = Paml\Y)-

2° = 3° A simple calculation shows that

(SAL) T‘IOI(L( &y Tgy .%'3) = (]9.?51,1”,( "I":}) - p:‘rl.m( 'T’z))/("rs B m?.)'
Since pf,., I8 increasing on the intervals [0, may), (mwxy, b] one obtains
il @y ay) > 0.
o Q g - ¥ N
_ 3 = 1% Let @, x;€[0, b] and @, = twy + m (L—t)ay, t€(0, 1),
Obviously, mz, < 2, < @, or @, < @y << ma, hence

tfH(ws) 4+ m(1—1). () — [ty + m(1 —t)2,)

ror( 2y, Loy @Xg) = == > 0,
WL —t)(wg — may)?

from which we obtain that fe K&v(b).
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¢) (e, By 1)-Convex Functions. For m — 1 e obtain («, B, 1)-con-
vexity, from which for g =1 e-convexity defined in [2] is obtained.

DEFINITION 3.1. A function f: [0, b]> R + 18 called B-log-comver on
[0, 0] 4f and only if ¥ @, y € [0, b], t € I we have

(8.5) fiw + (1=1)y) < f4(@)-f-4(y).

Lemark 3.2. Tvery function f which is p-log-convex on [0, b] is a
(0, B, 1)-convex function i.e.

L (Bf4(%) 4 (1—#)f(y)) 1 = f2(z)- 12 (y).

a—0

For g =1 we obtain the log-convex functions.
Bemark 3.3. Every function which ig quasi-convex on [0, 4] is a

(o0, B, 1)-convex function, i.e.

lm (Bf*(2) + (1 — #)fy)i= = max{f(z), f(y)}.
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