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ON (u, p, m.) -- CON\/trX trUNCTIONS

lìItIrItP. Ilr\CllS \/,\SILI' J\,III I-ESAN

(Cìu j-Na¡roca)

'1' I'l'trr, S, Ott tttc Ilcratiue llcll¡octs utillt SinttútantotLs ,\¡t¡tro:uitnaliot't oI tlte Inuersc rsf ltc
O1tcrrLlor. Iz.r'...\cad. Na[ì< ]jsLoDsltoi S.S.lì., 1,{:,4,,IOi_ ,111 (1g67).õ. Zclrtrtìcr', .lj. .L ¡! llcn¡.¿r'li ttbotLL \4olt¡tt's lleiluttt'. (ìonrl¡. l.)r¡.c ¡\ppl. ttaf tt., 32, 3G1_366
(1 e74).

1, t\:l.Itotllr(;1.t{)ì\

lìccr.ivc(l lã XII 1903

Ilr 13 l *'c trcfillcrl a cr:ìs:i ol,gerrr*itrizc(-[ c.,r\.c\ l,lru(.ti..,rr)t \vrlichå,;ll1:ì 
rl,i,,Tr1":,:]l,o ,ro,,urnl,iä'i,,n,,"r"*i,,s., _i^,ì_l,i;;n,'r. àn,.,."* arrrt rlrrir,si_

an aflit,tÌìai,ìr,c ¿ìns\\.el to fltis orras_s alrcl 1,o sive i:iomo clìa,],a.t."ir;iiì;i.

Inslilule oI Oulctilus
llcpttbIicii,:)'l

PO l.lo¡: 63
l,l0t) Clu.j-Nullc:rt

llontrinitt

2, lz, þ, nt) - [:ON\ ItX Iì{;\(:.t,tOÀiS

I)r';rrr''rl'r'ro'r :.1. 
,1,.'J ./: 10, irl 

1,j,,:..,,,,1t l.ì ,t); 1,,?/¿ c [0, 1]=.,{
T";, ;:'ì:î','oì,)r,lr'i ,'ï1"'1,,,(,t il' 

,,í¡l..""' ''' 'rr fr), ú | 'ir ¿,,r1 c,ri' ir :

(2.I) tft* 1- nt(.I -_ r)y) < 1¡:r,1.,,(t) -j r¡(1 _ te)J,1t¡¡Str,

tu, ,1,'f'-3'å, 
otå"11,,,,1ì!t?r,ji:l;t 

'11 
l,lrc (o., p, ,,)-conr.c,r .ru'cbio's on

,,,,, ,¡rÏ*Il,;IosÌ'f'to'N 
2'r. f,et ae[-0, Lt]. lt'tretr. Jer(l¡;t))(tt) i7 untt orlq ,i,f

l2'2) Í{,,,!1,)(,,1 ..:Ii_ll) _ "_!:l'!!:)_(t.__ 1¡¡1¡?,

,is ittcreusittq ou, (,nLu, l).1.
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ProoJ. Let, J €I(i'e)(l)) ancl let n¡ !/ €(nto,, bl, ltLo" < 0r <t/.
thcre exist ü e (0, 1) such tha,l,

(2.3) a:tlt !m(l_-I)a.

'"t a) n"!"(a) 
-l"U'y 

* n¿(l.-t)a) - nt,'["(a) ,pÍ,':',it)(e,):'_.,,_ 
-,,r,* 

t' :'ffi <

, ts;l'(lt) f irr(1 - lþ).1"@) - nr'J'"\r,) I"Qt) - ttt"!"(u,) _ ^.(e,þ)t^,¡
s ! tntnt \Jt- ¿þ(y - ntu)s (y - ntct)þ

hence p*,',1,) is increasing.
Conversel),, iÎ pÍf,',|,) js increasing, fol nrct'< n< y l'e have pÍi,',?,)(ü) <,

< pf;,P?t), í.e.

f"(n) - m..f"@) ..f\Ð_ ,ü"@)
(n - ma,)s (U - ma)e

hence

"/"(.r,) < (î¿|1"'(v) f ,,,(t (ff")')r,,",.
V[,'ril,ing t: (n - nm)l (E-m,0), f e (0, 1) one obtains (2.1), therefore'
/ is a (*, P, riz)-convex function.

Conor,an¡r 2.I. ll J'is ctiJferenlict'ttle on' 10, ltl, tlten, I e l(\ft'P)(b) i,f anrl
onlE if we hut¡e

(2.8) "/'-r(*,) 
.1,(n) >p . 'f"(t:¡) - nt '["kt), Jot.et> rna,.

ct 9:) -1n0,

Proof . Ry Ì?roposition 2.1 \tre ltat'e (ft*:,',P)'(n) > 0 frorn rvhish $'e'
obl,ain (2.3).

3. I',\.¡t l'lCUL,¡\Iì (:iISIìS

Ren¿utilt:3.1. Iìr.cr'-v function.f l,hich is cluzr,üi-convex is â ( .o, r, m,)--conlex fnnction, i.e. liLn(f ./'(ø) I lr(1 - ù:l"etÐl": mâx {if*l', lã¡}'.
Ilor the f rurctions .f e äf;;,rt (D), u'c shall gir.e & rnor,c general charac-l,erizatiou than tliat gir.en in proposition 2.1 ior../ e rci,,,eçù¡.
.tror ./ e llfi,1r(Õ) consicter thò Tunction

( 3.1)

ancl

111
(3.2) t'\,(r' a, n") : 1)1,1:t tJ z

ttt2:ti n3

ttt tz¡ ir, e 10, bl, (t:, - nt,rr) (n, - 
,tn,:tt) ) 0, n, I rnr.

?ropositiort 8.7. ?he fril.otuittq ct sset,tiotts Lr,c equiaulen,l,:
1' ./ u 14,?,D(b) ;

?i tr,,i,,,'ís i,nct'c.(,sin,ø on the inlctrroLs 10, tn,rt), (nta, bl;
3" r";(r1, x'2, rr) > g.
Pt'or¡f'- r" =-> 2o. Trc't r, 1¡ e 10, á]. IT 'n.u < ttì <U thcn flre.e existsI e (0, 1) srrt,h Lìrr1

(3.3) n:tr{tn,(I- t)a,

1,u7,,,(,r) -.f 
'(¡) - ttt '.["(u)- _ .1"(l.tt )- tn(1 - L)u) - tn..f"(n) -I' - lît,(t, X7¡ | nt(I- t)ct, - r,* u

- L.l'(tt) * n(l - t)..1'(o) - ttr..f"(n) .1,(lt) - ttt..[=(rr\ - P;"'\ll)'t(y-tnu) y_ln(L
11 y < c) < 1,,e,l,he.c also cxists I e (0, 1) fur *,hich (13.8) holrls.

Pí,,,(r) : n.,f"(rt) -.Í'"(ty i(ø) - nr,.,f"(a,)

fi 
- 't|IA

nt(\ - t)a,)

Manv particular cascs of the (ø, þ, nr) - convexity \\¡ere stuclied
by clifferent authols tll - [5]. \4¡e shall present in the sequel sorne of
these case¡.

(a) (1, P, nL) - Connsen n'unctions. tr.or ø : 1, Ît'om (2.1) rve obtain
(1., þ, rn)-convexity, clefined. in f3l. From this, for (1, þ, m) e {(1' 0,0),
(1, 9, 0), (1, 1, 0), (I,7, rn), (1, 1, 1)Ì the following functions are cbtainecl:
incieasing, p-starshaped., starshaped, rn-corrvex and, coL-rr€x. Il J@) > l(A)
then for (1, l], m) e{ (1, 0, 1), (1, 0, m,)} one obtains cluasi-convex and
rz-quasi-contr/ex functions, respectiveiy.

y) - m..f"(u,)
t( nt,u, - t¡)

')tt& -t.r1 - nt(l-t)rt,

u - In,Q,
- pi,",Q/).

2" = 3o. A sirnple calculat,iorL shou,s that,
(3.4) r],(t:r, rr, tr¡) - (pî,,,,(fr"\ - ?.7,,,,(rr))l(,rs - nz).

S_tl"u ?Í,,,,, is inclleasing on the ilrtclr.als f0, rnerr), (ntnr b) one obl,ains
l'L,(frt, r, e:r) ¿ e.

3" .> 1". k',L t' r, e f0, árl ancl ftz : tiüB l_ nt, (1 _t)u' f e (0, 1).
ObviorLsl¡', nt,r, { cz { frs or ar, < *, <'rrrr, hence

l"Q) (o, 1, rn)-Conaen Fun'ctic¡ns.lÌor p :1 we obtain (o, 1, rtz)-con-
from 'rvhich for rn : 1 'we ol¡tain the convexity tlefincd in [2].
ø : 1 u'e obtain l,he n¿-convexil,y definecl in [5].

I'|,,(fit, u, r:r) : t..f'"(nr) | n,(1-t),.f"(r,) - ,r, I n't(7-f)ø,) >-0,
l(1-¿X r, - mrr)2

frorn n'lrich rve obtain that f e KÍ,,i,Ð(b).



178 \¡. llihcsarr Iilìrrtrlì r)'.\NÀr,l'slì NUìUrìilrQuìì rì'r. r)ìì 'r'ruionlrì r)Il L,.,\I'plr0xIilAlION
.['rluc 2J, No l, lg0i, pp, l7g _ IBJ

4

c) (ø", p, I)-}onaen !tr,,,ctions. For ?tù: I ìye obtâiu (o, g, l)_con_vexil,y' frorn lr'hich_ 1o1 p :1 c¿-convexity ctefine¿ irì'"izl is oJ¡1,ainecl.l)nnrxrrron 8.,]. .4 .functio,n./, !0, U- n* ,ti'iuliert''g_lc.¡tt_conøen ot¡
10, blil a,nil ottlE if V n, U e 10, ttl,i e i me ttaae

(3.5) lQ* ! Q-t)y) < "f,B(r) 
.1,-'3(y).

Retnarlt' 3.2. Tìr'cr'¡' f.'ctior / rvrrich is p-Iog-cou/ex on f0, á] is a,(0, p, 1)-corLvcx funcüiorL j.e.

lirn (lf("") + (1 --te)1"(y))'t" : l,s(*).ft ,P(y).

{o" P : 1 l'e ol¡t¿in ilre los_colr-ex funcl,ions.
Rentctt'k s.B. rìr.er')' f.nctio^ 

''hich is q.r"ti-.oü.,ex on 10, D] is a( .o, p, l)-conr.ex function, i.e.

lirn (t3l.(ø) + (1 - tþ),r"(y))rp: rnari/(ø), l@j.
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1.

2.

4.

5.

lìeceivccl,15 X lgg3

:c conl,aitLecl in ,/. A function is ope_

(1) lßA * ¿B) < sf/) + tf(ß)
ncl I x'ith rtú:1anc1 sclf_acljoint Á anrl Bnerl in ,/. A function-is operatoi concave if _/ft is hnon'n that if / is dperator monotone oñ.

, l'hq toltorving *un."rÏ,o#i,lü "t JerLsen,s inequarity is givcn ìn [1],(scc also l2l or l3l) :

.Let g be a no'malizecr positi'e ri.c¿r,r rnap. rf / is an operator co'_vex function on ( e, p), then
(2) I lçØ)l < qfllØ)l for.4 e ñ (ø, p, ,F1)

iì;r"tà*i"lil 
has shorvn that (2) rouorvs rrorn ilrc folrorving 1,wo of *s spe-

'l'ccltnfu tú Lj n ipcrsitll
L)c¡tttrl ntt'trl o[ ) I ttl lrctnttlit. s
J100 Cltrj-Jtt¡tot ut Rotntt¡tiu

(3)

ancl
(4)

g(A') >- 9(.4)2 for .4 e ¡S (--, æ, ã)

g(A-1) > ?(A)-1 for .4 e ñ (0, oo, _H).


