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c) (ø", p, I)-}onaen !tr,,,ctions. For ?tù: I ìye obtâiu (o, g, l)_con_vexil,y' frorn lr'hich_ 1o1 p :1 c¿-convexity ctefine¿ irì'"izl is oJ¡1,ainecl.l)nnrxrrron 8.,]. .4 .functio,n./, !0, U- n* ,ti'iuliert''g_lc.¡tt_conøen ot¡
10, blil a,nil ottlE if V n, U e 10, ttl,i e i me ttaae

(3.5) lQ* ! Q-t)y) < "f,B(r) 
.1,-'3(y).

Retnarlt' 3.2. Tìr'cr'¡' f.'ctior / rvrrich is p-Iog-cou/ex on f0, á] is a,(0, p, 1)-corLvcx funcüiorL j.e.

lirn (lf("") + (1 --te)1"(y))'t" : l,s(*).ft ,P(y).

{o" P : 1 l'e ol¡t¿in ilre los_colr-ex funcl,ions.
Rentctt'k s.B. rìr.er')' f.nctio^ 

''hich is q.r"ti-.oü.,ex on 10, D] is a( .o, p, l)-conr.ex function, i.e.

lirn (t3l.(ø) + (1 - tþ),r"(y))rp: rnari/(ø), l@j.
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tìtit 11tìtìNCl.is

1.

2.

4.

5.

lìeceivccl,15 X lgg3

:c conl,aitLecl in ,/. A function is ope_

(1) lßA * ¿B) < sf/) + tf(ß)
ncl I x'ith rtú:1anc1 sclf_acljoint Á anrl Bnerl in ,/. A function-is operatoi concave if _/ft is hnon'n that if / is dperator monotone oñ.

, l'hq toltorving *un."rÏ,o#i,lü "t JerLsen,s inequarity is givcn ìn [1],(scc also l2l or l3l) :

.Let g be a no'malizecr positi'e ri.c¿r,r rnap. rf / is an operator co'_vex function on ( e, p), then
(2) I lçØ)l < qfllØ)l for.4 e ñ (ø, p, ,F1)

iì;r"tà*i"lil 
has shorvn that (2) rouorvs rrorn ilrc folrorving 1,wo of *s spe-

'l'ccltnfu tú Lj n ipcrsitll
L)c¡tttrl ntt'trl o[ ) I ttl lrctnttlit. s
J100 Cltrj-Jtt¡tot ut Rotntt¡tiu

(3)

ancl
(4)

g(A') >- 9(.4)2 for .4 e ¡S (--, æ, ã)

g(A-1) > ?(A)-1 for .4 e ñ (0, oo, _H).
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f)f couÌse, for opeÌatol'rììonotone lurLctions orr (0, co), u.e ¡ayc tle re\¡erse
ineq^ualit¡. iri (2). l\,Ioreoyer, for operatol rnonoione îirnc1,ions, thc Lcvelse
of (2) is ecluivzrleni, to (a) (sec lal).srro,r, ii,l?!,,i,lu'iì'] Íl)..iìi ;J'lliiìiïl ii]",fi:lnT'^.'ï'^ìlåvalicl ever'¿r,l maps and oper.atols.

7. Let tl¿c co+ttliti,o,tr,s oJ&heot,etn, I cctttl (7) be satisfied,.?Iten

t (,å u,e,@))nn$,r*,i/i:r,)) 
<

[ral_ f(m)* --o;-L E, 
*,ç,(¿,) * !!'f@L-4! !)- r.

iJ,I _nt
X'or /(a) : â-1 and l@) :e2, (9) gives

(10) (i,*,r,tn,,)-' u Ë,,r,r,rnr,l * t# 7 - J- ,,

and 
/ ¡?t ""\-x / - t,M ' -;Il[ Ðrurçr(¿r)

(11) (Z*,r,to,l)' 
" 2,,*,w(1í) < (M + m)iw,,p,(¿¡) _ tvrmr

I'wtlrer exl,citsions of /tnì õñ.1 t1i\
¡""q *rn ì"î;iìîï lji ;ili?1fl:;LÍt*ì¿"' ft åiäi#åy 

eon vcrses or rhe rirsr**nonn* i. í¿ u,,,'q,,'ilîi' üìaria as it?, Theorettt, 2. Tr¿en

\,tç'ç'('4,')

Ë",r,(n,) - (+i:I [¡lÌ

\tu'9'@i)

Conor,r,lRv

Jcnsen's

(ltt I m
4Mnz
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2. RtdsIJI.l'S

It is rve1l lilLoln that Lrsiug Inathcrnatical iniluctìolr \\¡c uan girre ùn
extclrsion of (1) irr thc casc of scvclal I'ector,s,4¡ e ,S (t, p, LI),, rl =- f, . . .t,tu.

Nârneh,, if.u¡) 0, ? :1,..., ri. are positir.c nurnber.s l,ith $l ,r, :1., ilren

fol cver'¡' opclabol con\¡ex f unction / n,e havc

(5) , (,ä*,^,)< izo,/(,a,)

lloleovel, i1, is eas¡'to give alL ineclualjtv u'hich conl,¿lins (2) antl (5).
lf rlnonrclr 1. Lct -4i e 

^S( 
a., p, Il), gt: t,(lI)- t(I{), tu¡)(), i:J,..'.,,n

wífh \ui - \. 'I'hen, Jor-r:aery opcrotot, lotr,Deü .frnt¿tion f

(6) 
-'1 

, (,å wts,(a,)) 
= ¡,r,r,11-'r'))

I'roof . Llsing (5) anrt (2) rve gert

,f (þy,,t,tr,) ) 
. \,tu,.f{e,1t,)) < .i rr,ei(l(-'l ¿)).

\\'cl rLou'give an uppcrr bound for thc telru on the righi, harLrl sicle of (6).
fLrttnoRlru 2. Let .f , (o, 9) - 1¿ be u rcu,L-uetlu,ed, conl,irt,,un,tLs cor1,,Dea.)

J'ttttctiotr,. .f'et A¡, et und,ui be cle.finetl ct s in lflteorent,7 btt,t,ruith ttte a,d,dit,t,ona,l
cr,¡nclitiot¿s

(7) 0ltnf (zl¿(IfIø-1,,.., 1r)

tltcrt,,

(z,,:*,r,tn 
)''' - þ:u,r,,n,, *ffffi,

ProoJ. We start florr the seconcl inequality in (10). Thus

Z*,ç,(a,,¡ * !-f-!, _ 
#,üw,e,(At)

-(ll'l 
-F m\z ' .r

+ Ltr *L Z *,,2,e4,) - #*lY+ oÞ,w¡e,( A, 
)-,,

- (,t*,r,e,ç,t,¡)',l' *,'¡Tn;ir' ( h *,r,to,)
This proves (12) which is a l(anl,olt_rvich type ineq¡¿liN1,.
," rrd."äfÏo 

proor 
"¡ lià), ää;il' ut*ír,-"r,äå'ïf,ä"ÈË"ooo incquar*¡,

þ,,ronr,lao¡ -(å w,e,@f)) '* (, t m)r

5--c. 1140

(72)

(13)

(14)

ancl

(1õ)

tu,e,(A;\)-' < Ua -[,n),t,

(Y,*,r,trt,l)',

illI --I?{,¡p¿(-4¿) f,zu¡9¡(-,[¿) -- ntl
8 ) lzu,,gi[/(-4i)]< M -nt

I(n) -t M -nt,
Í(M)

I'roof. 'l.he casc nr:I l'âs pror.ecl in [5] n'here it u'as shos'n tha1,
the follol'ing lioltls :

ç,1/(/,)l < J'(n) I ç¿(t\) - nt'I 
.fet[).

tll - tt¿

lìorv, nrultipl¡ri11g by zo¿ ancl arlding for all i == 7, . ..t tx, rve get (8).
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(18)

B. ]\'Iond,and ¡f::E. peëaiii

3. IIXAIITÌLIJS

4
5

-tn, oþ,*te{a;t) - (f)*,r,,t r') )-' : üM _l[ã7,7 _-

lr^ (Zw¿e¡(At,))''' - (i *,v,t-+;., 
)-"'1,' 

< 0t w - V *yt.
rn the proofs of (1a) ancl (15), 'we start from the second. inequality in (11).

i *,,t,trt?) < (M + n) yto,ç,(A,) - MmI : 
l¿:t t=l

: v#(þ,*,r''o') 
)' - I#+# l, wry'l(A) -ttø* rl' <

-w##(Ð,*,rnor)'
and

(i,*,r,toz, 
) 
"' - _i ø,e,(,4,) <

(þ-*'run,)"' -,+^ i),*,'t,1d?) - !!- r :
-(M -tn)z , - *+;{(,É,,**,,rrr)'' =y+-rl' <V-Ura(Mtm) )

rs a generalizuLion of sotne resnll,s flr:rn [8, p.S2]

Jcusen,s I ltcquality

il{oreol,er, wc calr r'lefino lhe follou,irrgLet A¡ e ,S(0, @, E), u¿) 0

rnealts of operators :

7lr

t|'f 0

rvitlro! ,Lo¿ - ! aucl 9t: L(E) _ Le(),
respect to nraps gi is git,err by

18s

? --1 ,n.Then the tnean of _4¿ of ol,clcr l l,iilr

'Ihc follo rvilg resnltancf f6'1,
Uhe

(20)

Jrolcls if, ciflrer
(a)
(b)
(c)

IìEÌIiIìENCIìS

-J[:!(A; e,tu) : )) ru,ela)l
f

(1e)

(,

irrequalitv

I

i

l

l

i

I

i

l

.t

M[lG ) 9, xo) > Mt:r(A ) e¡ to)

1'Þ s, r É (-l ,1), s É (_1, 1); olr>I>s>rf2; 
ot,

,,,. 
""'ulj'*,ili !,î1,," "on*oolui*: ì;,-,:,/: srrarr onr'givc rJrc proor ror
Le1 f(n) : rystr i A, -1i, Since 0 ._a - -, r..corncs - ,, i= rr J ls concavc, so (6) be_

:::" the run*io ",,!,4:''1,;:îk,8.*'''o"or nronotorrc, .we get (20) fronr (21).

_ 'I'hefunction/(,[\: XP isconvsxfgl.l < p <Dandfor -1 ç p <Oancl concave for 0 <p < 1. Therefore, (g) gir'és

(16) (i *,v,(Aù)" < i,w,v,¡'tn.ffi* \,x+,ç,(a,) +*"', _T't
yhere191 f.f 1l <2._oI. -1 < ? {0¡ rvhile for O 1p ç t, the re\rerse
inequality hotds in (16).

The function J(X) : log X is concave so we have

ros 
| þr,e "Øù] > .ï,w,v,¡rosça,)J >

(1?) ,,t(y*)'' --) n 
wryi(at) f rog (#)''*--'r.

The function lé) : X IogX is convex so we have

(þ,*'r4n'¡ ) 
- å u¿e¿(a¡\ogá¿) ç

"r( ,+,i) ''oo-"'' þ,*,*,(A) t r"r(t*)' 
ùt!tø-n),

Lrterlualily for conuex operalor 
f Lrn(liorls, P_roe, Anler.. rlfaflr, Soc,, 8",,':,':::,:":' 

':.'..p*u'o'turcar 
núps on ot'-atsebros' riinois ..r. À.rarh., rr!

,,. ,':",1Lî:,.,11ìd" J. E, ,iÏ'Ï':"""iiü';:'Lå""';:lî':"),'';:;0,,ïÌt:"ii',,i;,'ï;;11'lå ¿5 (reB,),

' "iiif,råïïi#ïfîjïr,1",,,.*ffi:.:::ï:,' ,::,',,:"'"*,1',i,,1,,,,'j"','ïîi,,,':,,,.,', 
., .pcra,.rs,

*ccci'ctr g xI 1gg3 

"'" "r vt'òttruc operators, Èrath-

o,,,n"l),'T,îi!r';,;,!,:J"!i",Jy;i:, jí,:í)i,,'i,,",,,,

,' or,, 
!,,,!,,?.[ -!',: 

r. t i r c .r ¿ct¡ ¡¡¿!6¡¡ y,utttucrsllg of Zaorclt
ta(|rcb, Croalíe

,t

I wqt(At)log


