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.l()^* t,À\--\t.Oil,

1()lrrj_\apocr)

1. l\l'ttollLi(:,t.tOlt

¿nach snn_
r tjlo fol-l<r_

der. of thc¡y) rvìricJi

I;r¡c sup¡rose ulat , 
L"st rft ;.f t - J''@,).

,herc have been def
f,^,, uo*r, . . .¡ ,*t+m_7 , 'u"!-)i;::r::iîï:ï

e g(,X,,_r,I), 
callod

- uh) : LUra1. ,tt¡*r, . .

b') if f is nt Lit 
*fun' ü*''t' '''' urn--'; îjl 's ?tr**mt Íl -

me llréchet differentiable at ¿¿r, then
[-ur, ur, , . ,, tt¡ i Í] 1: -, f 

(",)(u,r¡.
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1 sli

2' (lONSlI)li1ì;\'l'l().-l,S 0-\'t'tlìì Sli(ìr\r\î ìllilltOI)

For.tirczìppl.o.\iLnzìt,iolrolt]rc¡solrttitlll.0tt,heolelzì,tol.c(ìtì.al,ioll

(2.1) /'(;u): {t

r.orìsi{lol' i ho itclit lio'ti

(2,2) ,r,*r: 
îr' . *r,';, :i,'rr,t,t'l('r'')r

conclitiotrs, then t'il.c sccltlcllce
e-risi,s ltr,r'.r, {tu; /]-r fol n :

of cquation [z'r¡ (seo for e\âruì'-

t¡ lil', Iot c\-cry r, Y e D'

3) holcls.
¿lssurned
rler 1,ylre
ol' c\¡ely

(2.-l) tt,lt:,y;,:ll - ly,z;.lJi < ¿'ii tt: --'¿il' -'r ¿'z )"t: - lllJ' + l:rlly -- zli"

hol<ls.
This conclilrion is useful Nhcn clit'ir1etI difftrr:t¡]lccrs of the secolltl clrclcr'

iruple zero of cclrralion (2'1)' then l'lttl

l,ï)H";i'},'ntt J ' 'Y -' Y' rf :

i)i)i' € I). -

'i.' J 
" 
t t, s in pt''t s c'ltt t i o t ¡ of e rlw rt í t' tt',(2' J \'

í¡*ñri:à'r*isis u> o"tt¡iiL b;' (t su'clt' tltttt

tlle;,,tl;/l-t il 4 b ,fot' e1)er'!l ûry' e(J(¿ul" t) ;

iä) therc enists a cot1'Deffi set 1)o ancl u' Tea'l tt'tr'ttt'Itet' et'

{) <et {e, suclt' tltcttt

/'(') e II,,(c,lù fr¡ cl)er!/ n e 'Do tttttlfl(ø-ì" tt) c-'D01

iv) a:n, :t, e tçnk, t), rultt:re 0 < i.< urilrf ",
I

lqQù)-î)
ctn. i[

(2.5) t/(tt) : Jaa. 12,,(tt f- ¿!)(1 + p) ! c:1,r-l)
Ün llte sc(11(cr by (2.2) 'is tuel,l de,f"itted,, ancl í.1,s elen¿cnls ltelontt loU(n'N,r'). !I'lte co)LDe).(lcs .l,o the u,n'ieyt¿c solttt,iou, -,. ;i'(;.:i;. ,'i,',ii',,,'or,,i,the follotuirtg tt tt,rilìis

(2.ß) ll ¿'n*r '- ,üx']l < ^(t jlüu-t -. rÌ', ll' .il nu -,?,* jj -F ^(zl), tr,, - i.>i. i)l+r

.frtr n, kn't¡e cn,ou,rtlt ,¿ultt:rc ^,,, rtni[, v, (rt.e rt,iue t¿ ltU

(2.7) ^it - tt(\ -l t:.)2,

(2 8) .,,._ 
¡ ILi

ilhc aserl rilt 1,lrc lollorvjrrg 1,x.o lenuuas [2]2.7. I'tl,l: -I * ll uütt I) c, ,\ b,: rtit, iqtctt, set. I f f ,is I:,ré-che[ Ltl.e on' "D 
c,tcr rhere eni,srs ct, co,,,t)cï) ,ö:t oo <- D strcrt, r.hr,rr,

f '(') , Lltetr, J'or cur,tt n, lJ e I)0) tlte Jr¡Ltotuí,jq t'rieç¡ttat.it1¡ lto¡¿s:

(2.e) l/(e') - I(ù - J',(t:)(c.t _ y)li < 1 ii:t,__ tt)p,+t.r+?

l;;,';T!,,10i{l':;,1,,,iíi,,ti,,, j,,1,,iì),,,,,,tf ,/,,,1:,,î
e rirttlirr .1, ,,J, ,f rar.i.li,r,1 tlte rel,íd ic,t¿,

l'ollorvilg ilcqualiLv is obt¿r,inc,c[ fir,-st
(2.10) ll ,r,,nr - ,,oll* l;lf(r')¡,+r]i,r,o - ;r;'¡.il, *,hc'c 0 < .11(r.) <1.
frorn rr'lrich t-t follorvs ilur,l, ilrc soqrLc]Ìcc (ru),,r,.,, is corrr-e1gen1.. I¡ ¡rc 1,ol-lowins, b.r'uso of ìnet¡uarìt)- (2.6) irìrt¿irrôcl ji:i¡tzi,.,à *ti^ttpru,-,, th¿r,t 1¡c
orclel of co.r'r\-clscrcc o[ tire seqrrrììrrlc si'e' )tv (2.2) is 11 : t -] (1-l--tl)rr.-

2ti.c. it js tìrc posìlive loot of lllc t,rlrLatiol :

(2.77) p-t,-p =0.
'llol'this. llcsidc's t,lle lrr'¡totìrtrsis ol'fl'hcol'r¡ru 2.1 ri-c slr¿Il snpllose 1,¡¿rl, ;_,01¡trl ,)'r \.t,l'i1r'

Íì,') i""' - tro! { ,t-rlo;

lt') il a,'r ¿ì ,i ( tiritr | ø_rltn, , ,, t:,N ,i,n tl,

n'lielc 0{ do{ I ¿urr1 a -[qçl¡11;;.
flsine Lcrì.uì¿ìs I arrrl 2 nrrtl lrvpol)rcst s ol il'llt:olt,rl 2.1, fr,o¡r (lì.2) \\ ooìrtairr
(2.I2) l) u, - ø':' jj( ir li e.r, -. t,t ,l' lj,;; - ;,'r j -j- t,. j¿i - ,t,i.ll,.rr
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J'r'c.'lrr tvhich, [:Lliiug- ilrio ¿l,ccortll_ a,), b,) il, foilori.s

i, ,r', - #'k lj < orl,,] li,, -t- ^;, tlt¿(l,-tt¡o.n,
l'h elc

(',', *'fr,1li(t' r))s.t': li ruÎI a,
^, -t- ^.

tlrirl is, 
rr | ;l

(2.111) 
li ,r,, - ,r,:. il < rlåi.

lìcla,tions (2.12\ and (2.1,'i) r'rìpl¡- l,i t," - ¡¡i,li < ii e.L ,r,i lj.Snlrlrosc 1,ìta,t lher,c esists rr, . -t-, ,,, 2i, such iltit '

(a"l ,l c,, , - :t,r, I I o. d,oi' '

(lt") ),,i'n - ,r,t, lj ç rrritrtrr.it,:, il r,_L - ,-,,', l]].

If ivc lepcat thc ¿ibole I'orìsonilìg and t¿rlic irrl,cl iìccclrurt (n,,,) arrcl (ì.l,,) rve
o lt f a.in

LeL a, B, tloe [R, ø] 0, B] 0, rlu e (0, 1) zr,ud

I

l, 
u.lrerc 1, js llrc ¡rosiLivc looü of

,";:i:L";ifirst 
orcter o'f the u'P,tti-

enists rt.nillllu, y,/l-t ll < ¡rl f t:eri,fy the itleqtirttiiies
lÏ(ro) li ( ødo tLttct

lll@) ll ç ørJ [', rulme

a:

bcc¿ Lrsc

o"(^;, I ^irù¿l'itr'' 
t' 

) al.
l'[olcor,nr, i1; can bc easilv secrr that

l','ì,..,-, -,,'*, l',i',, -,t''i' 1..

So izr,r', u,e havc ltlor.cd t,ho follori'jng theor,crn
il'IIl,xnlri-rr 2.2. IJntler llte hyltotltreses rtJ 'l'lteotem ,].1,..ani| iJ ao cttttl

lt rettlltll .a') uu,tlb'), tult,ere u:(r1Qt)) t, untl 0<clo<1 , t,lten for et;er,y n egrl,
n,, e U(c:t', a.)

tunrl

(2.1:l') i] ,,'u,r - r'* ]l < r|'\'r, rt: 0, l, . . .

f)trr¡ lltnst, rtotico thilt incclua,litr. (2.11ì') girrcs a shulpor,errot'bouncl i,han
(2.10).

frt thc folloü'irrg rve shall csba rlish a lcsult n'hich ellsllres nol, onl¡,
1'ìrc'convclgcnce of thc sequcìlces (n,),ro but also the e,xistence of j,he sd-
ItLtiorL of cc¡Lrzltion (2.1) in a tletcr.lninecl srLbsil, of f.

frr tlris rcspeot, n'c ob¡jelve l,hai, if lnrt, froi.f-] r erists for every
1¿ - 1,2, . .. tltcn :

(2.11) n, - Lï, u fr,,i J'l-rl@,,) - fln r - lfit¿_t¡ r,,;Jf-f(n,,_r)
allrL
(2.1;,) I(r,,,) : l(r,,) * [r,-r, r,,; Jl(fitt+7 - n,) I

-l-( l,r,; x'n+7) ifl - lr,_r, n,,;ll(r'n+r -- r,,), n, -1,2, ...
hol tl.

ß(1.1Dtþ(hIt,,¡trli;
i,lten erptctl,iott (2.I) ltus_ctt leus[ one sohtlic¡tt, 

1;* u S tulticlt, is llte tintit of thes(q1telrcc (æ,),,ro Qiacn hy (2.2) rtti ,,:,il|, nI ,r,r;;,Ditl,l!r,n,,,'J"o¡ trñs seqtiettccrrtttl llte atlot' l,otnt,t ui,e' gia,it' tA'" '

(2.f 8) lt ¿,,r, - r,, ll-< !ty!l|-n rr \ 
1 - ¡¡r,t,tr, 

-tl 
- t l¡: Ir2, .'.

Pt'oof. .[r,ronr (2.2), .for 
tL :2 11,e ,ltiìrrc

ll n, - tr, ll < ttjif@) ll < rJud[

1r1,.*. 
Tltt* irtcclualit¡', together with thc first inecluzr,lit¡. froru (2.16), irn-

li u, - tro ll ( llr, - ntll I llr, -- uolj ç l,lødo(1 + úlÍj-') <

< -n"40 ^,..r ^..
1 _ ,F | ' 

Í-Ùll(l stl ¡1', ç [
Because lll, e iS, frorn (2.14) , (2.I5) ancl using (2.4) l.e obtain :

ll,f(ur) lj< B,+ror+'(1, f tz + hdth-r¡Alri ç o./jÌ,

o.ÞI)D+1(1, * t, *l lrtlþu'-tt, 
"ou.pnt-t(l1l 

Iz * h) <f

!t:,., - n,F {q1.+tt ,tj (,,, + ^¡rd,¿''! "-'l )< ¿11 -

o'd'n'

(2.17)

(2.re)

since

Suppose
(2.20)
(2.27)

Then

øreB;
lll@)| <ørljí, holcl for i,_j, h.

llar,, - ø¡,ll {Bacto(I ¡rt!i-r+4i-,+... f aii-t, a

{ 3ørlo(1 * rt':'-t, | fl,ltt'-t¡ +... + fl,[{t,-tt, 
" 

_ Bod,o 
.

7 _ d'd_'
that is, r¡*1 € B.
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(2.22)

€ IN.

l. Pirr'¿iloirr

BJ'tire use of the sanre leârsoninE âs for (2.19) \'e obtaiu.

ll./( rr*r) ll 4 ßn + r o.n+t( ¿, -l- l, ¡ 71"1- 
t u,- r t, Ur f 

- 1ø'+r') 
< oocz$+ 

t

l'he abovc lelations iurply íinnt (2.20) nncl (2.2I) holcl for everlr /r e

Norv rye notice thai, (n:,,),,¿o is a Cauch¡. secluelce, because

cotìr¡erg'ence

Ir, tlt.c cr,Ttltlicaliort s
t) .7. rf l,hc

oÍ method (
t'eul, tn¿nlbe¡l

3.1) , tìre follol, ing l,heorem l.Lolcls :sB êor Po,
satis,f'y

(ü) lor euerlt

(i) for cøerg nt lJ e B tl¿ere eaists I u, 3/ ;
a e S, lllØ@)) < ø /l/(ø)l/ø

Jl-l and, lll n, y;/l-1 i/ < B ;

.l' a,nd, g, tr,ttcl tlt,e eletttent {,:; f";ít,ol;,,Q; t,, t,,

üi) J'or øe,S, llr
di.fferanacs -^g(r) ll < g lll(¡r

o.f the.first ot:tler

7
Ap¡rloxirnal ion tr'lctì ocls for Ecluations
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Co

ancl if

ncelnìng the
ll'.uuon,nlr

isr) tlt,e
clil,,iott, (2.{ J'or eDera rryrzeS;
v) eo(
tltan, thc

)it;
o.f the uppticcttiot¿s J aerify con_

e,ùe|.a

diøicl,ed,ls -l tis-l ,h(2.23) ll r,*, - ,p,ll < I ll run, - r¡,ll < Bø I ¿o1

li: t, li: tI 1,

for any rø, s e [rl, fr] 1 ancl r7o e (0, 1).
IrcL n*:11* ø,. lìÌren, taìring s + co in (2.23) rve obtain

(2.24) ll ø't - ,t,ll < -]-#- ,
I-¡7"1''t-''

tr : 0,,1, . . ., tìrat is, lte ìnctluzr,Iity (2,18).
For ø:0 rve obtain ø*e B.
If ft - æ in (2.22) then ll/(r*) ll : 0, 1,hat is r*, is, 1,ire solution of eclua-
tion (2.1).

3. (ìONSll)lìll¡\TIONS ûN S!'ììIìÌIìNSDN'S lIltTIIOl)

It is rvell hnon n that the olcler of conl.ergence of the secanl, rncthocl
can be irnprovecl if the elernents nu-, antcl ø,, frorn (2.2) are relatecl b¡' atr
applicai,ion {l i 'Y +.Y, describecl in t'he following.

Considcr 1,he sequence (a,,)tt,20 gcnerat,ccl by

(3'1) nn+r : n,, - Lü,, g(n,,) ; ll-tl(*"), no e X,

where g is an opelatoL l'hose fi-red poinl,s coincicle rvil,h solutions o1

equations (2.1).
Consicler ro e .Y, i,he ttotrtrrrgatir.c leal nurnbers B, €0, po, d, p antl

8Þ l, ltrltele

(3.2) ?o: IJo"(ltB" -'r l"þ' * lrB' ' c/'p)ll l(no)llþ(q-l)

(8.8. eo: po 

^=L. 
,,ll/(ro)ll,\f+(1 -r)

1,lre rrurnl¡ets lr)lz1 Z, bcìng girren l¡)' conclition (2.it).

seql.[elrcc
:0. lI

u), n S0 o;i;l; u, (3.1) ds cr,tnaerc¡ent urut i.f ,-,r : tim ;ì,r
theta J'( n*) o|'eo'eïr,t0e

(3.5) 't'eSP+q)tL

?3ta-1(7 - ef+ø-t ,
proof . f rct tt.^ ,

,'cra t¡n,,*'i'; '(i"iii ;1, ?! ì'15",,"11î";1,ì,îi;jìi-(;:lil,li,î,,JÀl;,1ì-i,l:,iï,iTlii

p'o¡l',-í lll(n)1J ç I o3 ,',-- il.ï(uo¡ ¡¡1,-,,

il ii - roll ( B.lil(c.ò,, * 3_or;= 
il,f(ø,)J, < ___'-_1l, __pl+-'Ír-L p¡.;(l _ .ár r-) 'l'hich rnea,ns that rü', € Á.

ï rfrrjiti',::-"¿iiìj." 
lnéq.z litt'*'e ha'c arhnftrcrl are reratio' e(no) es, *.rricJrlìr'trrrr (?.1+), iz.l,u¡, (s.1), (i), (ii) a^tl (iii) r,c obtaìn :

li.f(r) ll< jl ls(,?u), tt i J,l _ Lro, s(ro);llltil nr_ t(rr')il <( /ìø(1' Bì' { l,rpt' I ts}lt,al,ilJ(r)iitk-rt¡ 
ii.f@òliþ,' : poll Í(uo)lit,tt.Ill'oln flre ¿r,ltor-c incclualiúy ilter.e follou_s

(3.4) lS : {, €,Yl ll r - roll ( 1'eo

o3Fø-T1t _ eïr,t-r,

'7 =- PD+(t-7llf(ù llilrcn,

! ; ii,,: :-" i ; ä). fi: ", 
"i:ui, ],{,,ri l-"' ¡11;ilJi ;,, ì ::,:,,< 

p. rv,r er " i,. :
tlre follori,jne relations holcl r" €/S, il.f(r)]j </(¿"_r)/1, ."..t;;,{ 

';1;í:
,,'q - q'4'll.(",)li.
usrng lhese ¿l,ssruujttions and J:r,oceecling as aboi,_e l,e get
(3.6) 

ilr,,*, - rrll< ¡; jjï(,,,r)ii *féîI
P8+q-t

rvherc ?' : lrlfùx {l?, 9}
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(i\')

T. l)iivirloiu

nr,, e ,9( ,t;0, r), J.ttl, eaory lt e ft:1,

tl¿ere e'¡''i*ts I', --= l.f'(n,,)')-1 .t'r,t. autr,tl ri, e ft{ rt,ild ll [,,,it a, -fi,
ll r,,+r - ,; j] < çto ,', pgr,,r, .

I8
--\1;¡tr.oxi nra[ì0lr \ tcl.h o ds Iol Irr¡tr,rL on 193

(ii.;) tltctt,,

(i )

(jj)

(i,i i)

shori'ing thitt r,,,-, e ,S.

ft is also easv to see t'hat

(3.8)

\t'ltencc

( 3.e)

tliat is, g(rÈ) e S.
\\-c oLrtain furthel
(3.10) I l(n,,*r) ll < po 

1; /( ør) llr'. r, \\-lìencc

(3.11) êr,+r ( e[o+'ùh'r 
1, \,1ì{:rL sr..+l : p3J-i li,f(r-rr,,) ll.

Irlom (3.6) it, follows that,, fol clcr')- s, l e [l\,

(3,12) ]l r,,,*, - 4, ll < - --JIÍ.":")"
oî+.r-i(l ed rø_r,

zlnrl b¡'(rz) the seqLrcnce (r),ro is TunrlaLuelt,al, huncc cotÌ\/ergenl'. Tf ir:'i' :
:,}]r:t r,,, flour (:1.12), foL s ' co, rve eet (3.r5) aucl frorn (3..11) it follol's

thal" rx is a solutior of (2.1).
ìllcrnr (3,5), for 1L :0 rvc li¿llc thal, r'i' e S.

4. (iof slI)Iìrì,\'IlloNs tì0NCrìilNiN(i Nr.r\\ToN,s ltlrì'l'Irot)

Colsiclet' the secluence giveu bJ' Nervton)s rnethot.l,
(4'1) fi,+r: n,, - ll'(n,,)l-'l(r,), uue X, t¡ - 0,1) ...
let ¡S(no,r) - {r e Xl ln - roll (r}, tt'ltete t e [R, r> 0.
Conccuring th.e conrrelgence of this seqlrence we lìa\re the follol'ing i,heo-
ICnl,

lrrnonru +.1. I.f |he a,ppliccttion J is tr'rëchet d,ifferenti,u,bla on, S(no, r'),
the llréchet c\et^iautiae f' sel,isfies (2.3) for euerll fi) 17 e S(ro, r) rntcl the fol-
lotuittg cond,itiotts ltold :

( t.2) 
11,,,, _ ,;;i < ¿ø ,,:i,:'),. , rr e g,l.

1_p.o
-l't'o,'J. lìr'(1.1). fo' ,:| \\.(,e,(,1 

-,,,,.,_,,,þ__ Il,!ro)l-1l(,r¡),rrrrìl't'trtrL(i) jr 
'r', - ,¡,n r.(.( 

i¡ .ilt,n) <p ./i ,,oll çr,, llurt is, r,, e ò(i,0, r,).Ilr'(3.8) rrrrì ii) "ii ïolloìrl.'"'
ll l/'(.ro)l-'f .l''(nn) - l,(:r,)lii <,1, ii ,,, _ erull,,( ctcrt, 1 r,

\t'lrerrce l.f '(t:S ¡r exists ¿-¡rrcl

r' f./,(r,,) l-, li < I 1r,,,,,n, ?.

lrrorn (2.8) tt fullou.s

l',.ï(t:) li =- lj./(rr) _./(ro) -_./,(,r,0)(r, _ r,o) ll <

" - 
t 

-, , r, ,t'ut',t'+' ç ÍP"'' t!(4,¡y,,,-r'l,tL /)+1 ".
zt ncl il

t

Qt : ar,,.l,f(rr)jjflren pr < p,l__?,, ll n, _ ni jl < go_l; ,¿*r.
.If o, - olljl(r¿)lj ancl

(a) 
t-:¡ e r1(ru, t), ,r, :_ I. t,:,

is') thr, seqttcitúe (,1;,),"0 ,i,s crttaet.r¡aul, ,.,tt,d i.f tt:,i, _lirn r,, lltett, ,[(ut;) : e,tt'll rl n+Ø

1

1

L a,,*, - a', ,l ( 0ø. ì; ?(t : t)' ) i .,. I, l,: -

.,' -( t ¡,t)/t

lly(ti.) --- r't. ( 1a 
,

Pfi 
t ø-r

'l'e 
ollí(r') - ¡roli {

ef-rorilt - ett 't-t,

(i)
( ii)

(iji)

l/'(øo)l-t erists utttl ll l/'(ro)l-t il <d;
o cl 17 j

t 
,ul*tct: cP'+þ-*,tl|- dpn:øÞlll(rn)ll<l, 1+?...,- r_cd,rt,,

gil/(n;o) ll * ,,,1.- o-ll.l@ò1"

(b)

(c) P'( Ptt"r'l'-\k
then rve get b1- (a), (2.8) ancl (i)

ll l/'(øo)l-tf ,f'(n,,) - Í,(ro)lll < ,1, ll*,, _ øoll,, (c ctre <r.
f t follo n's that

ll l/'(ri)l-'ir ( - a.I _ tlcr,,
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Iìlorn (4.1) ancl frorn thc aboye lrreq.ualil,¡r \\'c gc1, l,hat:

ll ri.*, - r),,l < 9ll /(r¿.) ll < 9o.-It o* * 9a,-), pStt "tt' ,

s'hich bl' (l¡) itnplies

ll '''rn, -'r'ull ( . 9''[(1oL-- *,',I - .1. 
. J( "rò .l;,,

l,hat is, rür+1 € iS( ø0, i').
Using t'hc assurnpl,iolrs of thc thcolcln rve get that

lll@*'t)ll : ll l(r,,*') -:f@r) - l'(r,')(ît;t-t - ¿ìL')ll <

< -j ll r,,*, - rtlþ)I< o.-J pT*t,
p+1

wherrce

Prl-r ( Pf;+'a)i'rt'

o
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SIr. Il.epublicii Jf
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Rontùtiu

Ftl1 g1rg1'¡r ??¿, ,l¿ € [N

ll r,,,,*u- n, ìl < 9o-I 
'5"'1"'I 

- P;D(t't 
uttl

rvlrich, togcthel l'ith po q1, shou' tinaT' (n.,,),,r0 is a, Cauchy scquence. If
ø* : Lim r,, then lot nt,- co in thc zìbo\-e inocluallt¡', l\rc get (4.2), atrc-l flom

1

; l(t',) ii ( o-- " P6r 
r ¿')" 

'
for n, - oo) 1Yc get./( r*) : 0.
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