Tome 23, No 1994, pp. 185195

OBSERVATION S CON CERNING SOME APPROXTMA TION
METHODS FORITHE SOLUTIONS
OrIr OPERATOR E QUATIONS

JON PAVALOW;
((J]llj-I\‘zlpoca)

1. l_’\"l‘lKODU(I'I‘ION

The PUrpose of (g Paper'is 1o giye Some ctompletiong to Sonie
results, recently appeaye inthe ”f.-L'l‘El[-l]I'E‘, toncerming the tonvergence gy
the errop bounds of Some methodys . solving Operatorial cquations,
when the Fréehet, derivatives op 1 he divideq differences of the operators
are Holdeyp continupus,

il Tiet R g an application, Where ¥ anq y are Banach 8pa-
ces. We shall’ define the divideq diffeyenee of a certgin order in the follo-
Wing way : Jet i€ X g = iy 4 1, where 4, #uy for§ g -

DEFI’J']EH)I\‘"_/‘], [87. The divided diffe ence of the fiygt order of {he
application Jat Uy w0y € X jgan application [y, '3 1] € Z(X, Y) whic)
verifies -

a) Loty w5 f1 (a0, — ) = fut) — fla,)

- b) it f i8 I'réehet diiferentia-ble, at i, then

L, Uryzy''. .y Ui 15 f] ef’(‘f(lrm_l, Y) ang
Dy Bicgy + 7y tpm iWle 21 7)) eallad |

the divideq differences of the order m — 1, whepe k4 m <n. '
DuFiNrrioy 1.0, [8]. The divideq difference of the order m of (he

application f in Y Yrrsy ooy Ueym € X, 15 an application
[(%ay ey, . o Uem; fle P(Y " ¥) which verifies :

a') [z, Ukpry o0 Uy m ;J‘j(“k—;-m — Ug) = [uk+1: Ukigy .. ., Ueym; [] —
*[uin Uky1y .. ) uk+m—1 ) f] i

b}y if f is m time Fréchet differentiable gt Uy, then

1
[wry uy, . . o U5 ] = -if(”’)(QLk).
m,!
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9. CONSIDERATIONS ON Tl SECANT MRTIHOD

ol : the srator equation
i i ' the solubion of the operato
For the oximation of the solu
For the approxity
(2.1) Jlw) =0
considor the iteration gk e T

a —=-&p [iTu—la HET JUn )y
(2.2) nrl ! ;

&gy 12 € Xy = Td 2RCELY

litions, { Lhe 1GC
4 is known that is f satislies certain 001.1(17,1t10_ns,, Lh?l L}]Je_ l%(%(()l;l(;?:
1L-'lb IES (2.2) i8 well defined (there e‘xmtsf ,.L'T’,"lf’, 1.;,(,8% =
s i%WE])WL uﬁl m;n verees to a solution z* of equation (2.
— 1,2, ...)and converses | o
) . ifications spning the re-
vle 9 ['l)], f[?]]t;vgilrﬂ;nwe shall give some spemhqat.mnh_i(.:;{r:t;: r;;gi fun. 2k
o 'u'lee{? in [Qf Then we shall try Lo ()])tn‘[l.\l.l.l (.'-nnf ( (l‘)I“?L ). D ren
fﬁultls' '“bi'j?;lrlmwc of the sequence (&)izo Ph @ sUl,"ltl'.l;:l;lﬁ 1—,1-1'{3 .:.olﬁtl.l‘m-
the cum'fi é‘ﬂ {etermine a subsel B = A l.l_mt convain: s SO i
. “'Ie : 1:’1'-.1)“(. I['2| where the resulls uhlamn}e(l 1{1; [3'132‘; ;1; t‘llimln e
oy of process (3 9) is studied nnder the assumptions saab/ -
uouvel'i—’feufﬁ 'fzu?f;ﬁfg hng'_; .ib)get D < X and the I 1'&391192 S%W:?gg j&(u 3
Fl‘f:_c%(;t (‘lul' flblder ﬁype condition on D : there exis§ §
gatisties « : | ]
' 17 'sueh that : iy s
L ) — )] <olls =l tor overy gy e i i
| it icati ’ for which(2.3) holas.
Lot H (e p) denote the sebof all ap-]_,‘hc,a,tmng‘f s“)ln“]ihllclill;(iﬂ a)ssumed
o Lie i ;}in‘gdditdon to the conditions from _[)Bl[l.l“i‘l‘ 131% : sz B e
i Iﬂl [51]{.-‘1(16('1 ditferences of the first ovder .nf { ‘%;u;:.hy ﬂizﬁt Hleny oo
t'hitliijrign namely there exist Iy ly ly >0, pie(0,1) j
0 i 1 I LLL A - i
(«:;, Yy #E 15, the inequality :

1< ble — e+ ble — gl F iy =P
(2.4) N sf1— 1z s I < il A IR ol TR

‘ livided differénce
Hep This condition is useful when diy ided difference

g un})l}llndef:{ ?D II‘) I# @* is a simple zero of equation (2.1), then the
Lebts —= 31}'2‘)"6 ff;{;% Y) has a bounded i‘nverse.{ ST S
.fz( i) and fl'o'm the existence and bouness {: f([;.{- énvery e
ists e> 0( qﬁch that [, y;f] haiszi -,1{ huumi{?'rl énsi?er%a}melv &7 &1,)1')11—
GK_:-I;. & ¥ FT( Ak 3 :..:meJr |'.«I\_,l.1; < A ‘.,.
: U‘(w*’ﬁg,*“ﬁei [Ii(,o_}y : fE])*1 1‘1 uniformly h_"“}‘fl“d on U(wx*, €).
ca-tmnm [;‘] {lles following theorem was ])ng;f;(l(b;l(Y gl T
) 2 ~ X bean open 1] Y

TuroreM  2.1.Let D <.

Ha* eD. - ST | Y

is @ simple solution of equation (2.1). '

1'18) (Ltlzeb;‘zpamsts e 0 and b= 0 suchthat :

TT( Ak =)
I Loy y 5 ST < b Jor every o, Y e U(a*, <);

¢ of the second order

application
~ Trom

' seal mvmber €
iil) there ewists @ convex set D, and a real number ey,
0 <e, <c, such that:

1) € Hr e, p) for cvery @€ D, andU(a*, &) < Do
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1
iV) Loy Ty € Lr(-'l’/':‘k, ‘7’), where < < lnjn\L G "q(pﬂ*f}
and

4

(2.7

<

l
) ap) = ———— [2°(0, -+ L)L + p) + o],
1 —p

then the sequence given by (2.2) 4s well defined, and ils clements belong to
Ula*r). The sequence converges 1o the wnique solution a* of (2.1). Moreover,
the following estimation Tholds

(2.6) || 2wy — 2% < V1 usy — @* P @ — ar Dbl -

Jor m large enough where Yiand vy are given by

(2.7) o= b A+ )2
(2.8) LR
L-+p

The proof is based on the following two lemmas [2]

LEMMA 21. Letf: X - Y and D = X be an open set. If f[4s Iré-
chel differentiable on D and there exists a convex set Dy = D such that
J'C) e tple, p), then for any , y e Dy, the following inequality holds :

(2-9) Hj( ’l) — f(7/) — j.l((l’f)(m _ :1/) Ii < Tﬂ)—“ x =y HP+1.

LeMMA 2.2, If there eaists the divided differences [a, y, 1 and ine-
quality (2.4) is verified for all o, y, z Dy, then the equality ) from Defini-
tion 1.1. holds for every x € Dy and the derivative [* of f wverifies the relation
J'Co) € i, [2(] + 1), p). ; _

In the proof of Theorem 2.1 the following inequality is obtained first
(2.10) Fawg — a¥| < [HO) ] e, — o iy where 0 < JM(r) <1.
from which et follows that the sequence (a,),so0 18 convergent. In the fol-
lowing, by use of inequality (2.6) obtained in [2], we shall prove that the

) ) 1_7‘>,/,1,z"'
order of convergence of the sequence given by (2.2) is ¢, = M,
2 B

i.e. it 18 the positive root of the equation :
(2.11) ?—1—p-=0.

For this, hesides the |

wpothesis of Theorem 2.1 we shall su ppose that
and oy verify

a’) ha* —~ a,ll < addy;
A sk .l N3 fy ok o
b’) 1T — e o <min {ady, ot — a1,

1
where 0< dy< 1 and o =[¢(p)] 7.

Using Lemmas 1 and 2 and hypotheses of Theorem 2.1, from (2.2) we
obtain ~— .

s

Tl

(212) H .7}2 —_— w:}: H’ < ! 'TU — .CU* ;]71 ‘\“] - ;}3* " L

It NSl
el oy — @F )
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from which, (aking into accounl a’y, b it follows

T
il gy — a* I < g'dl)] (v1 = ve dg(il*l)) o’
where
: ~_(pt=1)
o ap(ti— I 1 ’" azdﬁ -
(v detl))(] l))“' It LU —— < 1
it e

that iy,
2.1 - & -
(2.13) e — ot < .

Relations (2.12) and (2.13) jmply | P =@ el e 2%
Suppose that there exists » e N, n> 2, such that

’r } pi--1
(a’) fog_y — a*l €« dg

I
) i ROt i f ’l‘” fig= IR
(b = a¥ < minfady, f oy — o .

It we vepeat the above reasoning and take into account (a”) ancd (b") we
oblain

: a s b NUER (e il

| Znyy — a* | <at7- dol (v1 =+ vadh 1 )) < Ofdg'l !
because

n ol B
(v + vy <,

Morveover, it can be easily seen that

e B

So far, we have proved the following theorem
Trworsst 2.2, Under the hypotheses of Theorem 1.1, and if @, and
1 —-d =

@y rerify a') and '), where o = (q(p)) » and 0 <<dy<<1, then for every n € [N,
ay = U™, o)

anil

(2.13%) gy —a* | <AV 0= 0,1, ...

One must notice that inequality (2.13') gives a sharper error bound than
(2.10).

In the following we shall establish a result which ensures not only
the convergence of the sequences (a,),»0 but also the existence of the so-
lation of equation (2.1) in a determined subsit of X.

In this respect, we observe that if [, ,, =,;f]' exists for every
n =1,2, ... then:

(2171) &y — [mil"li &y 5 j]ﬁlf(Tn) = @ — [ajn—l? T ;f:|~1f(a7”_1)
and
(2.15) T = flw) + Lo, 2 flw,,, — @) +

(L@, @yqrs5 1 = [y &y ;f])(aﬂn»rl — ), n=12, ...
hold.

<
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Let «, B, d,eR, o> 0, B>0, d,e(0,1) and

Boad, )
pall where #, is the positive root of
0

S:{mexmm“mwé
1

equation (2.11).
Turorsy 2.3, If the divided differences of the fir j '
. Trmor ve divided differe e Jarst order of the appli-
cation f verify condition (2.4) Jor every @, y, 2 'S an(jZn 4 .
.1.) fgf every @, i, € S8 [,y s 17 eansts and || (2, 9, f1 < B
ii) the initial data gy @ € X and f verify the nequalities

(2.16) @ — )| <B alyy [| (@) | < ady and
/(@) | <adl, where

(2.17) G e w il

= e
B("”/’W’(ll - [2 L ls)'p"

then equation (2.1) has at least one solution x* € S which is the Limqt of the

sequence (@,)us0 given by (2.2) the order of the convergence of this sequence
and the error bound are given by

Badll
(2.18) N . e T
LProof. From (2.2), for n = 2 we have

ley — @l < Bif(a) | < Badt

This inequality, together with the first inequality from (2.16), im-

plies.
loy — a2 < larg =y || A flapy = @yl < Body(1 + dd™!) <
Lad, . ]
< fjd?l y and so x, € 8
Because @, € 8, from (2.14), (2.15) and using (2.4) we obtain :
(2.19) i@ < Brotarsaqy 4 1, 4 b ali™ < oaf,
since .
WP B A Iy 4= 1,d7 7y < oo g o
Suppose Ul bl ) <ol B 4 T, 1 1) <1,
(2.20) A
2.21 i S
( ) (@) || < ocd(:l, hold for ¢=1, %.
Then

Ve — @l <Body(1 -+ @~ 4 @i~ | & a1y <

< Bad(l + g™ 4 a7V 4o gheny ¢ —ch"l,
1 — dy

that is, ay,, € 8.
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By the use of the sane reasoning as for (2.19) we obtain

(2.22) | fepn) | SBPHLar* (1, 4 1, + BAT G )gh e o g gt

The above relations imply that (2.20) and (2.21) hold for every Ik €

€ [N.
Now we notice that (z,)..0 is a Cauchy sequence, because
i
nts—-1 nds—1 h Bocd’l-,l
(223) ” xn+s — @y ” < Z ” xk+1 — X “ < BOC Z dol = sy
= = £ =1
k=n h=n 1—(301

for any n, s €N, t,> 1 and d, € (0, 1).
Let * = lim w,. Then, taking s — oo in (2.23) we obtain
Bod(i
(2:24) R "
1-—d

0
,,n

1t
0

t—1)

n=20,1, ..., that 1is, the inequality (2.18).
For n = 0 we obtain z* ¢ S.
If & — oo in (2.22) then | f(a*)| = 0, that is a*, i3, the solution of equa-

tion (2.1).

3. CONSIDERATIONS ON STEFFENSEN’S AMITIIOD

Tt is well known that the order of convergence of the secant method
can be improved if the elements z,; and «, from (2.2) are related by an
application ¢ : X — X, described in the following.

Consider the sequence (x.)n >0 generated by

(31) ‘/’Un+1 ™ mn i [.’,U", g(wn) 7 f]ﬂlf(xn% l/'UO € X’

where g is an operator whose fixed points coincide with solutions of

equations (2.1).
Consider 2, € .Y, the nonnegative real numbers B, ¢ pp «, & and

q>1, where

(3.2) 00 == Ba(l, B? + 1,87 4- [, B? - o?)|| fla,) [P4—D
1
(3.3. gy = Pom_’l)‘ Il f(2o) ],

the numbers I, l,, I; being given by condition (2.4).

re
(3.4) S={weX||z—a)< —5 ——}
PP — F)

where » = max {B, B}

It can be easily seen that

= Ba[l, B LB Z:;Bp“p”f(

the Tollowing relation
1

Using these assumptions and proc

(3.6)

/ A[ roximmatior Viethod Equ ations 1
PPIoxi 10n Metl S Jor q ti
19

Concernine
ning the convery ;
g vergence of meth ; F
ning the ec o ethod (3.1), the f ing t '
Turoren 3.1, 7 f the real numbers B) ’ 2 loNg thorem e
X

ls» the applications Jand g, and the elemeny » o Py Doy D,y By g, 1, 1,
’ 0

D) for eper satisfy the conditions -
(1) Jor every @,y € 8 there Cvists |, y;5 f171 and I yc.o;z]jf}omé
(W) Jor every @ e 8, ) (gl | < fra) o WS

) Sl L S
o it divide ifferences of the Jirst order of the applicati j )

(2.4) for every g, YyzelS: RPN}, iy com-
V) e <1, ,
then the Sequence (x,), n>0 given by (3.1)

then f( %) = 0. Moreo@ei", we have 15 comvergent and if @% = lim Ty s

(3.5)

” @t — &, ” < ’\\—T—engq)”

1 e —

pg—l—q—l(]_ i E.('1;’+q—1)

Proof. Liet 2, € X e g
relations £ 1oy Jo € X be such that e verifies conditi Jsing simi
18 to (2.14) and (2.15) anq CO(])l(HtiOH (2.4),1\i%ué}\af‘g;u%&}11}81311?311%
: 3.
b b B lo?-w‘l
VO ol SBfiflao) | < S e < e

__‘__]‘\;

pgiﬁ:i(l . €g+q~1)

b

which means that r el

Inthe above inequalit
i s , Cinequality we hayv
is impled by (iii). ' ] =

admitted the relation g(x,)
From (2.14), (2.15), (3.1), (i)

€ 8, which
» () and (iii) we obtain :

I (el < | o)y 25 S |
) .VJ;(Plp) < [f/(“/o?a 25 f) — [, g(z,) A Ty —gz) || <
‘ \—du)+%ﬁ”+@B%%ﬂ@MW“WHﬂ%W“”:p”ﬂr)wﬂ
Irom the above mmequality there follows e

1

Dag—1 P l" |
BTN @) | < (o3 fay) oo ‘

1

and if ¢, = ORYT ) f( ) | then,

| t R
g < gt

< pgy wWhere .

”f(‘ml) I <l flwy) | and o
21) [#=17]. Suppose now that, for g . ~1,,/j
Lokt

8 hold o, €8, | f(a,) I <f@ey) ), e < 79 where

S = PPHCLYflg) |,
eeding as above e get

re(prok

Ve — o< Biifim)) <2
pg;’?qfl
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(3.7) I weer — @l < s

showing that w,,, €S.
It is qlso easy to see that

‘0(7)1’-(1)/?

(3.8) | gla) — anl < eo
] ol ]

p'gl_q'_l

whenee
. e
(3.9) R B e e e !
Pg-e—q~1(1¥€g-:-q~l)

that iy, glay) € 8.
We obtain further

(3.10) | f@e) [F < poli fla) P49, whenee
1
(3.11) epif KEPAOU D hen ep,y e+t || fl@eyq) |-

From (3.6) it follows that, for every s, n € [N,

'Bc(()p-ira)”

TR - = L b

\‘ Tpps — Xy H < 1 ) X
P B plg—
Il —ef )

(3.12)

and by (v) the sequence (@), 50 is fundamental, hence convergent. Tf o% =
= lim a,, from (3.12), for s — co, we gel (3.5) and from (3.11) it follows
" —00

that »* is a solution of (2.1).
Ifrom (3.5), for #» = 0 we have that a* € §.

4. CONSIDERATIONS CONCERNING NEAWTON'S METIHOD

Consider the sequence given by Newton’s method,
A . - £ ~1 v s
(41) Tyyr = &y — Lf(q/‘n)] f(m'lb)' ¥ 6_11, " = O) 1‘)
let S(wy, 7) ={@weX| | — x,| <r}, where » R, 7> 0.
Concerning the convergence of this sequence we have the following theo-
Tem.

Tunrored 4.1. If the application fis Fréchet differentiable on S(wg, 1),
the Fréchet derivative [ setisfies (2.3) for every w, y € S(xy, ) and the fol-
lowing conditions hold :

(1) [ (@] ewists and || [f (21| <d 3

(ii) ertd <1

(iif) Po = a%H flay) << 1, where o —— o i and p = 4
1+p 1 —odr’

i) pife)

1 — ol flwg) P

9 IS
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the,
N \
(] Xu € 5@y, ), for every n e N,
1) there eoiste 17
(jj e exists 1, == [f'(x,) ]! Jor cvery meN ang A - — 4
[ 1 Y
1 — der?
(i) vy Sy € paT
i P — o, | < po™ genr
V) the sequence (o 18 converge f
q (@)us0 45 convergent, ang if ¥ =lima, then fla*) =
and i |
- 1
{4.2) T | Bo v gfttn)”
Pt — b < 1 gy MEN
— bl
o
P?ooj By (4.1), f
or 1 =1 we get g
=y — [fY ()] e 2), and

from (i) o, — a, SAiiflag) | <8 Ay o< th(wlx @y € S(wy, 7).

By (2.3) fmd ii)
UL (o) 12 L ()

whence [f'(x

/

From (2.3) it follows

rj **’fT

¢

it J’ ollows

‘f,(a1)]|l

)17 exists and

[f(a “1—*(7 o= B
-— eyt

) — flmg) — T, — ) I <

RY4+1
C[)

< _,,,,<7” 91 . a H)+l < e 'Jf III"*‘I
1 P -+

P+

and il
= l.
pr = ¥ fly)

3 1
It i = av| fla) ) ana

(c)

@y — ]

1

e 1+7 " —
Fthen o < ob*?, oy — o)l < B0 oy,

2 € Sy, 1),
1 .

S AL pyt . e ———
< PBo \*’(o B g = e X 1

i < pg)l—}/))zv’ ’L :—17*/:

then we get by (a), (2.3) and (i)

L (@) 12 Lf (@)

It follows that

Ih L

— (@)1l < de Ja, — o,

P <edr? <1,

d

ah]l”% 1 Jop
— dcr

N -
Sde oy — o7 < der? < 1,
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From (4.1) and from the above inequality we get that :
— L3 ;
| @iy — @] < Bl flaw) | < Bo 2 pp < Pa » pgl’”’)k ,
which by (b) implies
B f(@o)
T — allflao) |7

[ 2y — @ <
that is, @iy € Sz, 7).
Using the assumptlions of the theorem we get that

[ f(rsy) | = [ f(2wn) — fln) — f(@)(angn — an) || <

1

c ) ~A
< — | By — @ PP <o g,
p+1
whence
gy kbl
ey S oy AT
For every m, n <N
_.]~
Bo v pft"?”

a2, — 4 ‘l e R T
H M4 ali = _1_ L pg(].,_p)‘b

which, together with p, <1, show that (#,).s50 18 a Cauchy sequence. If
o* = lim g, then for m — co in the above inequality, we get (4.2), and from
N300

1
[ fm) < o7 oo,

for n — oo, we geb fla*) = 0.
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et do thdorts d Tepprortmation. T e ey ifeisens Towue @snalyse mumérigus
i B, 7 A 6, 2 100 ey, 1o der Steffensen Vefahoens
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U » ) b. obobs tie metoda Sleff ¢ I -0/ .
dlea re henia ! operalornih urornenii
Im, S 0 obobscher . ‘ 5 81(18‘96'1 Z) shenia nelineir g[l eral l
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