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1. ì\.utot)ti(;ît(}\

¡.... .il'llis l)ltl)(,1, r,lr,irls ¡.¡1,1¡ i he rrurrot' si,iff s.r.sl el r s1,,'l;:il":ï;*',;;:i:,lthi:ï,i,ilåïrli'ï:ri,r,t';:x

)'ing', of stils'cìí 3ï:,ï ;,iTläå:ii,'J;ìlî:"ll;'x¡
\,\.e cr putation of uie úñ;ì;;,.

:

!l'U) : ),y(t) I g'(t) -- ),g(t), t > 0, y(0) : !/o,, ),< 0 -rv¡cre g is slou'r-1' r,ar¡'ìng as a function of r onl1" ilr rsorution 17(r)is given bv
Y(t) : sft) I d',[!/o - s(yo)l 

" -" ""'

ùrlgo _
rying so_

åiå:l,iï
!/n¡1, : U, * Ifly,¡, lt : g(l)M, lpt : 7,
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2. BACI{GIìOUr\US

1 çr8

llru'nt4tle 2: Iìor l,he general lincar pl'oblenr

'!J'(t) : AY(t) 1-l'(I)1 t > 0, t7(0) : 7o

anrl I' is a time clependent' lorcing

3,tt.n., ll,lis srlìa'll \\'/hen cornpalecl
satisfYing (i);

(iii) no )r¿ exist rvith a- lar,ge positive real palt-;
(ir') tro À¡ cxisb tviüh a la|gä iriLaginar'¡r pat't, ttltless JrÌr'(-).¡) ( 0'

rr i* ni*Ï,nåä íìå*ï¡^t t¡c {o:'cing;'Lc'rttilt) i* ai snrool¡ as theslorvl¡'\'âì'\-
iLrg cxponelttitls itL thc soltttiott'

Stiffness toj] 
^ 

notrtioear problcm is usuall¡' clescribctl jn terrns of the

"ig.n.:"r;",s-oi 
th" i;;;-lrñit ttåt"it. ltìhc argurn"eni, is baserl on locallinca-

rizal,ion.
In 1,he literaturc, stiff plo'blenlj iìIc also callecl .problcms n'ii'h large

Lipschit,z consta,nts, l¡ecau.se tle propeÌt), of thoes is ttre presence of alargc

classical LiPschitz constant

TL == zsuP,ll/i(t¿)ll> r
rl]he main recluirement lor a gloil stifl methodisi,hatib shoulclhavc

strong stability pt.ipã.-ti".. 'l'he conäepi of ab¡lol¡te stabilit¡r is connectetl

x.itir 1he scnlat equâtiolL

(1.2) tl'(t) : ),37(Ú), )' e o, t>- o, 11()) : yo

tion is very sitnple, ii's usc as a tnoclel i'o lilctlict 1]1: *tl*-

of numeriäal rnôtiiocls for general uonlinear syst'etns' ArL

applieil to 1,his test ecluation recìuces to

(1.3) !/n+t- ll(ø)Y,, B:lt')'

nhore l? is callecl llte stultilí,t1¡ functio
stnble at ø

this reclu
-Iì¿(ø) < 0
to be -4.-s
.l"r"pi"S ab z. -co, iR støttitity uL-infinity-r- tiin ---p(z) :0' ll'ltctt' tt'

ì;;;:ii"tinr¡rncr:ical rndtnod is raitj to bcT-s¿ã,¿ì¿t if íb is /t-iiablc antl stablr

"i-1"ädity. 
In the *"ä ãt ,,1-siabtlity ancl only lint,--* I ß(ø) I ç1, tve have

strong A-sto'hilitY.
The . -stability criterion 'l\'&s

stc1, médtotls, but úas becn rvid
is ri'cll ltnorvn from a farnous res
na,'l:le ordel of an zt-stable implicii,
i;rvo. 'I.he explicii, methorls do not I
i,ho class of irnplicit ll'unge-I{rLtta
tlcrriying.4,-stal¡le methocls of high or

7

þoor-','*r-t 
: l¿ f ø,,-¡,*r-¿¡ lo+r :.Í(t, t ,í1t,, gn*r),É p*-, : I -

has a ,,onc-leg 1,winl

(2'1) 
-É o*-',n,,,- t : tlf(-É g^.-,r,,*,-,, 

å 0^-,y, .-,-, ìd:o \r:, ¡.:o ,J
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The disaclva,ntage is the clecrea order versus the
Dahlcluist imurn order of.a

siôps is ñ a ctr,so of one-step
old.el is 2.

Second tlerivativc nultistcp formula. Itc'ration schelnes 1'hat have
sl,iff equal,ions

ue. The usual
llh t\f lclY ll mus 

usect r

"'låitrove-mentioned' author considers the
formula :

h h h ^ df , \

f ,4¡un, - /¿ t þ¿ln+¡ - tr,z lr líi+, : 0, 1',*' : J'+t l"n', Ju*' : * \!1"+ò
i-:o i-o l:o ilA

(2.2)

If the coefficients yiàÍØ zltol except, for the lats, tlio cond'it'ion of stability
at infinity is ensuräd. ancl thô rt.a*l.mum orclc,l of the forrnula rviUr lc steps

is l¿ -l- 2.
Eæant'ple

of orcler 3 :

I.or the one-step case, the rnethot'l i* L-stulùe as n'ell antl

ilt the first equation for,/, :

,3h
+r f -- jn+tlst

42n,,
¡ !t. -;Jì,*,

(2.5)

,l,D 
- _ ha ( ùt"f drl df \- 116 t .,' - 4'L å) tru,,ll f o(tl)

îlre forrnula certainl¡. is L-stabte an¿ of order, B.

1roirrl,.îh" 
cleri'ative äatcttruÁ"is ilpiää.¿ b¡,îiuîction evaruation i' a nery

Ilighcst ord.r' rt is possible to derivc a second creri'ative l'etirod lvithlrpÌrcr ortler rrrar 3. obrec^hkotf ,s fårmùr" i* åíãia"ì:ì;;ï;ii is onty A_stcabte :

'!/n l' 
"' ltz '^', :.ttn t ,(1,.,, t l.) -f; {I:,*, _.f,,,)

(2.6)

rn : J!_ lI
T2o urn 

ØQ,)) + o(tlJ)

: Is it ltossible to btñtct uy h,1tbt_itts ntel.h,ctd,s ct| o lcct.
'tt, g secont,'.rteriioi.ii, iü:ï,,,ín.à' pi,.*rJ.ri,tîi," it,r. 

"fi,:,'!:', t eq'utttion to ii¿l"ri!,1'i','*,, ¡i ¡ii"iiiiå'íåuri,",, ,y

""r". llliå,t'e methocr is appliecl to the test equation, tbe approxirnal,ion

T(ø):R(z)-e-2,à:lL),

of the
l mul_
In tho
multi-

Onc-SIep lleilrorls
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(2.3) !lr,+t: llu )-
It.2 ..(2.f,nr) I,) - ^-J"*'tt

h

r-t

The local l,runcation euor TE : lJ (tn*) - 3,1(f',) is

rx):##@Q,D +o(/¿u)

Problar¡-t, 7 t Is ,it ltossibte to buitc si'mi,Ictr on.e leg J'oym,ulø for s_econd'

cJeriQ)atil)e multiste,t meti,od,s? How great is tlte 1oos in tlte &ceu't'üc,J order of
such, a ,formula?

Englanrl's hiì¡rirl rnethod. _England (see-referencg tSJ) gives_a par-
tial answ"ers to this q"".üão. He build up a g-class of hybr:id methocls with
the samo stability properties as those of the llnriglrt's formula.

EnamTtle.. For the one-step case, the me.l,hocls of orrfer 3 have l,he

follo wing form :

(2.1) Ir-- 
: a, -t taL., t, * 'ôä=i ln*' -oo1#--r,f'.'

l1n+o : (0 - t)'A, - 0(0 - Z)Un*r+ ¿,0(0 - l)"f,*t

The particular member taheu into implementation by the author of tho

above mention pa,pel is in accord.ance to the condition of a zero coefficienf



202

(2.8))

ì)otìrì f)otctr 6

- 
psertdo-Ilrrrtt¡e-Kulla tnelhods. llolihour-r.rr,s fol'rnula. l?seuclo Iìu-llge-lttlltr¿Ù ploccss a'e Q'cllel'a,liz¿ttiolt of i,hc cl¿rssic¿rl rrrc.thods rvith thcsalllc llalìle' 'lJokhovcn jrr 1980 (scc-'r'cfelcuce fJ ]) clcscr,ibcs s¡c¡ mctho¿snairrecl l¡r- thc authol In,pl|ct',t lNu,itpoittt tltraitritlurc I,otl.n¿u.lu.,Iìre¡. hÌ,1,sthe foÌIorvins fotrr :

(.2.7) '!/,*t:'!/* I h 2;.t,,/.,, /,:¡ -= (1 - 0,) !t, *l L¡!lu+r+ /, È et¡l¡¡, i=: 1(1)s
ri :1 j-i.]

Also, the s¿l,nre au1,hot, est¿l¡lished 1,hc olclcr ctlltlitions.
., _Ilyaylyle ,I: Amoug othcr' [or.mulì,, \re sce sonìc Å-sktble o¡es of or.clcrll aircl 4. l.he formul¿¡ ol orcler. 4 is ilre tollorving :

ll,+t - ,^ *';(1,,n, -l ï,,) -l I r,,,:,,

v ,, r!" )- 
{r,*,. -F !t,) - 'j u;,n, - l',,)

p!/,, _,.Ðoor_,rr"*r_ 
¿t o!./n : i) g,,_,1/,,+1-¡, ^i!/ù: 

f,.i,,_,y,,.rr_,Illhc cljfft¡r.c.1.i¿r,1,i.rr 
e'r.or, ol)cr,¿ùro" 

,;: 
",..,, ., .',',, 

- 
,,_o

( t u,r( t,,¡ :. 
? ?(t,) I 0 r",,"),,,,t'_"ü;':::''"tio'¡r 

e,r'r,r' L¡ zt o

(I'",E)(ot,,) : o?(r,,) 
- -(ot, 

t \"'ilt - -2 ç ?rt")

\,rre,:e e is a surric,.,,,i,::;;í"; ,i,,ij::,,, 
(r,{.e) (^rtu) : ^(?(t,) _ eet,,)is -.-ficicnil¡, slnooilr fnnctiorr. ],hen, ilrc t,l,at trunc¿ltiorr c,r,r,or

f,y(t,) : pg(t,) _ /tJ(ot,, G.t/(t,)) _f 
Í,f^U,,, ^1/(t,)) :: (Lu!l)(t,) i tttfç ot,, !/( ot,)) _ f( ot,,, 

"y(t,)) _l+ a?
_ Í(^;t,, ^(y(tò)l x (L,,y)(t,,) _ 2 [Jîit,, y(yt,)) _

h,2g 
- ltf '( ot", Y( ot,)) (Iiy) ( ot,) -

Tf - n_:f,,et,, u(^,,t^)) (Lla) etò

'rcn 

Jg : o(hþ), L¿9: o(tted), r,ig: o(hr,), Lì.p: o(hr,¡

Dahrq,isú ßho\\,s h uT;;'infu.' 
?t 1- r, 1)z I2j

'naxjl.¡r : 1* if li : ot,

A sjrnira,r 
-'-, - Ih, "ur;*;; 

: t,,+t_!¡ 0 <.i < r

ttter,hods. 
iu#ño-*][irî",",r]Te a one_ìe.s-- l" rf *' 
s maximized whcir 

: oo a'rì p, :-

Olre-S Lo¡r ìItrlJl1¡115

2)3

sjinila,l ttt th¿t

1) ts l,:iZ a ¡lcl
llo r l./t e se rt ttl.,r1

'f'D : - -I-2880
clsJ d.f

clls tlt
(y(t,,)) + o(hu)

rluc,ttt'ple 2: rìor orcler'B ale girrcrr Irngrand's one-step scheme ancl:
lt

lJ ¡+t - ' lt, -l- ; 
(J', , o, f /, , ,r,),

2 -tv3 + _lls h
lltt.t(r, - 1L'U,+ 

- 

!t, 1 - ;./,,*,,
4-Vl 2)-I[J tt,Untoz- G !l',* O:ll ,tt+il"

(2.s)

\À¡e consicler the class of integration fonnula
(oLS 1)

À

Ð or-,9o*r-, - l,J'
i-0 (å u,-,r,,,-,, j p.-

- f, v', (.É ,,-,,,,*'-,, å 'rr-,t/,*r-,)
vhcre I'j=o ',ro-r : I,i-, þn-i : r.

'(',L\ : - !!2+

3. ONI' I,I]G I{Iì'I-IIOI)S ÂSSO(]I,,\'I'IìI) 'I() S['CONI) I)BNIïA1I]I\'I' IìONIIUI,iI

å:H){r{,,,)) *o(hb)

tU n+t-¡
7r-r( 0) _-_- <r.t(

:0 tr'or each j l,e have

;i ì i T il i¿,,T i,Ì,f;i,i"li * 2 anrl,
corldiúion

¿idj"î"",..jil*

bitu - tn+t-ta'(trr*r_.¡ 6Q)

hi_2free parameters 0, à,rn
for

conclusio¡
order ?¿: /t,

, max

:E(, 
-t,+.-¿)

Þ

ot, ..,, d.¡,
P:lt

f2has +
at,
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Orre-step rnelhod. \\rc stuclr' 1,he palticular case of the one-step Ïo1'-

1\L,ula \\iLh minimun orclel 2 :

!J,+t-u, r,¡(u, '//rr 1 f #r,,) i" ï, (ï') v",+ t-#"')'

Mt ninttr,nt, oreler. We note that it, is possiLrlc to clitnjnate the O(/r 3) ter-

nrs frorn thc truncation eÌr'or by choosirtg' 't¿ : I', t:: * 
e1 2¿ - -7"t):

1rhcn tha for.rnula has the opbirnal oÏclel' jl. one frolrL tirese is thc

the follorving from

(3.2) lJn+t : y, i ltl(Tr..,* 1 ,,,) -f,t'0,*,)
The error producecì 41, each. step Ì:¡. t,his rnethocl is

't'tt + (lX /,1(y(¿,,)) )- lQf)9 \rtyr' /
Tn the a'bove class oT methods the lnaxirnum orcleris obtainccln'hen

only onc pi is not zero. llhe follorving class of methods rtoes not suffer tiris
resl,ric1,ion.

(or,s Ð A^",;-,1,+, ¡- hf p,,-,¡,*, , ir'(åt,,-¿/r, ,-i. Ê^¡,-,!J,, r-,)-oi=:0 i-.0

Tlrc rnaxirnunr orclel is also l; | 2, but 1,here are /¿ flee p:lr.atnetcls r'n the
sel, of a¿ or pr.

_ Ontt-slep casc. If rve tahc into accourrt the one-step o?tse, t\¡e ca,n tvl.ite
the methocl of rninilnurn orcler 2

ltu+t : lt, _t tt (=# h*, i + ï,) _

(,1.,1/

-,,,'!)J' (, ; 
o-,t,,, 

r L] t,,)

order. {Jnfolturratel¡', iti is not possible 1.o rea,ch order 4 ri'iilr such a
methor.[, but t]lc forrnula ol'orclcr'3 forllls a class dcpentling on a fr.ee para-

rnct,cl since thc¡ unique t'estliction l, ,r,, : ]-.
3

S|crltil,iltl. illhc,4-¿urd Lstabilit'vcontlitionsalethcsarnefortbcal¡or-c
rne'.rrtionecl cÌass, because the stabiiit,l' function is 1,he sAÌne. rf the free
pararnei,cl is chosen in such iì, l\-Íì)¡ that the rncthocl is stable at infinitr',
I'e gct lìnrigltt's one-stc1t folrnula. If i;he Tlec paramctel js coscn for, ex-
ponenl,ial fitl,ing at, q eC - {z e0),Rer < 0}: Il(rl): eq, thel

1l-lU
3u 3 (q' 2q)co I q, I 2q

Iìnlight's lttcthocl can bc seen thus ¿rs irrì ovllonential fiti,ing to -co of the
formula in tliscussion, bcci-r,nsc lirììr,-*?¿(q) : ]-.. Thc e-rpouential fitling

¡)
to zclo is not, possil¡Ie sincc linro-6,u(q) - 0. Ì1, is ea.s¡' to 1cr.if¡' aria,lr'tically
tlrat tlre exponc'ntia,ll"y fittccl fonrrul¿r, is ,|-stcthl.e for an1 q e 2! J¡eca,¡se
?¿(q)> 0.

1

3
follorving (for an atttonomotts s)rsteìn) :

!t, r ttl(!t,,,) - "ì ,' ( T ,,., 
-r- I ,, )

[*ra'r' '(#)'r]tut'"r) 
.r- o(/¿u)It,t:ul:-- to

I'

Tiris t'unca,uiol errol is compalaJrle u,ith tìrc cllor produced b)'Iìmighl,'s
one-step rnethotl.

Btub,í,tity Tno7terties.In oÏclt'r' to cxarnine the stabilil,Sr propelties of

orLr. lorrnult-,,, we use thò naxirn*nr rnoclulus theorcrn. Apflyi'g the r.et'hocl

;i;;d"r i d tn" sc,alar tesi, cc'.Lttion, \r'c obtairr tlic stabilit)'function

\\e rrolicr'tlraL in(tP);ç 1. V¡r c

si;luìocr llrc L'cqtrirclnctrl, llrut 1Ì( :)

tltclo alc noi, zcro of ibc ilcttorni
'trllno, ir ('(ltlivtlout, lviLll 't( - l)' '['

i'.,rlLL,'t,tl lo 'ti > 0. 'Ilttrir, i,hc rlrcl'ltorl
o> 0 :lttr1 f-steúla ult'an' 'u : 1r t¿ )
i¡; onlv strort,g A-stalil,e'

one-lcg ¿l¡;gooinr.e,ù to stÚorrtl t1o¡;!1,¿1{,ir.'o fol'l¡rlllil" I1 rvc consiilcr ¿¡

sccontl tJelivaiive forlnula of rniriirnriir-r orrlcr 2'

.ll-lrr, , I-ø"\ ,.,¡lt!tt'.", /r---rr,')
!t, j-_tt,,*hl, ;-./,i, 

_l_ 
:_J")_/¿'l- , -Ju,, ,t-t,)

\\,c ciul 
"*uo"irtl.f 

a 'Lwin fclnr.ttl:l of thc ncw cl¿¡sä rvith the sa't:lo st:lbiiiüy

fnnction T<¡rt+.:&,, u:t¡ltt,.l''tic cxcltiilc thc caLie of r¿=-0' illlrtls,'Ì{ 1'Ìno sccon-t'l

tlcrivabivc rne'uhod is L-sta]¡le a,ntl orcler 2, we can a6sociate to it a forinrtla

(S.t¡ atso -t-st,ablc and of order :2.

7!nam7tle: In bhe par'r,icLrlar ce,sc of Lho 3ll¿-orclc'l TInr jglll;'s mcthocl anil

for an autoncmou, o¡'lt"*, the assooiaLccl forlnul¿ is of orrler'2 a'nil irag

- u)12 - z2tt(|1 - u)la

-l- tt)12 * zzr¿(1 )- D)l+
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\\'e ¡;tt'ri'tlrc llloblo; tr 1o Tj rt([ ]rc\v hvll'jd nìc1.lro([¡j \11ìiclì.2ìrì r,e])l¿ì.ellLc.Jur'rbiirrr, *-rrir,h ì¡i rìcce'âr,\- t,o carcrir¿tc, ror ;; i;ì;,ì;i^ oI tho ?ìbo\.esccr,iorr. \\'c sel.rlcrr i()ì' iì, ri(,rrerìrt' r iilr 1hc f,lron.i,,g i;;ir;r"^'

lì]:: lll':: :T,ll:lll1,t) 
js luou'n ¡is the c¡uutlt'rtture 

"fot,ttrrtt,rt anrt urr¡ sc'coni[, zrs
t il(' | iltt't'l)()l ttl t0il .ltt)'tn ttl rt.()t'i¡t" fL'lle ltrilxillLtun ot'rlcl oI tlicsr-'schorrres is lì. If rye 1.¿llic in1,o ¿-¡c-
crorLnt the conrlitìolrs r¡f ot,dcr, lJ fot,tht¡ iFrztrh,rr,Lrrr.e Ior,ntula anrI of or,cler.
2 fol i lrc irrtcr,ltol¡,1 ion for,nulir, thc hr.lrritl scllerrire pt,csei,\.es 1.ltt¡ or,cler jJ
oÍ thc t¡ua'rl|atuÌe' l'ot'lltul¿1. 1\ c g'ct trvo classes 1lrat, rÌåDen11 c¿l,c,lr orì ¿ì lrarâ-
ttteler' of thc se.'.rI e(ruâi.iorì. ilhe coefÍicierrl.s irr.e gi'c* b,.v ,u - - _1 ,2'¿ .. ,Í - itrrrlinâ./'ilsf c(se L,:0,0::ot. ilr:r secotttl (t;sa ,r:_j,

. IÙrpctn,ett,tíat littirto. lri the case of ol¿s1, 2, ¡lc 1r.ec ¡tararrrclcr,?¿) .rA'
't' 

.setl for.e¡1le11ortiai fltti'g. In're ïi.si. c¿tsc n,c get

tu(q) : 4 (et2 - 6)eq i 2qz I q rG, 
-linr xu(q),_ì, Iirr-, tu(q¡ =: l),I (q, - 2q)r:a -i .q, * 4 q+_æ g , q ,o :J

¿rrrl the folmula is stronr¡Iy A_stabte .for, anr. q e It], Itr ilre secr¡ncl ci¡sc

rt,(tfl =l !q: J-!q-r:v_L !q2]_:.8q-1,2t ,,... .., , i , .l

9 (q'-2q)vu I q;+,2,! 'ull:t'tql- ,, f']'J 
tu(r¡) = ,

-'\lso i¡1 this oaseilr
e n,¡.. ""e corlespolciirig f.rrrrra ts sr,tort¡¡r,y A-sturiie rÌrr, a'1. q e

lf insteacl of lhc e-rportcntit-tl fitting n-e 1Ìrt ilrc conc1il,ion .,I stabilitr.at iltfinit¡., tlicn *c gel 1,ri.o ìreuroos. O^er. is l)rrg.la'c[,s 
"r,,"_.;;;l;;;i;'i;it0 .= 

I and is ilre last for,urula cxponetrtiillh. fit,tett at, _oo. ;\nothet,, iri
1,lre ca,scr 0 .: ]- , u) 8

B 
. :¡ t* al¡o a, forìnul¿r, exponenliallv fittecl at _-co

!/r+t '- .,/,, + l'- 
1,, + ill'

l" .t

!/n¡2¡,:f ,r,*, + r]'tt, - -t!1,,*,

(4.2)

,f,1,: : ,,o _( ,p,f_ _ , tlzf tlf \ .- 2i6 (z;- '' *-,-Î)Qrtt"ll I t)(ti)

'I'Jus, thc forLtrul:r, is cornpalablc
l,lnl'iglrt's forrnula. 11, is a bctter
tìre ptnpelt_r, of L_stctttitity. Fr¡r,lnu
clescliL.¡ed by Iìtrglanrl, l-hich succc
cclr Ltains only L_stzr,ì:le Ineilrocls.

lìuglancì's 0-class c'ntains atl z-stable rnethocls l,ith ttre mirLiururno.rler 1 in botr ecluatiors of ,re folrorving forrn'la crass

,+ 
=:r,)- 

t,,Ín+o

¡ ¡'o -'u 1- * f'-' + l''o - " - *'2 Jil+r1-tü---T-J-
rt' is casier' to see ilrat for t'Jris cl¿r,ss ilrere is an inc.easing in'raxirnrun or_der'01 accurâcr'\¡cr¡jus tJre class (rrMr ). ,l.he concritiorr.îi-L"¿er. 4 reacr to

,f , tì ililt lI] tilì.t.lto1).s

( rt,il t¡

10.=--
{)

thc irrter'¡tol¿rtiolt ül'rnulil gjve tl.o tnetìror,[s rviilr t,he elr,ol coefficicnt, ctFral
1o tlr¿rt of thc r¡rilrllatut,e Tor,lrula. Onc, frx, g : ?-, ili

, rt'ltct'c ¿¿r t'crrraius a f lr.c Palir,rneter,. ilhc' r,orrrlition of r)ït,lç1, .3 1nl f

lt Slt
!/ ,,¡1 -!1,, l" 1,,¡-++ ,J +

3() î ,, -)h , , 2lr ,!til+2/B . 
¡ !],tt I 

2T 
!t, - ¡.l,,tt l ;1,

,f,T, _ J:
27ß

d ',r
(Ltt)

(ut,,)) I O(tf )

ilhe locz-r,l tltu'tca,1,itln et'rori¡; lol,el tl.an the olrer of Iìnrigìtt's or-Le-stepforrrnula ¿llrr[ for ¡iollle sr-stetn furrctions /, lou,el than 1]rc'-orne of Itrngläurt's
nLctìiotl.

Stttltititu.St'origtl-stabilitr- tahcs place, in ilre first casc, I't to > 1,
:rrrcl, in t,he seconr'l casc, i[ ,,, , +. î[ru.s, the a,bclr-c lneilrocl ,* nr, n""r-rl1iln

o{ s llo rrgl"r' ;l-sttr blc-,,I"*,,,-,o,r-rl]"r'.
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3(L - az)

6(1 f ru)
,0" +

2 6(I - u)

72 13

is the nex1, :

U u-Y sls :

(4.3)

One-Step l\{eth otì s

'l'lt) (Y(t")) + o(hu)

h

2

209Bokhoven's formura (2.g), ri'rricrr has thc sanÌe stabirity function as obre-clrlroff's metlìocl, 1,hus it is only A_stabte.
To imp'ove the perforrlance of Borrrrovê''s 3u,-or,uer scheme (2.g),tve study the class :

,7+u, _7- ttUn+t: lln ! lt -r-l,,ro, j_ lt 
,_"" f 

,*r"

Itn+tt:'u)fltu+t+ (1 - wr)lJ,l1rU, - LDt * ß)lu+t* 
*rLr_.wr- nr)J,"

!l*!02 :'tÐzltn.rt-+- (1 - wz)lJn I * ro" - loz I u)lu+t* 
* rL"-wr-r)fu

(HM 3)

Order. ff rve lectruile ilre contlitions of orcler, B, ilre rneilrocls clepencl onthree free pararneters i /tr,) Lt)lr,u)z

u,t,{sts: (t- T)r,*,* #,,. f^ (ß - r)hf ,¡1*+ çz-l[s¡ty,

(t . T ),.ttn+t - {r.- f ,rrr ¡ r)h,r,ar_ ffo i[ty,¡.

: ho qtl
72 dt\

1Ur: t
2

1

it is possible to reach order, 4. The

I 1- 2tt,frt: - 6(1 f ø)
!!r+t: y- + !

2 Y sls

ll u+ttz+Y Ea

(4.1)

f
J il+ 112+ + l*, v1/2- 3/6

. Stab,ility. We considcr the case of ordler 3. The stabilit¡, function isthe follox'ing

R(ø) : 1+(1-2t)zií ls - t¡pz , ,:t-P*, +l-2tz-(1i6-t)sz +
toz

: 
F, *T), 

^ - + (+.,f þ 
. _ 

* (* *F),,.,* I (* _ßu),.

L-u

Tlre conclition of strong A-stahitityis f > .1 . Ool.lroyen's rne¡rod of cl¡¿er
4

3 is irnly A-stabte,becarrsc t : !. \lzhen t : L, n'c gct a class r,hich clc-4 :l'
pends on tn,o parameters (fol exarnple wþ tur) rviilr the same linear stabilit¡.
ploperl,ies as Jìnlight's rneilrocl. If s'e talce jnto accounl, the case eu, :

- uz : 
f , tl"n r¿ is a fleê pa 'arnetel ancl it can be chosen for rniniurisi¡g

et'ror.

x)ucuttþtle 7. rn the case of ,r,-stabilit¡., if ilre palameters ar.e chosen
such that all equations of (I{n{ B) are of orcler B, ilren one of flre solutions

TIi) : lLu

4320 (#.,#,#)*orn,

per Nervton step
function et,alua-_

he irnplicil, equa_

ass for. n hich B evalual,ions ar.e also

lr"tr: 
y^ ! ahJ@!/o+tl $- u)y,) + b/ll@**s) | cttf(øy,*r! (t u)y,)

lU,+o :'tt)!Jn¡1+ (1 - u)U, I ltclJ(uy,¡1+ (1_ u)y,)lheJþU,+r]¡(\ u)y,)(rJ1\[4)
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( l.¡)

0nc- S t

1 t¿h
- ll D 

- -9 ' ïtt,

e¡r llct lt ods
211

Ortl,er. 'llhe couclitiorrs o{ l3-olclel are :

a,+ b -l- c:1, 0 - xu + d * e, 0, -- x0 1,2(tltt, t, ¿¿:)

1
(tI( + l)0 -f cu - 

'L 
, erû + t)02 j- ¿,¿,, - 

I,- 
,) (t,Lt )t. tt02 )- (Jt) 

-,:L_¡) / -' I -" | "' 
o j3

I]rdel these cilcurnstances, à fot'tÌuliì, of orrler, ,l h¿r,s ilrlc¡e ft'ce ¡taliunetet,s,
'LL, D) 0,

'llhe local el't'or pt'o(iuoeal b)' the cluaclratule forrnul¿r, is

't'tì, , LliI 0l'lX-F ?/r)i302--40 -F1'L'Ír"1,,,,I 
36 L\ 2 ) tttr Èï- -rr'f l(tt\')) { 0(h5)

.1.o this is aclclecl the eroll ploclucecl bJ. t]re ?ìjllplo_\im,.ìticllr. of l/,*¡ ri'itÌr tlre
integlation folmula

,t:r,:2 
# [(,' ,,:,,{,-

lu,o

rvlicl'c 0 i¡ i-[re solul iotr of the, ec¡ u:rtiotL

l6tr,r - lì(,rr, _l_ t) F:Jl0r _ f6rrr, _ 2(tt _j r,) * 2J0 + Lu): e
illtc¡iir rnethotls, clc'¡relLriilrg'(,ìr'¿¿ ¿ì'rl11 ¿.! u'e tùI L-stttl¡Lebc,c¿-r,rLse 1,he sta,bilit¡r
ijiìlJi:T 

rt'1'rre sanre Ìs ilrar,,r u,r,igi,1,,r nrer,rrorr arLc[ brr¿i,t 0r i,]rc 0_class of

lt) ü0 il t .pl.e s

1) rr .- 0, ,i. : I or, 1r : .1 

, ¿. __ () g^it.cs tho lìuglilncl,s 0-class:

r"l) ,.-0.0:2
¡ 

gir-es a cl¿lss oil folnrrLla clcpentling on ?1 ,.

!/n¡1 --'!t,, + Ï.f,,rr,r+ 
l.r].l,,

tSU,¡zl:¡: i '!/ ,rrt 1-

1
?0 ::

6

.;f(tt,.ry,,*, + (l - tt),t¡,) |
)(l -nt)tt,

9tt .l u¡

\{tc observe that the elt'or formula introducecl b). Dng^lancl's otre_st;ep lìre_
thocl ìs a, p:llticular câse of the above. 'r'he aclr.anl,age of using this class is
theclepcntlcnce on tìtore ll¿ì,raneters ancl thepossibilityof forlnulatoreach
orcler 4. l'he methocl of rnaxinurn orcler in this class is Bokhor.en's
forrnula (2.8).

Stubili'ty. If l'e impose the srLpplementar¡r conclition of stabitil,r. irt
infinii,v, the nel' equation is

d(\ - tr,) | e(r - 0) :0
Then tlLe coefficients ate

t

!1,t,) !'_ (,,',Í_ * z !t' :tl _r rsr,,, _' tr rlt [,¿¿'i - t12 tu -r r(ì\¿r - t) 
,'f," r fl)uytt,,)) r 

()(ti)

.li'or' '¿¿ : 1 u'e geb scl.Lentc (_t.2).

3) ,u : 1, 0 : 1 gii.t,s l,ìrrglancl,¡ orrc_step tncthod;
-1) if ,u * ,¡ -= 1, flreu

1 tl';u_,+ 
6 ,tt_1,it __¡#;l ,.:rçi;,

(u, I a 1)0 - [6(gz-0) -]- I

02- 0

D-LL

ctJ'

)',) #,1(v(t,,)) * o(t,)
clu

0
1

f 0, ø : 2-

'D - 1t,

0
1

2
tl ,IL-T

,D--
2.,tatl 

- 

- 

+
'D -'tt,

,u- 0 2
6(9z - 0)(a -u,)' 

" 1L - 1) |

, u,-0 1

6(9z-0)(u-u) 6(0,- 0)

u _ (0'z-0) (o -l) ,, _(or- o)(u-t), r,,_:o _ 03

lhe local tr,unc¿lticln elt,ul iS

'f'Il : - 
l¿a

36

1xL--

lr5
t)

ItB
ti

+

- (î"

f 6ir(1 -
d'J

dtB

,!T
dy:l

r)-

u-1)
) ,#,#,4(y(t,)) t- olt,u¡

Tf I'e consiclcr' 1 _ 6z¿(1 _ rt) : 0 arrcl it llr- conr-ention ,, S rt. thc,n fol



rL: !+ Ethe formula is the follotving"" 2,6
!J,+t -- y, * l{@ , f, ) T

,, I _r.1., 
G_

* T'r((; . *),.., * (], - f ),') *

"T"¡((; - * )''.'. (; *\t)'")

,,.f,oy*: (:.f) !ru+, * (l o- Y)r.-

-4, ',((+.f) !/'+,* (+ -f )'") *

*Y-L"((; -',tr) r.r, i (; f) ,,)

L)ana lret.cu

(4.6)

5. ¡-.UlflìItI(].,\L lìlìSUL'llS

\Ve have been testing the follorving schelnes

Sta ìrility
Oldel il

'rhese fo'rn'las havc been ir'plorne.tecr in a consl,ant stepsize mol,rrod.The above rnethorls suppose to solve some cquartion in y,,n, :

212 t(j
1? Oue-Step IIetho(ls

tr'(y,,*r) : 0

213

,t' : *u#(#. :# r)(y(t.))* q*F 
ffiyrl) r,rr,,,r + o(h.,

rvlicÌr fol sorne functions / uray pl'otluce a lol,er ell'ol than thc one of
Ent'ight's one-stcp rnel,hod.

tr'ltet'e ? clepends on the chosen methocl. 1'lie iteration scherne aclaptedto solYe the implicit sot of ecluations is ¿r, rnodifiea Nervøn-,Raphsorr tech-nique
D'(y,,)(yf.,P _ yÍP) : _ tr,(y|Ð), i >- 0, AÍ,?r: yn I ttJ.n

'I'he starting, .l,alue is giiren bJ, flre IJu]er, explicit for,rnula.
The nurnerical plocess consists in flrc follo.rving stages at each st,ep :
staoe L1. Trre e'aluation of the specific linear m¿,,t rù system ?,(q,,) :: I - uttJu -l- blt2,!11,. rviilr specific coïple (ø,b): ,i:^-Zlí, A-: ffð',îo.(2.3), (2.ú),,(+.2.), (4.6,),_n ^- i,f Ð, /,, -- r/.t,'fgl i!'Ð" o 1, b _ 113 r"i,"ta,ilarttI r¿ : J12, h == Ll12 for, (1.6), (:.á), (+.,i). " "" - 

'

Staqe 1.2. Iìvaluat,e yllJ, ; ,i : 0 ;
íJtø¡¡e 2. 1. Cornpute l,.(ll$'Jr) ;
Bta¡¡e 2.2. Solve ilre linear systern :

(0) the crccornpositiot.. LLL : r'(y,), I/ upper tr.iangura' mai,r,ix, zlorver' l,riangular rnatrix ;
(1) solve i,he syst,en-r Ln : _ L,(yllJ);
(2) solve 1,he s1'sterrt (Jd, : t:;
(3) corupufe r¡f¡¡t: yl:, { rI, ,t -¿ _l_ 1;
Staqe 2.3. rf llúlll, ) tolerattce ancl if tho itelation nuinber.exceecls acc'tain lirnit, ilren Go To stugc 2.1.; in ilre opposiLc càse,if the maxirnal n'rnbc' of ibératioii steps haiï;;.i;;;r

passecl, 2ùrr crr''r' rfìesagc is printecl a,nd_ jiitctL sle2, otnerwisecontinuc;
8lu'qc ,l' -lìvalna'¡e fu'ction at the r,pproxiinntion yf,!, nccessâi,-r.fol ihc foilori,ìng, srcjr ¿ìnä sfo-re bhe r,âr.ucs anct tho Jaco_bian if blic lnt¿ihc¡tl ãtks for it,.
Iiua,l slap. Con{,inuc rvith ilre ncxt, step.
lhc efficienc¡' oT tire lneilrocls hä,s J¡ecn rncasurecl b¡. inilependenl,rnachille st¿ttistics litre thc ltuurtrer oI frirrctioir calts, Jr,coblan evaliraticins,ancl rnal,l'ix ìnr¡clsions.
ffhe nuurelical results â?peal irL l,Jrr¡ foÌlori,ing; tal-.Ies" we have noted. :ur,þ' : the function evahrai,iòn nnnibor,, c:.¡;l) :_iire cterivalii.e evaluationnrlrnbeL, **q: the nurnbel of lincat'¡sr-¡;tenr*; ¡rol.'.à.-Ètlx wg ¡¿ìvc inclic¿r,-

1;ed the rncthod wiih thc ior.¿osi el"nt ir.,t ¿r c¿rt¿in ciráíce oÍ the,tã1, ooiacomponenl, s)rstem.
The co-rnp$ison v¿as ciralvn bctl,ccn the exacL soiul,ion an¿ lìrcsoi.-l,icrns given'by the mebllocrs for cach s¡'s1-clr, aü'rjre ñilb t : _L.[ire nunrbe;: of il,eralìons dep ritüs oir thc c-liosen . Tjrcstepsiz;c ig inilit;a[,e¿J- jn iÌrc hcadlr¿lri ,. Tjxt ;,ossiirte vaJu .05 or,0.01 , clepc.ciii:l; rn ttro 

'c-¡q.ireci 
cor:i] ii.ion ,ri "noo"r'g"iä i.hr,iúsin di¡;cussion..

'Ihe follorving tcsiing systems aLe linot,,n to Ì¡e si,iff :

Nl'. Namc o-[ lhc schcmc ìlinirnaÌ cIIorl" pcl stcp

(2.3) - Ill-lrighl"'s scconrl tìclit'atjvc
lourruìa

(2.5) - England's hyll'icl onc-sLcp
schemc
llom class (Of.S 1)
Ilorn cl¿rss (IiÀI 1)
1r'orr cl¡.ss (IIXI 1)

îor'0 : 1/z-l y':/6, t.orn
class (I{lI 4)

ror' 0 - t1z-l570, rlot,,
class (IJXI 4)

(2.6)

(2.8)
(4.4)

l,-stai¡lc 1 Iinnclion, 1 Dclilatilc

l--stablc

stongly A-'stnble
stongìy À-st¿rblc
I-- st¿rblc

I stable

l, sl"ablc

2 lÌuncLiorl, 0 l)cl'i'r'atilc

1 Function, 1 I)elival,ivc
2 IluncL;on, 0 l)cljvnljlc
2 lìuÌÌction, 0 I)orivaLivc
3 Fnuclìott, 0 Dcriralilc

3 IìtrlcLior.ì, 0 l)clivative

1 lìunction, Ll)crival"ivo

2 lìuucLioD, 0 l)cl'i!al-iYc
13 linncLion, 0 l)cÌiYaLiYc

(4.6.2) -

Orclcr' ,1

- Obrccìll<off 's secotÌd dclivati- l\-s tal)lo
l'o Iotntttla

- llokhovcn's hylrlicl schcltrc '\ slablc

- TrorÌÌ cìass (ll\I 3) Ä-stabìc
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Onc-Stcp À{cl-ìlocls

211¡

SJ.stern (51) Anal¡ris,ine'¡hLì tesults,
a\¡e g0ocly!(t) : - 4-1e8y,(f) - õee6y,(ú) + 0.006 - ¿

yJ(,) : 22fï.itr¡,(t,) -i- 1Ð9?,yr(f) - 0.i03 -l- 3¿, y(0) :
yí(t) : - tJs$)

25498/1 500

-16499/15 00

I

lraICr ltresclt irll lr ilre pro.¡tosecl rneilrotls in tÌrc
cs àn cl inrplernentat,ion ltelfor_1¡inE spqúi¿l stjlf s)¡sbernrs like) or (SB) rmct (+.2¡ iol the

nlallces. Solte rnetliods ale
rnct,hods (4.1) ancì (4.4) for
s\',Stel ìt (s2)

AIthough it is difficult to clralirnited rcsults , a gener.a,l patteln t

\\¡ 2ìll¡r clcfini te conclusions front ilìesc
!/r(t) : 2e ; i 7 e-"'"' -f 1 ? 99S -l +991'ú

I i00
alc a,t least c:omltalaìilc to tlr

,q inclicatecl. It aple¿:i,r's 1,hat otr meilrorjs
ling in â cotnprehetÌsi

e classical oncs ancl t lrct cfolc ryot'tll r-,Orrsitle-t¡e C0rnpArt'jSOn. IfO\.O\, er', l'e tlo feel th¿-r,t, our resull,s

Eutct: - 1.268908

0.95051.12

lIo th ocl (s1) l iI for'I (s2)
trr(t) -i*.|e-r -3.;d-1500,-810q-43+ãI , UÍ):

1500

IilIor.t (s3) Iì11ol l-

/t : 0.01 /¿:0.05
0 36?879õ l:61

lllQ )

)

e-r J .195369

- .89534{3
.3690993

302tr
302n
202S

. ô90,1017

.673 1095

- 6.539034lj_ 30*

llur.igtrr (2.3) 64 tr
64t)

.9916564
I .00834

-íi.670194Iì_6,k

23 ìl
2lll)
14s

S¡'sicrn (S2
,IJyi\) : -(ì.y,(¿) i oy"(t) * 2sinú

y;(t) : 94ur(t) - 9"nq"(t) , ji(0) :
yá(t): - 1000 yr(t) - t",Q)

0
S

ìlrr 
¡r..l a rr rl(2. 5)

|.2o575r
- .90313,17

.36787ç)2

50,trIr
100I)
20:2s

.6834468
. 6661 996

- 6 .5461618_ 30
20t)

7S

.9916568
J.00834

-3.67019711_6

3 gtr
9I)
15S

0
,1

--1 or_s1(3.1)
7.774317

- .879õ5ã3
.3715507

c10F
:JO5I)
205S

.7059933

.688670ô

-2.77061ld_?

124F .9916567
1 .008339

- 3 .676911 E_ 6

6 7Iì
3Bl)
29S

72n

¡t'(t\ -1{-.-'+ 
I

uu 10001 (l* ,-""'- e4eocosú -F oõoe sint)

(- # ¿-looor- e4e4cosÍ + osoo sinl)

o2 S

r I \.r1(4.1)
1 .20585Íl * il06 Ìr .6830078

.6657606

- 4.872??4ta_ s

12 8tr
201-)
54s

174't¡
20t)

.9032077

.3678793

1 .20ã8.18
.9032041
.3ß78792

100D . 991 6446 *
1 .008352 *

- 3 .662943E_ 6

(i7tr
9r)
29su-rl)-!!"-'I I

99 t0001

S

Hr.r 1(4.2)
504rr
100D

.683005 x

. 6657568 *

- 6 .53973?lJ_ 30

.9916566
1 .00834

- 3.670196E_ 6

41 l.
9r)
16SIlna,ct 1 000

tt.,(l\:
1- (t * 1000¡¿rooot

4 7S

Sglrr-n{ 4(4.6.1)
7.20575á

.9031349

.3678752

1 .205758
. 9031366
.3678792

706Ir
100D
202S

70tiF

. ô834486
. 6661 998

- 6.579986E_ 30

. 991678 7

1 .008318
--3.670312rì_6

.9916565
1 .00834

48tì
9t)
9S

y(r)

0.6361023

0,6193826

0
J

IIA{ 4(4.6.2)
1001)

.683,1486

. ô661 998

- 6.5688:17E_ 30

46S

1 58l.-
201)
46S

54F
9S
15s-3 6701958_ 6

/t:9.61 1t:¿ . 91
System (S3) :

yi$) : -0.01 3'yt(f ) - 1000y'(l)r¡r(l)

YLQ) : --2500Yr(t)Y"(t)

y;(t) : - 0. 013t7,(f ) - 1 000y'( ú ) U s0) - 2500 y r(t)q r(t)

Obrcchkoff
(2.6)

7.196627
. s962881
.3678732

4ß 6464767
4295797
0*

2 96Iì
296t)
196s

9907243
oo9272
oo9272(j

\

)

304I) f¡

, y(0) : 4S 1

7
2021)
202r)

102s
BokLolcn (2.8)

1.205815* 5101ì 645(i91 +

6288624'!
0*

931 796 * 1001_)
464F
I 00t)
182 S

-3.665286E_6
.9907s77

-3.665327E_ 6"
3678704 205S

0.99073192

7.0092644L

-0.00000367

r nf 3(4.4)
7.205753 772Iì 6457027

6288747
(.) *

6461,'
1001)
182 S

105 s

415trEæact [10] : y(l) : - .90ÍJ1334 1 00t) .9907318*
7.009264*

-3.665327E _6*
3678794 S

Ae l:noto!cectn
ot Ileidclberg, iYot.

105 S
¿lr1.s. 'fìrc ar¡ilror js
a tltUnbcr ol suggos

gratcful to Dr Gcor.g Il¿rclel fr.onr thedtoi

n:0 .01

tions that helpc nlp.rovc this papor.
Lrnivcrsi tJ'
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rìfl\'urt D',-'lN;lr,ysli Nr,ilEAIQU'i rì.1, DrÌ TIìl;'nl' r)lì r,l\pr)noxruA.r.roN

inclical,e l,hat a ploperly implementa,tion version of our algorii,hms should.
be useful fol the nurnericâl inlegration of stiff clifferential systemÊi. We
expect that, in the case of a varialtle steplength, those new rnethods have
better properties than the classical rnethods.

l'on¡c i!3r Nq g, t9$r. p¡. pt7_2p5
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2. I'nlÌLI_ìIìl\.\lì llts

LeL II bc a rcal scpar'¿ì,I)le Hillrert spa,oe, \\rc considcl flre oper.ator-equtul;ion

(2.1) Au, : 1,,

..

I

:

1\'hcrc I ìs a rinca'-nbouncred oper,ator clcfi,.e,cl o. a dense (ìom¿ì,1.n D(tL) c_c-II, u€D(al) is a''^trno\\,rì Ëi;;;irt, 
",., 

ele^ent !eIIis gir.en.I)l':l'lxll'loN 1f3- -l ,g-111. An oi.reraior,¿L is saicr to be t-posif,iverv
l,Tli'illÍíil'd], jt,Jtru;illtl,..îä"I.¡r" o¡'n':*to,' i?'ì,'Ïu,-biirîä"ä;i
(2.2) (Au, Itu,) 2 ^¡l!lu,li2,(2.3) ptull, 4 yleLu, rhl
for sorrre positiye const¿ùnts ^(.tt ^iz aricl all u-e.D(/L). ((,) anct li ll ctenoterespectir¡cl). 1,lre inner produci'ariá ;;;;r. in I1).


