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INTRODUCTION

In this study rve are concemed with the problern ofapproximating a locally
unique solution x* of the equation

(1) F(x) + G(x):0,

where F, G are nonlinear operators defined on some convex subset D of a Banach
space E, rvith values in another Banach space E 2. The operator .F is assumed to be
Fréchet differentiable on D, whereas the differentiability of G is not assumed,

Newton's method, the Secant method as well as Newton-like methods have
been used extensively to solve equation (1) (see, e,g. [1]-[9], and the references

there), under various assumptions, when G: 0 on D,
We will study the convergence of the Secant method

(z) xn+t xn - EF(x,,_r, ,,,)-t (F(xr) + G(x,)), x-¡t xs e D, n)0

to a locally unique solution ¡* of equation (1). Here the divided differences

õF(x,-p x,) e L(Er, Er) for alln>0.

Forx_1, xo e D, we assume that ðF(-x_,, xo)-l exists and

I

(3) 
lluo("-,,r0)-l(or(x ,y) -õF(z,z))ll. r,1,.¡¡¡' - 'll* t"r(,)lly - 41,

(4) llu"('-,,'o)-'(c(')- 
cfr){<,t (r)lx - yll

fotrallx,y,zeu(xo,r)eu(;o,,R)={1e ¿',lllt-r0ll<n}e o, anclsomefrxed¡t>o. The

functions kr, k, and k, are nondecreasing on the interval [0, R].
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We will use the method of "continous induction", which builds on a special
variant ofBanach's closed graph theorem [6], [8].

Using the above conditions, and method we will provide an error analysis
for the Secant method. For special choices of the functions kr, k, and fr, our
results reduce to earlier ones, We also show that our results improíe on eárlier
ones [3], [4],

Lpvve, Let g: U(xo, R)2 -+ Erbe a nonlinear operator satísfiíng

(14) lls6,Ð- s(","¡ll<q,çr¡llx-"ll+q2Q)lly-41

for all x, r, z e u(xs, r) and for some nondecreasing real functions q, and q,
on [0, R],

Tlten

(rs) lls(,* t4,y+tu,)- gA,¡il=nl'),ç,¡0,*''.f')rç,¡l,
tt lz

for all x eU (xs,t1), y eU (xo,tr), llt, ll = 
n- tr,ll4ll< n- tr.

Proof.Let x eU(x6,t1),y eU(x6,tr),llnll< n-tr,anall4ll< n_ rr, Using (1a) for
nteN, we obtain

COI{VERGENCE ÅNÄLYSIS

We will need to introduce the constants

(5) r-r=O,rs=llx-t -.rsll> 0,r1=rs+ll.rt -.roll> 0,

(6) o=r-[wr(R)+wr(n)+a(6)]
the sequences for all n>0

lþ 
(, + hr, t + hr) - s(r, ùll = Ðlr(" . m- t ¡ hr, y + m- | j r,r) -

'it+1

t @ r(r) * r r(t)þ t + (w r(r,.,, ) - *i (,; ) ) - ( r, ( r,-, ) * w 2Q7))þ,*, - r,)
j=r

m

(7) r,,*z=tn+t*
rn

(16) - E(x + m-r 
1 ¡ - r) hr, y + m-' (i - ù h)ll=Z q {t r + nrl ¡lln,llþ-' ll¿, ll 

o
dn-7

j=1

(8)

and the functions

(e)

en+t= 1 - f 
rr (,; )+ w2þ,*) + wrþ')]

*i ø þ, + m- r ¡llrall)m,llr,"ll ='.Ïiu,çy, *".'f)þ þ r as m -> Øj=r4l¿

vrL(r)='l
0

='[
0

r

=J
0

kt(t)¿t by the monotonicity oî.qp Q2aydthe definition of the Riemann integral,
That completes the probf of the lemma.
Using (3), (4), (14) and (15) we now obtain

llorl'--,,'o ; 
- | 

(a r (x + n, y + h") - õ F(r,.r)) jl .
3 *,(t t+ llø, ll) - w, (r ) + w r(t,.llt rl) - wz\ z)

(10) W2(') kr(t)¿t

(11)

and

u'¡(r k (t)dt

r and

(17)

for all

[ (* r{t) * * rQ)þt + w r(r) - r, (,t, ) - ( w {r- r) + u, r("0 ) X,i -,'o )
I lor 

('-,,,0 
) 

- t 
(c (v + n) -o (, ) )ll = 

w r(t + llnll) - w, (t)
(t2) T(r)=¡'r¡

where

(1 3)

b

t = b(r)=t-lwr(r) + w2Q) + lq (ro )]

x eu(xs¡),v eU(x6,r),y e(/(xo,tr),llhrlf < n-r,,lll,Il< n-r,
and

llnlls n- rWe will need the lemma.
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We will now state and prove the main result:

THEOREM. t"t'i,*i; iD i B, èEzbe nonlinear operators satisfying

conditions (j) and ft).
Assume:
(í)theinverseofthelinearoperatorôF(x-1,x)existsfofX-1,XgeD,with

x-r+r.iii) 
there exists^l, Rl<R such that the constunr a, giuen by (6) is positive;

iäí ,n"r" exísts a'mirìimum positive number R, such that

(18) Z(rR1)<Rr'

Then

çi¡- tlr" ,"olor sequence {r,,\ Èl.generated 
by Q) ís monotonically increasing

and bòúnded above bY its límit, u'':l'X:ì'

defin for all n
equa "!r';;:;:,

(19) llr" -t"-,ll3"-"-'

(20) ll'x, -'-*ll<&-r,,

llorl'-,,'o ¡-' 
(r(',*,¡ + 

"('*' ))ll

and

(2s) 
", =t-[r,(lÞ,-,-"olD* rrfl*,-"oll)+w1(rr)].

otonicity of the functions w,. rv^ and-l is monotorúcally increasinf and
et rt, rç, 

"l 
< Rl. Let us urr.rrrrã thut

t'k+l

[ (* r(t) * * r(r ) ) 
a r + ( a ( r r * t) - w 3 þ.¡)) - (w r(r ¡ _ r) + w 2(r ¡))(t ¡, - t " ¡)

4 On the Secant Method6 7

r'¡*2 3r¡*1*

(rk + t'k-1

+
/k

a
ìk

[ (r, r{,) * rr r(r ) ) 
a r + (',, ( ry) - w, (r¡ _ r)) - (* r? o _r) * r r(,¡ _ r))? o 

_, 
o _ r)

a
I k+7

J @ r{,) n * r(r )) a r + ( w, ( r r *t) - -, ?o)) - (r r(r ¡ -r) + w 2(r ¡))(t. ¡ *1 - ry )

a

(zr) <v,+1=n'il{*r{r)**r(r)þr+wr(a,*,)-,r(n)- (w1(r,,-1)+w2(';,)Xr,*t-';)'

<r(R,)<&, uy (rs).
That is the scalarsequence {rnl.rì_l is bounded above by Rr, By (iii) R,isthe r'inimum zero of equariorì'r¡.;-r:o i, 40, R;i"åni'r.o- rhe aboie

Àr = Iim ¡,,.
17:-)q) "

(b) BV (5) and (1S) it follows that x_r, y, eU(xo,R,) and (19) is rrue fbr,:0,t.Lerusassurìrerhar,-r;*, uu(!r,R,)aritíqir¡isr',-åfb'í;:-r,0,r,,..,n.we
first show that ôF(,r*, "r**,) isïirverttuïê. hr rr"irríi,rdú;;hypoflresis,

(26) ll"*,-,oll< î|,,-,r_,il=Ï (,, -,,_1)=,0*,_t.osR1,
j=l j=l

.....ri

,f,+l

[ (* r{t) * ^, 
rþ ) ) 

a r + ( u5 ( h * t) - r, ?o)) - (. r(r- r) + w r(t.s))? ut -, ¡)
10

and hence, by (16) and (19)

llar1"-,,'o)-'(õF(ro,*o*,)-ar(.r-,,'r))fl=fþrfr-,,,r0)-r(0tr(,xo,.ro*,)-ô,F(.ro,,r¡)

*jþr¡'-,,a )-t(or1ro,"o ) - ör(r._1,.x6 ))lf

tit

(22) ll',,*,-'*ll< "Ï, (n G=o)

o,, o, ="t'(r r( r ) + w, ( I ) þ I - ( r, ( n-, ) * w 2(r,,))(r n* 1 - r,,),

rn

(23)

where

(24)

ll'*, - ¿, ll 
< llx, - x*ll+ !,

,s,¡

1

p, = j["{',-, -.roll+llx, -.r,-,ll+rllx*-t,lD- ''fl',-' -'oll)
0

+*r(l+- x6 
ll 
+ {lx 

* -'r, ll) - "2(llx, 
-', lD 

+', fl 'r, -'xs ll 
+ ll'r' - I 

-ll)]or'
)ll.
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+(u,r(t.¡*r)-",r?t))

9

= llorl'-,,r0 )-t (or1'o,ro ) - ôr(xo + (x p - xs), xo + ('r*r - 
" 

)))ll.

*llor1"-,,'o )- 
t 

þr1"0 + (.r-, -.rs ),xo + ("0 - ro )) - ôF(rr,', ))ll =

< w {r¡) - wr(o) + wr(r¡*, ) - w, (0) + 4 (ro ) - w, ( o)

(27) +wr(o+o)- rz(0)< q(R,)+wr(R,)+q(z¡)<r,

by (6) and the fact that ¿>0. It now follows by the Banach lemma on invertible

I

I [", r(o o *, + (t - r) ro) - w r(r o _ r) + * r(ro *, + (t - t) ro) _ ru r(, o)f(, ¡ u _ t.o) at +ak+r

operators that

(28)

ak+l

ak+r

I<_ t
ak+7

where a**, is given bV (8)
Using the estirnates

ll¿' ll = ll"r + t(x o*r-.'o ) -'o-, ll. ll'o -'o-, ll 
+ tllx ¡n1 - x ¡ll,

llt 
"ll 

= llr r + t (x ¡ * 1- ro ) -'o 
l l 
< tllx e *1 - x ¡ll,

relations (2), (3), (4), (16), (17), (26), Q7) and (28) we obtain in turn for alt k)0

ll*o*r- *o*rll.lþr1'0,'o*,)-rar(.r-,,'r)ll lþr1'-,,'o¡-'l(r1'o*,)-F('o)-

-õF (x ¡-1,x ¡X'o*, -'¿ )) + c(x o*) - c{+ )]ll =

1

Jlþ"{'-,,', )-' (r I'o + t(x p *, - x )) - a r (x o-r,, o))Q o*r- 
" 

)lþr .
0

= --,-lÏ,,(t) + wr(t)þt - (w,(ro ) + wr(t.¡))(r¡*, -, ù +

(* r?o *,) - r,siò) 
f =, n*, - t"k +t,

l
wlrich shows (19) for all n>0, where we have used ôlr(.x,¡)=F,(¡) for all
x eu(xs,R).

It now follows from (1 9), (26) and(2g) that the secant iteration 
{x,, }, rz > _ I is

caucþ, wet trefined and remains in u(x6,-R1)for all n > -1 . Hence, it converges
to some 'x* in sucrr away that (20) is satisfied. For z:0, (20) gives x* eu(xs,R1) ,
By taking the limit as n -) 

"o 
in (2) wew obtain F(x*)+G(x*)= 0, which showsthat x* is a solution of equation (l). To show uniquerless, we assurne that thereexists another sorution y* oi equatio'(1) in (J(xs,R), Trre'using (27) for

we obtain

(r x -y *)) - o.F(-i¡,.r0 
) + ô,a(ro,.ro )_ôr1"_,, 

"o 
))]0,// <

,ll
-. J[r' (þ, - (t* + r(¡* -,, -))||) - u,, (o) +

0

+*r(ll,o-(t*+t(x*-f))ll)-"2@)+w,(t¡)_w,(o)]ar<
1

< J[', ¡1r - r ) R + n 
) + w r((r _ r)n + 14 

) + u,, (r¡ ) 
_ r", (o)þr <

Q9) <wr(n)+wr(n)+w1(6)<! since a>0,

lloio'1ro, 
ro*, ¡- 

t orlr-,,a )ll

* 
llorl'-,,'o )-'(c('o*, ) - G(*o)

Jllai''1r--,, "o )-t 
(aia1'o + t(x on - x ¡), x ¡ + t(x 

o *, -, t )) -
0

-õF(x¡-1,x¡)Xro*, - + )llar + (r, (r¡,*) - ryQ))
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where we also used the estimates

llx6 - y * -r(x - -r I)l = ll(r - r)(x6 - y *) + r(x6 -.r *)ll < (r - r)n + rn,

1

Itnow follows from (29) that the linear operator 
JF'(,v 

* +t(x* -v *)Fr is

0

Itnow follows from (30) that the linear operator 
I f, (x*+t(x,*' _;r*)þl is
0

inverlible, and

(3 1)

ilti
F' (x* +t(xn*, - r *)),'] ô.F(.r-1,.16

I_<
ol,¡-

I

invertible. By using the approximation (if G: 0)
2

a

where,

F(r *) - G(y-) = J 
F'(y* +r(.r * -y *)Xr * -y*)dt,

q),+t
t-r

fJfrt((t-,1 
r0- r* +t xo-xno7l)+wr((t-t)þo-,r* +rll",,*r-xo l)+r,(,,0)]]ar

0

we getx* 1y*, wlúch shows that.rx is the unique solution of equation (1) in u(-ro, R)

Using the approximation Fufthennore, using the approximation (if G: 0)

x,+\- xtt = x* -r,4 (or(rr-1,r,)-1ôF(-r-1,t0))[or1t-r,"0)t((r(x 
*)- F(-r,,)-

-ôF(x,,-1,.r,Xt * -tu)) + (c(." -) - c(¿,)))]

F(x,,*r),-F(x*)=
I 
r' (x* +t(x,*, -.r*))dr xu¡1-x*),

0

relations (21) and (31), we obtain

estimates (16), (17), and the triangle inequality, as before we can show lh r r-r ll

ll¿,;, -'1=lll Jr ('-*'{ x,*, - x*))dt I ar1"-,,"0 
{||þof,_,,,, )-'.("*, )ll=þo .i 
ll'

qV n+l qV n+l

Qn+l a '

wlrich shows (22) for all n>0.
That cornpletes the proof of the theorern,
Remarks. (a) Let us assurne that kr: k, on [0, R], Then we ca' crroose

ll¿,., -',ll < ll¿, -' -ll *f ,

which shows (23) for all n>0.
Moreover, from the estimate

1,

j 
lþ",'-,, "o )- 

t 
(r' 1" 

* +t(x u*1-' *)) - ôF(-r6, -rs Xar('r6, -xs ) - ôr'(;r- 1, :us )))lþ, .
0

= i[ *(|''o -'oll + 
ll-r 

- -r(-r * +r(¡,,+r - ' 
-))ll)- w1(o)+

+rr(0.ll* - (x* +t(x,,*1- 
" 

-))|) -,,r@)]at+ w1(r6)<

hr(r)=trrçr¡= sup "-,,"0 )-1(õF (x, y) - õF (z,z)

x,y,zdJ(xs,r) -41

=iI ]u,

and

,t((r - ¿)& + tR)+ wr((r- r)nr + rnt)

. lrr(n')* rr(&)+ w1(i¡)] < t,

,-r,*o)-t (G(r)- e(y)

(30)

since a>0.

\(r)= sup
x,ydJ(xsJ.)

Relations (3) and (a) will now follow above choices of k' k, and k,
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(b) Let kr: kr: c, for somg g>! gn-[O, R] and G: 0, Then our results can be

reduced to the-oneS obtained in [3], [4], [6]'
(c) Let G:0. Bychoosing erandQ.rasin(a) above, wewillhave kL?):kt(r)

< fr on É0, Rl, where k > O is the uiual Lþschitz constant appearing in (3)'

tlús conáition can then ow that our results on the.distances

ll.lr,,*, --r,ll and llr^-* corresponding ones in [3], [4], [6]'
tt 

" 
¿eøiiö are left to the also [1], f2l,l5l,Í71-l9l forNewton's

method),

(d) Similar results can be proved if in (3) and (4) llt - rll,lly - zll and llt - vll

are replaced by Hölder-type conditions of the form ll'r -"ll',lly-zllo and

llt - yll', respectively for p e [0,1] (see also, [1], [2])'
(e) Estimates (22) and (23) can be solved explicitly for ll-T,,*1 --r*ll and

llr" - r 
*ll respectively, when for example kr(r) : crand k (r) : crfot some positive

fixed constants c, and c, on [0, R], Relation (22) will then provide an upper bound

on llx,,*, -:r 
*ll, whereas (23) will provide a lower bound on ll-x,, - x *ll for all n>0.

(Ð BV Q6) itcan easily be seen that a stronger result can immediately follow

ifby rnaking the appropriate changes the estimate ll*o - ,ollr ro - rs is used instead

of jl.'-¿ - 
"o 

ll< r¡ for all lè0 in the proof of the theorem.

(g) The uliquences of the solution x* of equation (1) in U(xo, i?) was

establislred only when G: 0 on D. We assurne that G+0 on Ð and define the

iterations

and the function
r

rr(r) = r + 
! 

(w r(t) + w r(t)) or - w1 (6 )(s1 - s6 ) + w3 ( r 
) - w¡ (so ).

.r0

!n+t= |n-ðF (.x-1,.r6 ¡a(r(y,,¡+c(y,)), for any lo eU(xo,R1) n>-0

2,,*1= z n - õF(t-,,x0 )-t (r (2,,)+G(z r)), zs = xs,z- 1= x-1 n> 0

,t0

s,,+1 = sn + 
J @r(t)+ *r(l)þr - w, (6 )(s, - s'-, ) 

+ ra" (s" ) - rn5 (s,,-¡ ) n ) I
J'rr-1

s-r =0, 
"o 

=llyt -yoll, s, ="0 +lþrr-.rrolf

lg

t n+l = t n + 
J fu 

'(t) 
+ rr( l) 

) 
or - w, (ro )(t' - t'-r) + wr(t') - w r(t 

"-r) 
n>0

tn-|

Moreover, we assume that in addition to the hypotheses of the above theorem,

there exists a minimum positive trutnber R*, such that

r,QRi)<Ai,

and õ")o n)o'

Then as in the theorern above, we can show:

(i) the sequence {s,,} r>-l is monotorúcally increasing, whereas the sequence

{r,,) tù-I is monotonicälly decreasing and

lim s,,= lim 1,,=ì?1*<'R1 ana 1't(nt)<nt'
It-+@ ' n-+@

(ii) the sequence {2,) n2-1is well defined, remains in z.r(.rro,R]).for all n>-0,

and converges to a soluìión z* of equation (0), wlúch is unique in U(:ro,,R), with

z8: .x*,
Moreover, the following estimates are true:

ll",' r,,-1ll< t,, -su-1 ii) o

lla,-'-ll<nï -s,n)o

and

ll", - Y'll'" - "" n) o'

The colditions on the sequence {ô,,} canbe dropped if we define the sequences

' ',|,

",*r 
= 

J $'1þ)+ wz(t))'l r -'v, (6 )( s,, ) + la'3 (4, )'ss = llvl - ls ll " 
> 0

0

_ ,,|,

4,*r = J(ri(r)+u2(r))dr- 
v'r(l)(t,)+wt(t,'),"0 </0 <R

0

instead of the sequences {s,,} and {1,} respectitptv J4g conclusions (i) and (ii)

will then also follòw for the'uew seqúences {s,, } and {t" } n > 0'

Moreover, the following estimates are true:

J, -Sn-l (^ç, -S,-l
and

t, - sr l l.u -Su fot a'lt n> 0.

f-l=R, s6</g<4

ð,r --

tp sp

[(*r(,)*,r1r¡),rr- J(W1 (t)*,, (,)

tp

)ar - J(,, (r )+ wr(t))at -
4-l sn-1 Itt-1

- rr (ro X"r-, - 1,,-, ) + w3 ( s,,-) - w t(t r-) * t n - s, n20
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REMARKS ON THE CONVERGENCE
OF THE NEWTON-RAPHSON METHOD

VASILE BERINDE

(BaiaMare)

l.INTRODUCTION

Received 15 lY 1994 Canrcron Utíversiryu
D ep aúmen t of Math emati cs

Lawlon, OK 73505, U.S.A.

In this note we are interesed in completing some results conceming tlìe
convergence of the Newton-Raphson method for solving a scalar equation f(x) : 0,

when conditions involving only/andf' are required (t1l -t2l).
A classical result on the Newton-Raphson (or Newton's) method is given by

the following theorem (see, for example, [6], pp. 128).

THEoREM 1. ¿el f. [o,bl-+R, a1b, be a functíon such that the followirtg
conditíons ore saîisfed

(f ,) f (").f(¡).0 ;

(fr) f eczla,bf and ¡'(x)' ¡"(x)+ 0, x ela,b].

Then the sequence (t;,) defi.ned by

(1) Ín+l=ln "f(,,)
f'(r,) ,n)0

converges to u, I,he unique solul,íon offl.rc): 0 ín fa, b),for each xoefa, bl satísfyíng

f@o) f "6") > 0 and thefollowing estimatíon

lr,, - "1, hlx, - x,-112, rr>L

holds, where

mr= q\rlf'(x) | and M 2= ryahl"t"(x)|.

Theorem I is very convenient for practical purposes but condition ([) is too strong,
as shown by


