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l. Let 
^Sbe a nonempty compact set of IR¿ andletf: (ft,..,f;r^g _+ IRp be a

continuous p-vector function.

.I'this 
paper we consider the vector optimization problen

(p) -v_minl.r)
subject to.reg

denoted briefly as v-min (f,,1),
Evidently, eachcomponent{, ie {r,..,, p} of/defines a separate optimiza-

tion problem

(P,) . Pinl(-r)
subject to ¡e^9.

Let
(l)
a)
and

(3)

m,: min {f{ù l.re.S} , ie {1,.,., p},
s¡: {¡e,s I f@): m¡}, íe{t,..,,p},

p

,so = 0{.
j=l

I

Evidently, each set 
^Sr, 

í e {, ..., p} is no'empty, but the set,So may be empty
Example l. Letfr,fr: lR2 -+lR be defined by

f1@y,x):xtix2, for all (.rr, xr) e IR2

and

-f2(x1, x) = xt - xz for all (x1, x2) e R2 ,

and iet^t: {(¡r,.r2)elR2 I O <r, < 1,.0 3xr31}. We have mr=/(0,0):0,
m2:f(O,I): -1, Sr : {(0,0)}, Sz: {(0, 1)} and So: Sr î Sz: Ø.
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DBrrNruoN r. vector optimization problem v-minffJ) is said to be
balanced (see_[2]) if the.set.s.o is nonempty; otherwise, it is calied unbalanced.

The set ,so is called the globar optimal soiution ofbalancrd p.obb- ;;i" Ø Ð.
Remark l- Let .9 be a nonempty compact convex set of rR,r and let

DprnlrroN 2.LetM bea
said to be increasing if for all u,

_ Evi{ently, if^F:,(^r'r,...tFq
je { 1,,.., q} is also an increasin$-

THE.REM 1. Let -F ;rRp-+Rs be a ncreasíng function. If pro blemv-min ff s)
ís balanced, then probleru v-min(Fo j] S) ís alsá babnced.

Proof, Problem v-min(/.s) being baranced, there exists a point.r0e 
^s 

such
that-r0e ,s, for alr ie{r,...,p}, i.e.¡qx\2¡(-r) for all.rE,s. since the fi¡nction,Fis
increasing, it follows that F(f(x')) < F("fþc)) for alr -re ,s; this means flrat problern
rrnin (F. "f; Ð is balanced.

coRoLLARy l. Let A=[a;J erRsxp be a matrix with ail erements posítíve:art>0þr all íe{7,,.., q}, jetl,..., p}, and let Ai, R;';'F.s dertned b,
(p p I

'er(x)=llq¡*¡,...,i oø*¡|t, for au ¡ erRP.
U=r j=t - )

Ifproblem v-min (f, s ) is bala:nced, rhen problem v-rrin (A F " -f, s) is also balanced.
Proof. Apply theorem l lvith F: AF.

convØc set of Rt and let

::li;'i;;:r,r;r;Å{,;;¡r{t

(1) 
n+t

Ps,r 
*ø '

Proof, For each íe{1,,..,p} we have I $*>=rzr}. Since the fi.rnc_
tionsfr,
Helly's i;! "tt 

convex' Now' using

2.

(4) SR,i: {.xeS I rt@)<m,* r}, ie{|,..,, p}

i=t
Evidently, each set SÀ" 1,..., ffr,p is nonempty, but the set,SR, may be empty.

For example, for the flrnctionsfr , f2 a'd for the set ,s from example r rve have

skt/qJ = f6r,*r).n2fr1 * xz 3 rl 4, 0s.r1 I t, 0 < x2 <l] + Ø,

+z={(xt,xz) .*1" -)c2<-3/4,0<"r <1, 0< x2<l+ø,
but ,SRya = ^SA ya,1l-ìJR uq,z= Ø.
If we take r.:1, then

^sÀ1 = {Ø,*r).n2ft1 rx217, xt-)í230,0s.r1 <1, 0 <x231*r,
nrizationproblem v_rnin (/;J) is said to
rwise, it is called r_unbalanced.

lution of róalanced problern v_rnin ({ ó).

vlce versa, s also r_balanced for any r > 0, but.nót

and

(5) SÀt
P

llr ,,,

If we take

'= i'å'.?S ÍQ)- ff ïå rtG) ,

wfele I:-{l:....,.p}, then Sl?':,S so that for such rproblern y_min (Í^S) isr-balanced, This justifies the fô[owing definition.

DBrrNltloN 4. The real number

(6) ro = mirr{r > OlSn, + ø}
is called (see[2]) the balance nurnber of the vector optimization problem rz-min (f; S).

THEoREM 3. Let S be a none
f = (û,'.,,fn) :^9 -+ RP be a con
.fi,...,-foconíex. Let r> 0. Ifp> n+

onty iffor all i1,..,ín+t e{1,..., p} we have fir4,,r * a .

k=1
The proof is similar to the proof of theorem 2,

TueoRBtrl4 Fo).,5P + lRr be a co dd.íti.ve,
homogeneous, inc wIîn p (1,,,.,1) 

= 

(lt.,l If pro_
blem v-min(f ; S) un probi"m i-í^"'fi;"¡; tanced.
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Proof. Because y-min (/; Ð is r-balanced, there exists .¡oe^g such that

(7) ft(*o) 1mi+ r, for all i e {1,..., p}.

For eachj e {1,,..,q) there is ¡i e 
^g 

such that

(s) F j'f Qcr): min {Fj'f (x) I x e S) : M,.

Because,F is increasing, in view of (1), we have

(9) Fj.f (xr2F¡(m1,..., tno), forallj er1,..., q\.

On the other hand, since F is increasing, from (7) we get

(10) rr.f(x0)3Fr(mr*r,..,m0*r),forallj e{1,.,,,q\.

But F is subadditive, homogeneous and F( 1,..,, I ) : (I,,.., 1). Then

(1 1) Fr(mr*r,..., mo-rr) < F¡Qn1,..,, mo) * r, for allT e {1,..., q) .

From (8)-(1 1) it results

Fj'f @\ <Mj+ r, for alli e {1,..., q}.

Hence y-min (F"f ;5) is r-balanced.

coRoLLARy 2. Let A : I! ul ! lRøv be a rhatrix with all elemeiiis positive
ar> 0for all í e {7,...,q}, j e {1,i..,p), and

ail t ... * o,o I for all i e {1,,,., q\,
Let AF: IRP -+ Rs dertned by

(zpl
,nn(x)=lI ouxj,,.., I os¡*jl, for all ¡ e R.p,

\.j=t j=l )

and-letr>0-.Ifproblernv-min(f;Ðisr-baranced,thenproblen¿y-min (AFr¡;g)
is also r-l¡qlanced,

Prqof. Appty theorem 4 with F : AF.
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