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l.INTRODUCTION

A. F. Timan [13] improved the well-known Jackson theorem about the order
of best approximation of continuous functions.

This refinement means that for continuous functions f ,f :I +lR where

f : = [-t"t] one can find a sequence of algebraic polynomials p,, of degree < z with

the estimate for all x e I :

lr{ò- p"Q)l< c r¡ {f ;t,(r)),rz eIN

where C is a constant independent of/and n, L,,being defined on 1by

n,,(r),=Ç* 
rL , nelN,

and

'r(/;ô):=sup {l¡(' * h)- f@l; l{ < o , x,x+ he r}

S.A. Picugov [11] and H,G, Lehnhoff [8] showed that for the case of arbi-
trary continuous functions Timan's theorern may be proved in quite a sinrple.way.

Furthermore, they also provided small constants and hints how to construct avai-
ety of operators which are as powerful as the special examples considered by them.

Jia-Ding Cao and Heinz H. Gonska in [1] proved the follorving result:

Let n > 2, rn(n) e lN and c' n < nt(tr) 1 c rn. Let A rbe a sequence of positive

lilnear algebraic poþomial operators mapping C(,1) into ll,6¡ and satisffing the

next conditions:
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(i) A,(¡x) = r'

(iÐ A+r(t,r)- x = (rnx r þr, where úr,þn = 0

2.ÄUXILIARY RTST]LTS

Let Prbe Legendre's polynomial of degree n with
(2) P,(l): t, n e lN.

It is known that for any n e lN there holds

(3) P,, (-l): (-1)'

(iii) u,(Q - *)' , ,) = ,(i
Then for allf e C(I) andx e { we have

(r-,') Ia_t14

l+iU;a- r@lsc,"2lt,+)
[ ')

where

¿iU ;ù = A,(.f :,). 
{ ; 

(.r + r) [¡(r) - e,(¡ ;t)] +

+ (, -'r 
frr-'r- 

n(r,-')]Ì
But the operator { is not positive.

h [7] H.H. Gonska and Xin-Long Zhou posed the following problern:
One can construct positive linear operators Lr,

(4)

and B ernstein's inequality:

lr,@l<1, x e r

(s)
lP,(') =E +tr-*r)-'' ,xer,[z])

Then
Lpuvn 2. 1. (S. Bernstein [I0]). Let P denote a polynomíal in x of deg.ee n.

P' x n
(6) , xe(a,b)

max
x e[a,b)

)c x- o)

Lpvva 2.2, For x e I we have
L, : c(I) -ff,,1n¡

(7) r - P|,-íx) ,! çzn ,(+- arcsin2 ,) , , .nv
which satis$ the following condition:

(r)
It@ - t',(t;*)l r Ko 

1

t,

Proof. Let us observe that it is sufficient to prove inequality (7) for x e [0, I ]Forx e [0,1] we have:

, xel?
(8) r- Pht þ)<z [lr,r,_rç¡l at

In [3] we showed that we can construct positive linear operators Lr,

Ln : c(I)-+lL^þ)

which satisff the following inequality:

lra) - 4,u;ò13 Kollt,E)
( ')

hr this papgr we show how we can conshuct positive linear operators z, which
satisfy the inequalify (1).

From (6) and (8) we get

(e) r- Pht þ)<z
But we have

x

[f --*'"')e"-rl

(10) t=?
TE

(a * u'".i,,'), 
".[o,r],

From (10) and (9) we obtain (7)
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Lnuve 2.3. There holds thefollowing inequality: TsBoRBv 3.1. If Tnis defined as in (I4), thenþr n e lN v'e have:

(l l) r- P],-t Q)<zn.(zn -r) Jt- ;,
(1 5)

where

lr(ù-r,(-r;*)l<z ^'
L"(*)

n
Proof. For-x=sin r, I e 0

l9t we obtain

)).,(tz) t--¿r"rin2 -+,t;= =+- 12.-n2r,"(; -;)
From the inequality

sln
(16) d^,6=J t 1 ( 

".--2:--\*q(z' 
- t),o,(') 

( ( - **r,r,'1.I n(zn-r)) rn [.4 "-"*-l
Proof.In [12] T, Popoviciu has proved that an arbitrary positive linear

operators H,,: C(I) -+ C(I) with Il, (1;-r) : l, x e I, satisfies the inequalify:.2slnJ)-ï,.ve
n

0
TE

2 (17)

We have

(1 8)

ItØ- H,(.f ;*)l<2. t(f ;H,) (þ-{;')
and from (12), (7) we obtain (11)

3.,{ METHOD TO CONSTRUCT F'OR TIIE POSITIVE LINEAR OPERATOR
wHrcH SATISFY INEQUALTTY (1)

We consicler the positive linear operators 2,,,

r"(1, - 'l ; r) =(r - e],-r(.:-)) L,(lr - "l ; 
x)+ p],_1(')(r - "2)

From (13), (7) and (5) we obtain:

(1e) r- Ph-tQ)r,(lt-'l;-")<c + .
L,,:c(I)-+fI,(,), netN

for which we have

l-- 1 / \, Ln(l'- 4; ù<c ++ * o,Y)
(13) n n'

Lr(r;x) = 7, x eI ,

where c is a co stanflndependent of ¡ and n,(1,, e c(l) and there is a constant
M> 0 such that

ll"Àl=u,n en.I.

n2_ _ arcsrn
4 '.)

and

(20) Ph-I(x)(r-,)r1 l- x2

2n-l
Frorn (18), (19), (20) and (17) we obtain (15).

THEOREM 3.2. If T^is deJí.ned as ítt (I4) then there exists a constant K inde-
pendent of f, x and n such that (l) holds.

Proof. From (16) and (l 1) we have

we consider the positive linear operators 7,,, n e \ which for every function
f e C(Ð is defined by

(r4) rn(r;')=(r - p],,-t¡))U(f ;,)* ,?,r@)(T ¡0)*? O-r),
xeL

Q1)

where

4Q)<J:-F '11

Kr=4nA+C+!

From (21) and (15) we obtain (1),
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4. APPLIC,A.TIONS

In [9] A. Lupat and D.H. Mache have introduced the sequence Ln: C(I)+ lI,,
of positive linear oPerators for which we have:

Now we consider the operators T,,: C(I)- ffr,-,
A description of operators 1- is :

For every fi.'rction/e c(1) and anf natural'rmrberr the operator f, is defined by:

Q7 ) r,, ( f ; *) = (t - 4,,- r( *))G,, -1( f ; x) + rr2, -lA(| t tr I. ? f f - t ) )
THEoREM 4.2. I.f Tnis defined as in (2), thenfor, e lN we have:

6 'l Positive Linear Operators

lf(*) - r,,(¡;.r)l < i:s',

115

(22) L,(1, - *l;*)<"2
n 2n

l- x2 l'l

(23) r,(-f ;,)=(1 - PhtQ)) r,(f ;,) + Ph-tAlff r(t). ï/(-t))
We consider Tr: C(I) - ll 5n-2

Tneonsu 4.1, Forf e C(I) we have

(24) lrØ- r,(f ;,)l<ztz*t

+ , xel

l- x2

n h'oof. From (26), (17) and (11) rve obtain trrat trre coristantKf¡orn (1) is < l3g.
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operator G,r1n¡is deJìned bY 

Íc

(zs) G*Ø)(f ;t)=* It.;xs(arccos 
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**ç¡(r) = **"!o o,*ç,¡ cos Ë v: v el-n, n]

If K-(r)is the Fejer-Korovkin kemelwithm(n): n-l in [5] H.H. Gonska showed that:

(26) c,-t(lt-rl;r)=!rn'(#.#r)
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