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1.INTRODUCTION

A. F. Timan [13] improved the well-known Jackson theorem about the order
of best approximation of continuous functions.

This refinement means that for continuous functions f, f:/ — IR where

I= [—1,1] one can find a sequence of algebraic polynomials p, of degree <n with
the estimate forallx € /:

/(%)= Pa(x)| < C 01(f;8,(x)),n eN

where C is a constant independent of fand n, A, being defined on /by

and

@1(f;8):=sup {If(x+h)—f(x)| Y Ih]sﬁ , x,x+he I}

S.A. Picugov [11] and H.G. Lehnhoff [8] showed that for the case of arbi-
trary continuous functions Timan’s theorem may be proved in quite a simple way.
Furthermore, they also provided small constants and hints how to construct a vari-
ety of operators which are as powerful as the special examples considered by them.

Jia-Ding Cao and Heinz H. Gonska in [1] proved the following result:

Letn>2, m(n) € INand c:n < m(n) < ¢ n. Let 4, be a sequence of positive
lilnear algebraic polynomial operators mapping C(]) into [T o) and satisfying the
next conditions: '
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(i) 4(x)=1;
(ii) 4,(t,x)-x=a,x+pB,, where a,,B, =0 (—12—]

(i) A,,((t ~x)?, x) - o,[ - (1-#) + i4) .

n n
Then for all f'e C(I) and x € I, we have

n

[45(73%) - (2] <o [f; 1]

where

A5 = l53) + 1 6D [70)- A, 0750]

(-5 {f(—l) - An(f ;_1)]}

But the operator 4 is not positive.
In [7] H.H. Gonska and Xin-Long Zhou posed the following problem:

One can construct positive linear operators L,
Ly:c(l)->] ] )

which satisfy the following condition:

n

: .
M lf(x)—Ln(f;x)[SKml(f; i ], xel?
In [3] we showed that we can construct positive linear operators L,

et c(1)—>]—[,'n(n)
which satisfy the following inequality:

|/(x) = L,(f;%) < Kml[f; 3 1;sz |

In this paper we show how we can construct positive linear operators L, which .

satisfy the inequality (1).
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2. AUXILIARY RESULTS

Let P, be Legendre’s polynomial of degree n with

) P()=1,neN
It is known that for any » € IN there holds

€)) P, (-1)=(-1)
“) ,Pn(x)l <L xel

and Bemstein’s inequality:

) Ry 2 (1= xer, ().

LEMMA 2.1. (S. Bemnstein [10]). Let P denote a polynomial in x of degree n.
Then

P'(x)

’ n
6 < A xe(a,b).
& max [P (b= 2)(x—a)
LEMMA 2.2, For x € 1 we have
2 4 i 2
(7) 1- P y(x) s—=(2n-1) ¥ —arcsin“x |, nelN,
T

Proof. Letus observe that it is sufficient to prove inequality (7) for x e [0,1].
For x € [0,1] we have:

1
®) 1= P, 1 (%)<2 [|Pyos (1) dr.
From (6) and (8) we get *
%) g2 (x)SZ(g —arcsin x) (2n-1),
But we have
(10) 15£(E+arcsinx) , xe[O,l].
T\ 2 - ,

From (10) and (9) we obtain (7).
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LEMMA 2.3. There holds the following inequality:
(11) 1-B 1 (x)<27-(2n = 1)1~ 52

Proof. For x=sin t,t € [ :l we obtain

2
(12) n——arcsmzx—n— 1- x? ——t2»-1t2sin E—i)sin E-+-i 2
4 2 4 4 2 2
From the inequality
sinxzzx,xe[O,E]
T 2

and from (12), (7) we obtain (11).

3.A METHOD TO CONSTRUCT FOR THE POSITIVE LINEAR OPERATOR
WHICH SATISFY INEQUALITY (1)

We consider the positive linear operators L,

I)—)Hm(n) , nelN

for which we have

2
, L(t-; 5)sc Y= @)
(13) " %
Ln(l;x) =1, xel,

where C is a constant independent of x and ,a, € C(I) and there is a constant

M >0 such that
”a,,“ﬁM, nelN.

We consider the positive linear operators T,, n € IN, which for every function
f e C() is defined by

1+x

09 1, (7i2)=(1- a0 2 (£ B ) 5200+ 52 1),

xel,
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THEOREM 3.1. If T, is defined as in (14), then for n € IN we have:

(15) OB AT B ml(f; A’f_’C)J
where
—Da.lx 2

Proof. In [12] T. Popoviciu has proved that an arbitrary positive linear
operators H, : C(I) - C(J) with H, (1;x) =1, x € I, satisfies the inequality:

17) (%)= H,(f3x) <2 01(f;38,) (x-1; %).
We have
(18) L= %)=(1= Bt (0)) L, (1 - o] s %)+ PR, (®)(1-x%).

From (13), (7) and (5) we obtain:

' 1-x*
(19) 1—1-’22n_1(x)Ln(|t—x|;x)SC —
=1 A Ftely Ty
-|-Ta,, ().)[4 arcsin® x
and

241-2

(20) By ( )(1 ’“) -

From (18), (19), (20) and (17) we obtain (15).

THEOREM 3.2, If T, is defined as in (14) then there exists a constant K inde-
pendent of f, x and n such that (1) holds.

Proof. From (16) and (11) we have

2D An(x)SVI—xZ K

where

K1=4ﬂ:M+C+i
R

From (21) and (15) we obtain (1).
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4. APPLICATIONS

In [9] A. Lupag and D.H. Mache have introduced the sequence L,:C)-TI,
of positive linear operators for which we have:

2 v‘l—x2+

(22) L,(t -+ ;x)sm G Lizl , xel.

We consider T, : C(I) — H5,,_2 -

@) 1,(£9)= (- B () (fi9)+ Foca (0]

1+ x

S+

I;xf(—l)).

THEOREM 4.1, For f € C(I) we have
12

(24) |f ()= T(:39)]s2720, | 1 T2

Proof. From (22), (17) and (11) we obtain that the constant X from (1) is < 272.
Let Gm(") be Lehnhoff’s operators (see [8], [S]). A description of the opera-
fors Gm(n) follows in

DEFINITION 4.1, For every function f € C(I) and any natural number n, the
operator G, Is defined by

(25) Gou(n) (f:1) :;Ir- jf(cos (arccosz+v)) Ko(n) (v)dv

where the kernel K, u(r) is a trigonometric polynomial of degree m(n) with the fol-

lowing proporties:
(a) K, Is positive and even,

(b) TKm(")(V)dV::ni.éG’n(n)(l;x)=1 forxel.

For each f'e C(l) the integral Gm(n (f;-) from (25) is and algebraic polynomial of
degree m(n). Moreover, in view ot) (a) and (b) one has _
m(n)
Kon)(V) =5+ 2oPhm(n) 08k V., ve[-7,7]
i k=1
IfK,, ) i the Fejer-Korovkin kemel with m(#) = n-1 in [5] H.H. Gonska showed that:
mn

12,

1
(26) Gn—l (It - xl;x) SEE e (n » 1)2
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Now we consider the operators T,:Ch)—> Hs,,_3

A description of operators T, is : _ _
For every function f e C(J) and any natural number » the operator T, is defined by:

(2’7) T, (f;x)=(1—P2211—1(x))Gn—1(f;x)+P22n—1(x)(HTxf(l)+l_;£f(_l))

THEOREM 4.2. If T, is defined as in (2), then for n € N we have:

\J'I—Jc2
n

-1, (735138 04 7
Proof. From (26), (17) and (11) we obtain that the constant X from (1)is<138.
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