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In our opinion these numerical experiments underline thesuperiority of the
spectral method of Chebyshev-úau type on the finite differences and finite ele-
ments rnethod in solving singularþperturbed t.p.b,v.p. of course these numerical
resuljs a1e important in starting numerical procedures forunsteady variants of (1. 1)
and (1.2) and they encourage us to go on to multidimensional piobletnr.
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I.INTRODUCTION

The aim of this paper is to find some silnple criteria of tlie existence and
uniqueness of the non-negative solutions of the following problem

l-nu*cu2 -B2u=,S(r), r €o
(1) {

I u=0, x eKù

where O is a bounded domain in R" with boundary ôÇ), c aîd 82 are positive
(physical) constants and S(x)>O, .re O (the source term) is a given fulrction.

We shall use a straightfonvard analysis based on Schauder's fixed point prin-
ciple for existence and comparatively, based on the Banach's contraction principle
and on a generalized lnaximum principle for the uniqueness.

This problem is also considered in [1]. Our analysis is sirnpler than that and

consists in finding bounded solutions as 
"4/ell 

as positive solutions. Sirnilar pro-
blenrs are also available in l2l, The integral fonnulation \rye will carry out opens

tlie possibility of a numedcal approxitnation [3]. Problems like (1) comes from
nonlinear diffusion theory ancl some pliysical insight into tirese problems could be

found, for example, in [1].

2. EXISTENCE

For the sake of simplicity, let us denote the nonlinear (quadratic) tenn in the

left hand side of (1) t y W 0
Wirh thar l"(r) = cLt2 - nzul, O)becomes
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Q)
ÁV= ¿('g¡-S(r), .r €O

V=0, x eK).
J 

c(", 
") 

hr(,($) - M] d" < 
J 

c(', 
")[N(,(4) - 

s(s)] os <

(6)
O O

< Jc(',")ln(a(s)-,r]0", vu e c(o), V.r e f).
If y is a solution of (r), y e c2(o)ft"(rr), then ry is a sorution for rrre

following nonlinear integral equation

(3) v(.r)= - Jc(,,")[ar(vq")-sþ)]0".

c)

Frorn a physical point of view, the nost irnportant case appears when

(7)
^,=r.O

r

I

l

Convers ely, if Y is a solution of (3), y e , and i-s sufficieltly This will be the case we are dealing with.
By sirnple manipulatiotts, and taking into account the sign of G(x,s) and

N(z(s))-^S(s), rve havc

I oQ,")[¡¿(r("))- r,]0" < [rø1nt -,nl,ni' icl'- 
")¿',

o 
' tl Jreol \'/

and

J 
c(', 

") lru(,(")) - M] ú. 
= it(or) - MlnryJ c(', 

") 
4".

O 'xeo 
fi

Let us denote by cr = n ax f C(r,")ds and by Þ = min f C(.x,s)ds and ob-

servethatø>oandP>0. xeofr xeofi

In order to fulfill (5), with inequality (6) coupled with the last two inequali-

ties, we are led to the following system for.Rt and Àr.

then Y is a solution of (1), Here G(¿") is Green's
regular,

The integral fonnulation (3) comes usuallyby applying
for Laplace' s operator.

the integral representiation of the solution of
the boundary condition in

for a solution of (3) in a subser of C(õ),
Poisson's eqnation. We are looking

ruamely

BR,R ={,.c(o) :t?1<u(x)<À2, xeO}

where olr=i^, our solutions are bounded by Rz (i.,. berong to the sphere
ö0,R2 

_c 
c\sz) rvhen R,:0) and they are positive u,hen Rr>0.

In order to appry schauder's fixed point principle we consider trre operator

r : c(o)+c(o)
defined by

(4) r (u)þò = - J 
c(", 

") [¡r(,(Ð) - s(")] a".

(8)
Þfru(nr; -urf<-n1

o-l x( n\- ul > - R.,
L \ L/ J LIt is rvell known trtat r is compact and co'tinuous rvrren 

"(õ), 
is the Ba_nach space of co'tinuous functions ò' õ witrr il* t.p"lå-*vïf unifon'conver_

gence. The only thi'g whicrr concerns us is trre ilivaria'ce óî B 
^,,^, 

Triis means

(5) f(u) e BR,,R, for all i.t e BRt,^2.

Let

rl < inf ^g(.r) and M > sup ^S(,u), 0 < tn 1 M,,ee- xee

be some bounds of S on Q. the following inequalify holds

Thus, lve get thc following result:

TgpOnnV L Consider ¡:rolslen (l). If the paramelers B2 and c, the domain
(2 and the source tettn S are such tltot lhe system of inecpalíties (7) and (8) has a

solutiolt R|, R,luitll 0..R, . R,.then p,obleni (I) has at least one continuous

solationu: f)-+ [Ã1, I¿2].

Remarlc 1. If O is a sphere of radius r in lR2 centred at the origin, a simple

computation þives us

!+tt z
4

a1r
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We end up with the following:

Tneonrv2.f /, ',2-r(b-o\t
B2 - zc R,.(b- "\" " 

"\ ' )
2)

then (1) has at most a solution in Bn,e,

Remark 3, The continuous dependence of the solution of (l) on the data

follows immediately frorn [5] p, 366.ihere orle oan find some more general results

on the colrtinuous dePetidence'

CONCLIJDING REMARKS

We have obt¿ined two indePenden

he nonlinear term is a third orderpolyno-
from that forN(,) quadratic. ln [6], for
with N(u) : u -' þz(x¡vt where g(x) is a

1 more comPlicatecl'
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.o,".T,liî;:::"9Ëij #i^;;;;||;i* where-R, and,R, are rrom the theore,n

We simply have

lr(u)(x) _ r(v)(x) 
I = Jo(o Ð l"(,r"i) _ N((Ð) 

ld"oro

ll, øl - r(")ll = 
2c u R2ll, _ 

"llwhere the nonn is the Chebyshev norm corresponding to C(O) .Thus, if in addition to (7) and (g) we have

(9) 2ucR2 <t
tlre solution u : A -) W, Rzl of (1) is unique.

s (7), (g) and (9) ¡educe to a system of

i"i:Ji, :i åiJ.ii:#î:å ä ?î"iåî
ain C) lies within a slab (i,e. flìere a.e twäparallel hyperplans at_distance tr_a), Suppose^!1all ,: (rr,, ..- , xr) e O we havexre (a,b).Let h,rhú&,*, be fwo sorutiãns of (1), Then ttre iottowrng identityhords

^(q_"2) 
_1"@1+u2) _a2l(u1_u2) = o.

Consider now the problern

(ro) !t"+h(x)u=0, xeo

I "=0, x eK)
ryh91e /, (*) : ß2 - c (u,
sliall prove that (10) hás
we get ut: u2. Irr order t
function tr/such that
(11) W(*)ro, xeo
(12) Ufi + n(x)ffi < o, x e f) .

Let Ll/(x) =7- p ev Qt-o) 
wrrere p a'd y are to be specified later on, we estimate

a.Il' + h (r) w < - w2eY?r- 
a) +(82 -zcR1)

arrdselectP=(82-kR)lf.Alsoweneedtoe'su¡e 
llt>0andsowechooseaysuchthat

rlre best value y is given 
"rt': å::j<,v2e-r(b-ù 

'


