REVUE D’ANALYSE NUMERIQUE ET DE THEORIE DE L'APPROXIMATION
Tome 24, N> 1-2, 1995, pp. 125129
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1. INTRODUCTION

The aim of this paper is to find some simple criteria of the existence and
uniqueness of the non-negative solutions of the following problem

~Au+cu* - B?u =S(x), xell
(1)
u=0, x e
where Q is a bounded domain in R” with boundary 6<, ¢ and B? are positive
(physical) constants and S(x)>0, xe 2 (the source term) is a given function.

We shall use a straightforward analysis based on Schauder’s fixed point prin-
ciple for existence and comparatively, based on the Banach’s contraction pnnc1ple
and on a generalized maximum principle for the uniqueness.

This problem is also considered in [1]. Our analysis is simpler than that and
consists in finding bounded solutions as well as positive solutions. Similar pro-
blems are also available in [2]. The integral formulation we will carry out opens
the possibility of a numerical approximation [3]. Problems like (1) comes from
nonlinear diffusion theory and some physical insight into these problems could be
found, for example, in [1].

2. EXISTENCE

For the sake of simplicity, let us denote the nonlinear (quadratic) term in the
left hand side of (1) by N ().

With that [N (u) = o - B Zu], (1) becomes
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@ {M=N(~P>~s<x>, xe0

¥=0, X e,

IfY¥ is a solution of (1), y € Cz(Q)ﬂC(ﬁ), then  is a solution for the
following nonlinear integral equation
(3) ¥(x)=-[G(xs) [N(¥(s))-S(s)]ds.
Q

Conversely, if ¥ is a solution of () ye C@), and is sufficiently regular,
then ‘¥ is a solution of (1). Here G(x,s) is Green’s furiction for Laplace’s operator.
The integral formulation (3) comes usually by applying the boundary condition in
the integral representation of the sélu_tion of Poisson’s equation. We are looking
for a solution of (3) in a subset of C(Q), namely

Bpr R, :{u eC(ﬁ) IR Su(x)< Ry, x GQ}

where 0<R,<R,. Our solutions are bounded by R, (i.c. belong to the sphere
By, © C(Q) when R;=0) and they are positive when R;>0.
In order to apply Schauder’s fixed point principle we consider the operator

T:c(Q)-c(q)
defined by

@) T()(x) =~ [G(x, )| N(u(5)) - S(s)] ds.

It is well known that T is compact and continuous when C (52, is the Ba-
nach space of continuous functions on & with the topology of uniform conver-
gence. The only thing which concerns us is the invariance of B R,&, This means

©) T(u) EBRI,RZ for all u EBR1,1c2 )
Let

m < inf S(x) and M > sup S(x), O<ms< M,
xeQ) xeQ

be some bounds of S on Q. The following inequality holds
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IG(x, s) [N(u(s))—M]ds < J.G(x, s)[N(u(s))—S(s)]ds <
Q :

(Gman) SiEE yr)

< JG(x,s)[N(u(s))—m]ds, Yue C(Q), Vx e Q.

Q i .
From a physical point of view, the most important case appears when
B

(M Ry

is will be the case we are dealing with. '
gl;'lssi\rsple manipulations, and taking into account the sign of G(x,s) and

N(u(s))-S(s), we have :

JG(x,’ s)[N(u(A)) - m}ds < [N(Rl) - m];rélg% jG(x, s)ds,
Q Q

and

JG(x,s)[N(u(s))—M]ds > [N(Rz) ~M] max IG(x, s)ds
Q

Q
Let us denote by o = max J.G(x, s)ds and by B = ;ne% J.G(x, s)ds and ob-
Q
serve that oo > 0 and 3 = 0. ® Q

In order to fulfill (5), with inequality (6} coupled with the last two inequali-
ties, we are led to the following system for R; and R,.

BIN(Ry)—m]<-Ry

8
¥ o[ N(Ry)~M]2-R,.

Thus, we get the following result:

THEOREM 1. Consider problem (1). If the parameters 32 and c, tZe gz’o]malz
Q and the source term S are such that the system of znequalz;zes ;:(7) and ( t)'n;czs‘us
’ 1 : i has at least one conti
solution Ry, R, with 0 < Ry < R, then probleni (1)

solution u : Q — [Ry, R,). g .
Remark 1. If Q is a sphere of radius r in IR? centred at the origin, a simple

1.
< r|—+In 21,
o, ;(4 )

computation gives us
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3. UNIQUENESS

We have already got T:B;, , —B
above. All we need is T to be aRggzntracgl(’)% epPRaggd By aro fronithe theoren
We simply have '

7)) ~7(v)(x)| < [ 6(a,5) V(i) N (v(s) |ds
Q

”T (u) - T(V)” <2ca Ry fu-v

where the norm is the Chebys a
I e yshev norm correspondi
Thus, if in addition to (7) and (8) we ha\?e R C(Q) '

©) 20.cRy <1

or

the solution #: Q — [Ry, R,] of (1) is unique.

Remark 2. F =0 i ‘e
kg l?arﬁi;iig ; l%r1}1_\’1;3lqu:—.1l1t1t:s (7), (8) and (9) reduce to a system of
princif:;etl?ilze:;ﬁm::-lg part of this paper we try to get a generalized maximum
0.7 ne(;ds 5 ascslu cne:s problem by a generalized maximum principle (see [4]
paraltel hypeios a;rgJ. ion that our domain Q lies within a slab (i.e. there are two
R 1stance b-a), Sgppose forallx=(x, .., x) e Q we ha

1€ (@0). 1> U €Ly g be two solutions of (1). Then the followil’;g identity holgz

A(ul—uz) S [c(u1+u2) —BZJ (ul—uz) =0.
Consider now the problem

(10) Au + /l(x) U= 0, xeQ
u=0, x e

where /1 (x) = B2 - ¢ (u; (x) +
hal 1 (%) + 1, (x)) and hence 0 </ (x) < B2 - Q
\Syl:glelzfvi thatI(IO) has a unique solution. Since botlE z?r -u aﬁﬁ]], J:’E ? 'We
iy’ 1 = Uy. In order to apply the generalized maximm!n E e WOt s
nction W such that PRI Re T uns
(11) W(x)>0, xeQ
12
(12) ) AW +h(x)W <0, xeQ.
Let W(x)=1- x14)
(x) pe where p and y are to be specified later on. We estimate
AW +h (x) W < — py2e0a-0) +(8%-2¢R))
and select p = (B2 - 2 1
elect pv= (B2 - 2cR, )% Also we need to ensure 7> 0and so we choose ay such that

B?— 2R < y2e71(b-a)
The best value y is given byy=(b- a)1/2. s .
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2
b-al
Y '2(7)

B*- 2cR1<(b;) e
2

5

We end up with the following:
THEOREM 2. If

then (1) has at most a solution in By . .
Remark 3. The continuous dependence of the solution of (1) on the data
follows immediately from 5] p. 366. There one can find some more general results

on the continuous dependence.

CONCLUDING REMARKS

We have obtained two independent conditions for uniqueness of the solution
of (1). The first one, (9), is in term of R,, the second one, (13), is in term of R, and
both depend on the geometry of £ and the parameters of the problem. For specific
values of physical parameters B and ¢ and for a given domain ( these could be
compared. Another important topic on problem (1) is bifurcation. We have already
obtained some results and it is hoped that this matter can be investigated ina deep

manner. The treatment of the case when the nonlinear term is a third order polyno-
mial does not differ in any essential respect from that for N(.) quadratic. In [6], for
example, the authors consider a similar case with N(u) = u - g2(x)u’ where g(x) is a
given function, but their analysis is much more complicated.
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