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APPROXIMATING ALGEBRAIC RICCATI EQUATIONS

IN INFiNITE DIMENSIONS
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I. INTRODUCTION, NOTATION AND ITYPOTIIESES

This work concerns the convergence of solutions to algebraic Riccati

equations:

(1.1) Ai,4, + 4,An - PhBhBi,Ph + C'l,Co = o,

to the solution P to the equation

(1.2) A*P+PA-PBB*P+C*C=0,

when {A¡}, {B ¡\, {Cn} are converging in the sense of graphto A, B, and C respec-

tively, q,üen fti0. Equations (1.1), (1.2) are relevant in feedback stabilization of

the linear dynamic sYstem:

(1.3) x'(t) : Ax(t) t Bu(t) , -r(0) : xo.

The main results assert that under suitable assumptious, the solutions to (1.1)

converge in a weak sense to the solution to (I '2), and u,, = -B I P,F , fo' /t small,

is a stabilizing feedback controller for system (1.3)'

An application to a control system govemed by a functional differential equa-

tion is given.

Consider three Hilbert spaces together with their nonns: (X,ll l|) - the state

space, (U,l .|) - rhe control space, ana (Z ,ll llr) - the observation space.

A; in ¡it1, G(M,a) denotes the class of operatom A: D(A) gX+Xwlúch

areinfinitesirnatgeneraton of Co-semigroups, {,S(Ð; ¿> 0}, satisffing llSir¡ll < ø
exp(ot), where Mando are real constants, M) I, r¡ > 0'



consider the following regulatorproblem: given the dynarnical system (1,3),
minimize the quadratic functional:

(1.4) r(u,x)= ffÚ c,A)l:, *1,ç,¡l')a,,

over all u e L2 (0, +g; LI) andx solution to (1.3) correspondi ng to u.
Related to tlús 9o1{ol problern, we consider the following approximatirrg

quadratic problem: minimize the functional:

(r 5) r¡(u,x¡)= l;(il c¡x¡(t)11'?, +þQ)1'z)at,

over all u e L2 (0, +co; (.1) and;ro solution corresponcli ng to u of the approximate
dynamical system:

( 1'6) x' ¡(t) = A¡ x¡(t) + B¡u(t) , ,r¡ (0) = .r-e ,

where å is a small parameter.
For the operators considered above, we make the followi'g assumptions:

(i) A, Ah e G(M,a), for all h, andthere exists Ào e C, nÀ0 > ; ;uch that:

(l .7) R(?,0; A)x -+ À(l"o;A)x , when /i ., 0, for all xe X.

(R(lu; A) is the resolvent operator associatecl to A, i,e,, Of _ /)i ,

q)_r, B¡, C, C, are linear bounded operators for all h, B, B, e J.(U,X),
C, C, e ?(X,Q, and:

(l'8) B,,u ) Bu,B*,¡ -+ B*xas å..0,

forallueUandxeX,

(l 9) C+ rCox -+ C*Cx,as år0, for all _r e X
(iii) (detectability)

. -]here exist K, K_o e 7lZ,$. linea¡ bounded operators sucrr that the operators
l,\ fC.1d An-.(,,CnF.enerate exponentially stabie semigroups, for all i. 

'-"-"
(r v) (unif'orm stabilizabi li ty)

Thereexists^F e?tX,U) aboundedlinearop dA+BF
generate exponentially stable semigroups, {5,,,n{ù; } respec_tivel¡ when /¿ is small enough, i.c,, ttrå¡é exrst tw
such that: 's'uuË', r'e', lrl9re exlst tW 1, ol , 

) Q

(i 10) 
llsr,o (r) II= ,rexp(-o: l), fo, an t>0,

(r 11) 
llt"(,)ll=rrexp(-o¡), for au r>0.

Under these assumptions, it is known (t2l) that the conhol problems (1.3)' (l '4),

and (1.5), (1.6) have unique optimal pairs (x*,ø*), and (x I , u I ) respectively,

related by the feedback laws:

(1.12) u*(r) : -B*Px*(t), u* ¡,(t) 
: - B* nPox* ¡,(t), t> 0' for allh'

where P. P, e 3{X) are linear bounded selfadjoint, positive operators, solutions to

the algebraic Riccati equations (1,2) and (l,1) respectively. We also have:

(1.13) (Pro,xo)= !rl@*,*), for all xs eX,

(1.14) (P¡xs,xs) = ito@'Í, ,li, ), for all xs e x ,

whers JandJ,,are givenin (1.4)-and (l'5) respectively, 'ro:-r*(0):x*¡,(0), and

(',') denotes the inner product inX
The detectability assumption (iii) ensures that the operators A - BB*P, and

At, - B hB* r,P ¡ Eeîerùte exponentially stable semigroups'
" íf A"."G(M,a) ano {3(r);r > o} is the semigroup generated by V, we

say that the operator 7, :satisfies 
the spectral determining growth condition

if(see [13]):
(r ls) 'o(3)= "(7),

,o(s)=,",{ry,,,0}
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where

2. MAIN RESULTS

The main convergence result is the following:

THEoREM l. Assume (i)' (ii), (äi) and (iv) hold' Then:

(Z1) Pn*o+ Pxo, weakllínXas h AÙ,for allxoe X'
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"(7)= {'"n{ni';i' '"(7)} ir. o(Ã)+ø
' |.-* otherwise

and o (7) Oenotes the spectrum of the operator 7 . Whenever 7 is the infinitesi

rnal generator of a Co-semigroup, then "(2) = 
to (3). The equality holds, for

exarnple, when (see e'g. [3]):

t;
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s elfadj o ínt, p o s í tive op erators, s o lutío ns
respectívely.

result was established in [9].
We shall prove a uniform stability..q:ul! using the ning

F 9*+ G,d.g ) c (r.rs) teils ril;Ë;;; tonc

iilliÏiï, .f iî tòo uv Ã ontv bv the kn pec-

We denote bv pØ) the resolvent set of the operator A, The uriform stabilityresult derives from the next theorem.

TueoRpv 2. Let,Ar: ZV) c. X _+ X be an ínfinitesiinal generator of aco-semígroup and {T¡) ê Et lruqu"r"" of rinear t"*iaia' ffi;;r;;;'";;.Assutne that:

L Ar+ Tosatísfy the s.d.g. condítíonþr all h;
2. A, generates an exponenlíally stable semílroup;
3 ' There qísrs ro e p(A ,) s. r' the resorvent operator ofA r, R(a.o; A 1) is compact;
4.T,¡ -+ 0 weakly in X as h\O,þr all x e X
Tlrcn A, * T 

h 
generate exponentiaily stabre semtgr-oups if hís smar I eno ug h.

ConorLaRy. Assume (i), (iÐ, (äi), and (iv). Suppose also tltar:

"o*rlTrr) 

There exists À, e p(A) such that the resolvent operator R(?"0; A) is

($ fhe operators A _ BB* 
hph satísfy the s.d.g. condítionþr all h.

Then A - BB*hPh genera.te exponentialry stabre semigroups íf h ís smail enougrt.
Tak'tngAr: A - BB*p and ro: BB*p - BB* rpoinTheorem 2 we obtain the

Corollary,
To prove Theorem 2 we need the followìng lernma, whicrr probabry is notnew, but we did not find any mention about it i'iit.*tur., ----'

LBtr¿tua. Let A, : D(A r) c X _> X be a ltnear closed operator and iT¡,| c V(ð
a sequence of linear bounded operators on x, Assume that:

"o*oÍ?rrThere 

acísts Lo e p(Ar) such that the resolvent operator R(?"';Ar) ís

(b) The sequence {T¡} is poíntwiseweakly convergent to 0, i.e.,
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Trx -+ 0, weakly ínX as h A0, for all x e X
If s(Ar) < 0 then t(,4t + Tù < 0 when h is small enough.

3. PROOFS

4
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Proof of Theoretn l: We know that the operators Pocanalso be defined using
the optimality system. Consider the optimality system corresponding to problem ( I .5),
(1,6):

(3.1)

ñ,' (r) = 4,r;,(ù + B¡,ai p ¡(t),t > o

p' nU) = - 4 pt,(r) * ci,cn fn(r), r > o

ö,(o) = xs , lirn p¡(r) = o
l_)Ø

utt"ol canbe defi'ed *trn 
o: - phe), forall xo e x.

We know that (3,1) has a unique solution (ú, Oo) , p¡ e L2(0, +oo; X) and:

(3.2) pt,þ) = -Pni,(r) , for all I > o

Let xrbe the solution to the system:

x'¡,(t): (Ar+ Bo!)x¡,(t), t> 0, x¿(0):.ns,

or, if we use the notation in (iv)

x,,(t): S¡,ft)xo , t) 0.

Tlren by (ivXl , 10) we deduce that Jo(Fx¡ox¡,) < +oo. Frorn (ii)(l.9) and the uniform
boundedness principle, we have ttrat 

llÇ,,11 
< c for all h and using now (1.14) and

(ivXl. 10) we obtain that, for all å:

(P¡xs,xs) 
= 

ñl\oll', xo e x
Thus we have:

(3.3) llPÅ = 
M for att h'

Relations (3.3) and (]. r+¡ yield that the sequenc* {r;} u"a {C¡,*i} are bounded
in L2 (0, +ø;(Ð and L2 (0, +*;Z) respectively. Hence, 

-oné 
can fi àd u ¿ L2 (0, +æ;Ø

such that:
(3.4) ui -+ t weakly in L2(0, +æ;Ø as l¡ A 0
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and also

(3.5) ,|Q) -+.r(r) weakly inXas h Al,for each r > 0
where ¡ is themildsolutioncorrespo'ding to r tothesystem (r.3).Ì satisfiesarso:(3'6) 

Coxi, -> G weakly in L2(0, +Ø;4 as h A 0.
From (3'2) and (3,5) we deduce that the sequence {pn4)}is bounded inxfor each/ > 0, and so:

(3'7) pt,(t)-+ Þ(t) weakryinxas hA',foreach/>0,
where Þ satisfies:

tt'Q)= -A* p(t)+C*Ci(t), 
t>oi.e., for some Z> 0 we have:

p (t) =s* (r - t) p (r)_ f"- (" _ t) c*c;(s)ds, 0 <t <r .

.HjÏìi:i;v {^t(r); r > 0} and {^sr(r);r > 0} the semigroups generared by A and A,
From (3.1) we have that, for T > 0 arbitrary:
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and by (1, t 1), p e L2(0, +æ; X).Thus, the puit @,Þ) satisfies the optimality

system:

r'(r)= erQ)+ BB*V(t),

p'(t) = -A* p(t) + c* c x(t),

t(0) =.x6,limp(l) = 0.
f_+@

The solution to this system being unique, we have that @-, ø) is the optirnal pair

(**,u*) for the problem (1.4), (1.3).

Hence p(t) : - Px*(t) where P is the linear, bounded, selfadjoint, positive

solution to (1.2). By (3,7) we have (2.1).

proof of the Lemma. we shall prove that, for /¿ small enough, we have the

following inclusion:

(3.e) p(A) cP(4+ rì'
Taking tu ep(A), we must show that the equation:

(3.10) ?r'c - Arx - T¡x:-f

has a unique solution for each/e X, in order to have (3'9). If we pùt y: Ìvc - Arx,
(3,10) is equivalent to:

(3.1 l) y - ToR(Ì';A)y: f.
From (a) we deduce that R(1"; l,) is a compact operator, for all-}. ePØ), not onþ

e täat the operator TrR(Ìu; lr) is also compact, for all

1) has a unique solution for each/e X one can use the

says that (3.11) has a unique solution if and only if
the equation:

(3.12)

has only the trivial solution zo

Suppose by absurd, that

(3.13) 
"¡ - 

n(x;'ti)ri'¡, = o

The sequen ce {z¡} being bound.¿ (llrrll : t) it is weakly convergent:

(3.L4) zhè 2,, wea$lY inXas å\0'

Because R(tu;Ar) is compact and lT¡z¡] bounded, we have:

(3.15) n(X;'4)fiz¡ -+ V , strongly inXas å\0'

Anca
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pn(,) = si(r _ t) pn(r) _ Iï ,;g _ lcic7,.ri (s)as, ror /> 0,

Lettirrg T -> oo in the above relation, and knowing that lim p¡(¡) = O we obtain:

ph4) =-1, r; (s - lcico.i,(,)i
We also know that:

l,i,þ) = Bi p¡,(t), t > o,

so, one can consider p¡, as the solution to the following system:

; - 
p'nQ) = -(Ai + B¡F)" pn\) + cic¡*î,(r) * r* ulQ),

(3.s) pn(ò = -J,* ti,o6 - Ò(cicn*î,(Ð + F* i¡("))0".

irl"tttÍ¿llò $31:3Ì"1',r? i,Q'o) 
and the uniqueness orthe weakJimit, Ietting

p(t) = -f,-r; (s - r)(c- of"l + F* ø(s))ds,

z-R

-0.
there exists z, e X,lÞÄl: t such that:

(x;.$)ri' = o

ii'
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9y (9. 13), (3..r4), (3.15) and the uniqueness of the limit of a sequence, we deducethat z : v and that the convergence iri 1:. r+¡ ir, in a"t, ì"1i; ;t rg topology ofxBy (b), we have:

(ri"r,r)=Qn,T¡w)->o as å\0, forall w ex.

uce that z : V = 0 which is in contradic_
ce of {2,,} to z.
that c(A, + Tù Ç o(A), for å small

ro(S¿) : s(4 + T¡) < 0, for hsmall enough
which concludes the proof,

4.APPLICATION TO DELAY EQUá.TIONS

consider the Þroblem of minimizi ng o,Ð where the state is given by trrefollowing delay equatron:

(4.1) ["'(,)= 
A1z(t)+ A2z(t -r)+ Bsu(t), t>0

[r(o)= tb, z(0)=ht@) for -r<g<0,

a given positive constant_the,nrBo € R."r.
.3) as follows (see [3]): define

by:
(4 2) Deú): {(h0,ht) e X ht e trl(_r,o; R,), h{0): hs},(4.3) úØs, h1): (Atho+ Arkr(_r), tf ),
The semigroup generated,by .úisgiven by:

9(t) : X -+ X, p(t)(ho,h) : (z(t), zr)

where z is the solution to (a.l) correspondi ng to (ho , h7) and z, is thefunctiondefined by:

z,(a):z(t+0), -r<0<0'
The semigroup flt)is differentiable for t > r (see[3])' With 

^(À) 
: M - Ar- exp(-

-?ur)A2,the spectrum of 'úis givenby:

6(,ú): {}. e C; det Â(À) : 0}.

The operator ß: U -+Xis given bY:

(4.4) Øu: (Bou,0) , for allu e U.

and it is comPact,
The observation operators G,GN : X -+ Z ate given by:

(4.5) g(h,, h) : Coho , GN (ho,ht) : c{h for all (ho, hr) e x
where the real matrices c{ , co e Rr "P are chosen such that (ii) holds.

We shall present theäveriging approximation of delay equations given in Il].
For each integer N, we divide the interval [-r,0] into N subintervals

Let XI denote the characteristic func-

X'y the characteristic function of

Consider the finite dimensional space:

lN-l(4.6) xN = \U^,or) ex;h =lv'jx"¡, rl .R', i =1-Nf,
t'=t)

and the operator .ð : X -+,fldefined as:

( -- il À/, ,, r,\ ,,ì(4.7) ,øN (h,n) =l uto{ + A2hfl ,>+(oi-r- nt)xt l,
---t.'- ['" j=r' )wnere

(4s) h{=h,hl=+ff'¿(e)do,i=tJ,t.

obviously, the pararneter ft is 1/ N. We do not need to approximate 91,

ßN = ß for all N.

LBVVes 3.6,3.2 from [1] and Theorem4.5 from [11] ensure that (i) is
satisfied.

We suppose that the Pairs (,4,6
pair (.ú,6) is detectable if and only if

),(,úN, €N) are detecúable, for all N. The
(see [0]):

rank (L(?,)r , Cl ) : n for all À, e C, n 7"> 0'

We suppose that the pah (Lú,ß\ is stabilizable, i.e., there exists Ø e $X, U) such

tn"t 
"i 

igggenerates an'exponentially stable semigroup. A ne_cessary and suffi-

cient conditio-n ør the süabilizability of the pair (,-ú, Ø) is ([10)]:
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ranfiL()\), BJ = , for all ?" e C, Øt,>0.
In order to have (iii) we must prove that ,lN + ØØ genente exponentially stablesemigroups, for il> No' ,ØN + ØØisa rinear boundeã operator, ,r+ ßØgenentesa semigroup 9r(t) for which there exists- to> 0, s.t. Þ¡to¡is compact, and weconclude that,ú+ ßØand.Ø+ ßØsaisfyîhe s.d,g. co;àiú.r. r, order to show(1.10) we may try to.prove thats(1+ gg) < O, aOalting:rf*proof of Lermta3.4in [1] we can show that:

(4.9) sed + ßØ -+ s(ú+ ßØ asr_+ oo.

gg)<0for.À/àNo.

g(hy,h) 
-> flho,h1) whenN+ oo, for all (lto,ltr) e x,

but in fact, the convergence is in the strong topology o
;1, [5], [8]) under
ch are satisfied b
ion presented above.
in a later paper.
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