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A SEQUENCE OF POSITIVE LINEAR OPERATORS
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(Cluj-Napoca)

1. Let¿ > 0 be arealnumber. For n> lletLn: Cf-a-I,a+ll + Cl_a,al,
L,Í(r):: nllx* hy,...,x+ hr;F,,),

where/e C [-a-I,a+ 1], .r e l-a,al, hi: -l * 1,, : Q,...,fl , F n e Cnl-a-\, a rIf,

rÍù:¡'
For convex functionsf various inequalities involving L,,f have been studied in
[3], [4],ls), 12).
We have also

L,.f(*) = r-" f: J 
.tr(t:::t')0a...0,,

As positive operators, L,rhave been studied in [6], [9],
In this paper we present a voronovskaya type result for the operators zn.

2. Consider the polynomial

(x- hù..<x-h,),
which we write

Yr+I - "lX -." - c,,X-cn¡,
Consider the sum

n

So:=ln! , p =1,2,
i=0

Clearþ

(1)

We have

Sp:0, for oddp
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We have calculated the following cr values:

nllC.=-+-+-.'63n2'
n2nlI25

--L --J-ç4 - 72 3o ' 6n l¡n2 l5n3 
' 72'

,3 ,2 263n zg 11 3ol z 16 13
LA=-"o - 1296 720 l5l2o' 2l6tt l10n2 810n3 45n4 63ns 

' 720

Let

We have

Tn:= liml4L, q>l
,F+@ n.

^, _ltl -6,

and, fronr. (3), it follows

tq
T q-r

6q
, Q22,

hence

(4)
l- 1lø*1

Yn=ãqt,q>l

Consider the functions e, : [-1,1] Ð R, e,(t): ti, í: 0,1,.,,. Using the divided
difference functional, define the numbers:

o"r: Lhs,,.,, ltn;era¡), j: -n,-n*\,...

It is well known that

(5) [0, ir i=-n,...,-1,
c¿.. =<, [l,if ;=9.

In order to calculate c-rforj 2 1, observe that

[ho, ..., h,; er_1(e, - ltoes) ... Gt - h,eo)]: o,

that is

Lho, .'., hni en+j- cren+¡-r cr+'ej-r)f :0,
We obtain

J

tt+lI
k=I

c¡ct¡-k, i =1,2ct
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;g ? = ):*if. or = ::i:p*(,2-,)o =

= IJQ,- - L)P d, = h,ror even p.

Denoting by l, the element of a sequence converging to,l, we obtain

Szq*t = 0

(2) t'o=#ln' Q=o'''"'

We have calculated the following So numben:

sr=T+]+r,

s" =k *a--8'q-i G,rtnt'
^ nZ 8 32ù6= 7*;-iF+---z+1.

In order to calculate th coefficients

cp (- l)P+l 2t ,,... h,o,
0<\<...<ío3n

we shall use the Newton formulas:

cl=Sr

"'=;F,-:ì- ",-') P=2r..,rn+l

Taking into accountQ) we obtain:

"p=0, 
foroddp,

and

1
L^ 

- -"2 s2

q

l

i

(3)

c2
t( q-t I
ølr'- Zsr, "rk-ù) Q = t,.'.,[(n+r)rz]
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and using (5), we find that

(6)sj

Using

j
=Z"odj-k, j =1,...,n*L

3. Observe that

k=7 L,(f)(x):= "tlh ,...,h; F,o(e1+ .res)].

øo: I
ctr:crøo:0

Hence we obtain

in (6), we obúain

(7)

and hence

(8)

Define

+,(G, - *o)t) þ) TTT.lh, 
.,r,,.i*i 

I= ffil^,, th, ; ",+ ¡ f
úp:0, for oddp, nljl

(n + ¡)t
úJ,

q

qzq Zq,oz(q-4, 7s q =+
j = 1,2,,, .

Using (7) and (9), it follows

pq
0'¡^:- Lim 'r

n-+ø n8
, q>0, u(Gr-

L,(@-

,"0¡2u*t)ç*¡= a,

,",¡2u)ç,¡=ffirr\ Q>o
Using (8) we ûnd (10)

s

Fu =ZTilq-i, Qzr,
i=1

We shall use the following values:
1.e.

u(@-,"ù')

L,(@- *"0)o)

(")= l,
5n

/\ I 2
\x)= 

3r? 
- rsrt'

/\ 5 2 16
\x) = 

s,'f 
- r,l *- *,f

pq
qI

i=1

(-l )'+r
6i I

Fq-i,427,
(11)

which implies

þu= I
6q q! , Q20,

u(@-'"0)u)

hence 4. Combining (10) and I l, Cor.2] we obtain

(e)
dlq =

nq_
6, q! \,,Q 2 o k-r Ln(q - *"ù2q(*) 

"{zø) çx)

-@[;-t
(12) limnk r,,"f(ò-z k = 0,1,

We have calculated the following cr, values
,r-+Ø

A=0

ú._!*a*1'63n2'
n22nl

cx,, =_+_+ - f" 72 15'2n'
1 2 31_-___-_L_

78n¿ l5n3 72',

i

¡

I

il

il

provided/is 2fr times differentiable at x.
For & : 0 we have llgryf¡ : JU); related results are to be found in [1,

3.301, l2l, [8], u0, 6.8. tl.
For Ë: l, (12) yields

fimn(r,,¡(*) - f(r)) = !f 
,,{*), see also [1,3.32].

For fr: 3 we infer

il!

ou=*.Y* 1753n + 137 ., 7* 40g 2 rc 33
tslzo ' 2t6n '7æ - ¡¡r - 4# *;tr , *
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'*('("rr,r(') - r(")) t+) +P) fn'(r) f'' (r)
1296 180

Remark. otrrer resurts concerning trre approximation of a divicred differenceby derivatives are to be founcl in [7]- "
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l.INTRODUCTION

In this paper we present a result on the Jacobi overrelaxation (JOR) method.
This result is discussed under some restrictions on the spectrurn of the mahix A, for a
system of linear equations Ax : b, where A e U'n is a nonsingular rnatrix with
nonzero diagonal entries andx, b e Cn, Without loss of generality we can suppose
that arr: I, í: I,2,...,n. The associated JOR method wlúch has been introduced by
Young [1], can be written as

f+l :Mxn+d, x0e6l,

where M: I -rA, d: rb, r e lR, r * o. rnthis paper we give the JoR method with
a quasi-optimum parameter r. This rnethod is particularþ usefi,rl if the JoR opti-
mum parameter cannot be detennined or if the eigenvalues of the matrix A canbe
only approximately determined.

2. A CHOICE OF r

THEOREM l. If all eigenvalues of the matrix A are ín a circle whose limit
circurnference has theþllowing pro¡terties: the center of the circamference is on
the real axts, the set {(T,0),(t,0)) is intersection of tlte ch.cuntference and the real
axis, where either T >3t>0 or TS3t<0,

lf ,: altl/Øf + (T-t)'?) thenfor spectral radirs p(À4) of the JoR íteratiott
matríx M it holds

p(tuÐ < lr - tl t qr-¡ + 4r¡% . 1

Proof, The case T>-3t>0. For thc spectral radius p(À4) it holds

p$4 : 
îlî?5, |l - rz./ where z r are tltc eigenvalues of the mahj.x A, Let z 

o = ã h 
-þ ib *,


