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A SEQUENCE OF POSITIVE LINEAR OPERATORS
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1. Let @ > 0 be a real number. Forn > 1 let L, :C[-a-l,a+1] - C[-a,a],
L fx) =nllx+hy,.x+ h;F,],

where fe C[-a-1,a+1], x € [~aa], hy=-1+ l ,i=0,..,n, F, € C'"[-a-1,a+1],

F®=f
For convex functions f, various inequalities involving L ./ have been studied in

(3], (4], [5], {12]).
We have also

+1 +1
P Nl (S P

As positive operators, L, have been studied in [6], [9].
In this paper we present a Voronovskaya type result for the operators L,

2. Consider the polynomial
(X —hg) (X =h,),

which we write

Xn+1 _chn e "X—Cn+1
Consider the sum
1]
Spi=2 ', p=12,
Clearly =
(1) S, =0, foroddp.

We have
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n—o H n—»o n n—oo N n

i=0

th——hm th_hm 12(21'_1)1’=

1
=] (2x-1)Pdx = ——
jo(x ) p+1,for even p,

Denoting by 1, the element of a sequence converging to 1, we obtain

qu+1 =0
n
) S2q=m1m g=0,1,..

We have calculated the following Sp numbers:

n 2
Sy =—+—+1
273 3,

n 8
Sg=—+——-——=+1
475 3n 1543

2 8
SYDYE mitngaddyg

In order to calculate the coefficients

1
Cp = (_1)p+ Z hll

0<iy<-- <ip<n

we shall use the Newton formulas:

¢ =8

1 Pil
== SP—ZS,-CP_,- p=2,.,n+1,
P i=1

Taking into account (2) we obtain:

¢, =0, forodd p,

and
1
C2 = E‘Sz
(3) 1 q-1
0 = Z(qu - 8y cz(q—i)] g=1,..[(n+ 1)/2].
i=1
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We have calculated the following c; values:

n 1 1
C=—+— +—,
6 3n 2
o on 1 1 2 5
=t ——
. 72 30 6n 1842 154° T2
o ont 263m 29 11 301 2 16 13
cg = - - + - 5~ g t—7+ =+ .
1296 720 15120 216n 180n* 810n° 451 63n° 720
Let c
Yo'i= limﬂ, g=1
n—wo pd
We have ¥
YI . 3‘7
and, from (3), it follows
Yq-1
=——= g2,
Tq 64 q
hence .
(-)**
4 = ,q21,
“4) Yq 614! q

Consider the functions e, : [-1,1] &> R, e() = £, i =0,1,....
difference functional, definé the numbers:

;= (hgs...r lzn;en+j], j=-n—n+1,...

It is well known that

if j=-n,..,~1
(5) o 0’ lf.] R,oiis ’
: 7, if j=0.

In order to calculate o forj > 1, observe that

(hgs .o s €0(ey = hoey) ... (e — h,e)] =0,
that is
(Bgs ovos By €y Creypiy = oo — Cp1€.)] = 0
We obtain
n+l

Using the divided
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and using (5), we find that

e
o= chaj—k, J=1.,n+1,
k=1

(6)
Using

in (6), we obtain

Positive Linear Operators
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3. Observe that
L,(f)(x):= n![ho,...,h,,;Fn o(ey + xeo)].

Hence we obtain

(=50l ) ) =g s oo™ |« L i ] =

(7) a,=0, foroddp, AR,
and hence (n—+1—)| Y,
d =52
® %2g =Zcziaz(q_,-), 1<g< 2D 4
Define ' 2 Using (7) and (9), it follows
2g+1
quz hm.aﬁ, QZO Ln((el—-xeo) q )(x)=0~,
. L (10) 20)!
Using (8) we find | L, (( g er)ZfI)(x)z (_qq)_' n11, ¢>0.
q ’ 61q!
Bg = Z YiBg-ir 21, We shall use the following values:
ie. =1 2 1
¢ (g ({1 w20) ()= 5,
7 Pe-ina21, 4 1 2
Z e (11) L, ((61 — xeg) )(x)=§-—15n3’
which implies
6 5 2 16
Ln ((21 - xeo) )(x) = — +

hence

|
Bq—qu!’ qZO,

o3 3 '63115'

4. Combining (10) and [11, Cor.2] we obtain

)

ne k-1 (2k)
%= Grgrh 220, 12) timn ( L.f(x) Z el xe" ()f(Zq)(x)]=f6_;‘;£ﬁ, k=0,1,.,

H—>0

We have calculated the following o, values:
w11 provided fis 2k times differentiable at x,

276 + 35 P Dk ( For k= 0 we have hm a7 fx) = fx); related results are to be found in [1,
o 1 ! 3.301, [2], [8], [10, 6.8.1].
icmr 2y Ly L2 31 -‘ For k=1, (12) yields

2 3 ’ :
723 15 2n 182> 15¢* 72 ‘ 1
n 11n 1753 137 7 409 2 16 33 limn(L, f(x) - f(x)) = gf”(x); see also [1, 3.32].

i n—yw

O = —— + P i g )
1296 720 15120 " 216n ' 602 810,° 45p* +63n5 "0 If For k=3 we infer
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limn| n
H—w

SOOI OO
(n(L”f(x)—f(x»* 6 )_ 72 )T 1296 180

Remartk. Other results concerning the approximation of a divided difference
by derivatives are to be found in [7].
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