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Remark. otrrer resurts concerning trre approximation of a divicred differenceby derivatives are to be founcl in [7]- "
A QUASI-OPTIMUM JOR METHOD
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l.INTRODUCTION

In this paper we present a result on the Jacobi overrelaxation (JOR) method.
This result is discussed under some restrictions on the spectrurn of the mahix A, for a
system of linear equations Ax : b, where A e U'n is a nonsingular rnatrix with
nonzero diagonal entries andx, b e Cn, Without loss of generality we can suppose
that arr: I, í: I,2,...,n. The associated JOR method wlúch has been introduced by
Young [1], can be written as

f+l :Mxn+d, x0e6l,

where M: I -rA, d: rb, r e lR, r * o. rnthis paper we give the JoR method with
a quasi-optimum parameter r. This rnethod is particularþ usefi,rl if the JoR opti-
mum parameter cannot be detennined or if the eigenvalues of the matrix A canbe
only approximately determined.

2. A CHOICE OF r

THEOREM l. If all eigenvalues of the matrix A are ín a circle whose limit
circurnference has theþllowing pro¡terties: the center of the circamference is on
the real axts, the set {(T,0),(t,0)) is intersection of tlte ch.cuntference and the real
axis, where either T >3t>0 or TS3t<0,

lf ,: altl/Øf + (T-t)'?) thenfor spectral radirs p(À4) of the JoR íteratiott
matríx M it holds

p(tuÐ < lr - tl t qr-¡ + 4r¡% . 1

Proof, The case T>-3t>0. For thc spectral radius p(À4) it holds

p$4 : 
îlî?5, |l - rz./ where z r are tltc eigenvalues of the mahj.x A, Let z 

o = ã h 
-þ ib *,
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akbþe lR, Æ= t,2,...,n,thenp(tt4): 
*ä(,, 

_roo), *rril)u, . Since ?Þ3>0
hence T>t>0, Now (Z_3 )(f_l>o,1 (4t, + (T_t),)/2t>Ttt and 2/r2T+t,
Since lS aoST, k= 7,2,...,nhence 2/r>T*t>ao+t, i.e. 2/r>ao+t. Now 2(au_t)/
12 (ao+t)(açt), (l-rt)'2(l-ra),. For the numbers å* F 1,2, ..., n it holds
l4l <1r-¡tz. Forrhe specrrar ndiusp(rD)ithordsp(r4)<((r-rt),+r,(T-t)/+)%:flr)
Since/,(4t/(4f+e_t),)) :0 f "(4t/(4t'+(T_t)")) > 0 we have min/(r) = fl4t/1+il çr-¡)) : e-t/(4f+çr-t¡1n< l. If I23t>0 then we consider the system

-Ax = _ b and we have p(M) : T?:lt + rz,l where z, are theeigenvalues of the
matnx^!' similarly ro-ln:,nr:o{ol='uí" prr".o*r we have (r+rak)2s (l+rl),. Therest of the proof foilows similarly to thå proof of the preceàent.

the matríx A are ín a círcle whose límiti:; i;:"::,
If r : þltn then for spectrar radius p(M) of the matrtx lu. ít hords p(M) <<(12-t')Y'/lrl . r.

Proof' The case T> t> 0. similarþ to the proof of the Theorem I . we have
P(M) : \l! ((r-rao¡ + * 4¡n
For the numbers bt, È 1,2, ,..,n it holds

b?s(?'-(+-"0)o Now

(
p(u)= 

äj[' - 2*t, +,2;î .,,(=)' _(+)' + a¡(r .,, _ "rì
Since l<ao(l we have p(lrÐ < ((l-rt),+ r"çTr_t1¡,t :.Í(r)
Nowf'(t/T)= g, f,,(t/?)> 0

minJþ) : Jþ/p) : (T- t )%/T < I
rf T<t<0 then we consider trre system -Ax: -å. similarly to the proof of theprecedent we have
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p(luÐ < (( 1 +rr)'+ r'z (T,-t))v, : f(r) . The rest of the proof follows sinilarly to
the proof of the precedent,

Theorelns I and? give the upper bounds for the spectral radius p(lt4) of the
matix M.

2 3

Since lr -,1
(r' -,'\t''

for T2t>0 or T3;<O we give the follow-
lrl(rr-,1'*+,')

U2

I

I

ing conclusion:

if O<t<T< 3t or 3t< Z<t<0 we can use Theorem 2

if T>-3t>0 or T33t<0 wecanuseTheorem l.

THEoREM 3 . If the malrix A has the only one eígewalue z, then it holds p(lti) : 0.

Proof,Letzyzt,.,.,z,,be the eigenvalues of the matrixl.
Then it lrolds n ,t

i=1 i=1

and we havez:7, T: l= 1. Now fromTheorerns 1 and 2there follows p(M:0

3. EXAMPLE

Let

2", = n" =Za¡¡ = tl

I 0.s -0
A_ 0.5

0.5

-0
0.5 1

Tlre eigenvalues of I are z:0.5, zr: 7,4: 1.5. The best choice for the JOR
metlrod is r: 1 i.e, the Jacobi method which yields p(lr,l):0.5. Frorn Theorem l
we obtain r : 1 i,o. the Jacobi method and p(A4) < 0.707. From Theorem 2 we
obtain r:2/9 and p(A[) < 0,94.
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