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1. INTRODUCTION

Not only do the ratios of the consecutive Fibonacci numbers converge to q
(the golden number), but they are the "best" rational approximation to g [2, p.

151]. Wegive a family of transformations, whichincludethose ofNewto4 Halley,
modified Newton, Schrödqr which produces some ratios of generalized Fibonacci
and Lucas numbers,
Let p and 4 be two nonzero real numbers. Define the generalized Fibonacci
sequence

(l) uo: 0, ut: I, un¡1: pun- Qur_p tx>- l,

and the generalized Lucas sequence

(2) vo: 2, v1 : pt vn+1 : pvn- evu_p n ) L

Let d be a natural number. If u n * 0, define the ratio

(3) tn

and if vn + 0, we also define the ratio

- 
ün+d

un

(4) R,,=W,
vn

The characteristic equation related to the recu¡rence relations appearing in (1) and
(2) is

(5) x2-Px+q:O.

If c¿ and B are the roots of (5), then they satisff ([3])

(6) ú*þ:p, c,p:q, (.r-P)2:(ct+ þ)2-+o;P:p2-4q.

ll
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If cr: p then

(7) 2o:p, q2: q:(p/2)', p'-4q:4ç-'-4a,':0.
Lpt'nue l. [3] If a" and B are the dÍstinct roots of (5) and n> 0, then

a'-Bnu,: ;+-, and v,: d, + p, .
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u3n+d

v3n+d

171

u2n+d

u2n

v2n+d

ü3n

2nLevue 2. [5] If a. is the double root of (5) and n) 0, then un= n( $ )*t ona

u,:2(Ë)'.
rf d > 1 and the roots of (5) are real, then the sequences of ratios {r,,} and

{rR,,} will converge to the d-th powor of a root of (5). If equation (5) has distinct
roots, then the sequences {rr} and {rR,,} converge to the root of largest modulus,
and if the roots are equal they convergé to that root, In other words, ih. ..qurn".,
of ratios {r,,} and {R,,} converge to aroot of
(8) x'-7aa +Pd)x+ (crp)d =x'- v¿tqd:0,
by Lemmas I and2 and (6) and (7).

A necessary condition for a generalized Fibonacci or Lucas sequence to have
nonzero members is that equation (5) have coruplex roots ([4]).

hr the following we consider some transiormations ioi'approximating the
roots of a single nonlinear equationfl.r) : 0:

4'(T)=
v

v3n

2
f(x) ¡'(x)¡" (x)

Related to these transfonnations the ferences were proved [1],
[5], [6]: IfJþ): *2 - na** qd, aslong as zero does notoccurforthe
integers nd, then

We shall give an infinite family of transformations which includes all the above
transformations. This farnily of transformations also has similar propefies related
to the ratios of generalized Fibonacci and Lucas numbers,

2.PROPERTIES OF'GENERALIZED FIBONACCI AND LUCAS NUMBERS

For n > 0 define v_n: ú-r+ B-2, ThenbV (6) and Lemma I

(9) qrv_n: (ap),,v_n: p, + ú,': vn

Similarly, if equation (5) has distinct roots, define u--: o-' - P^-'_n 
c¿_p

BV (6) and Lenrma I

(10) e,u-,r: (uþ),ru-r= *+ : -iltt

If equation (5) has a double loot, u_,,is defined by -rG )r-1 then formula (10) also

hold. Relations (1) and (2) are also valid for negative subscripts.
In the following we shall list some elementiary relationships about the se-

quences given by (1) and (2).

LBvva 3. [3] If n is an integer then u2n:llnvn.

LBvua 4.l3l If n, m, and e are íntegers, then

(a) ur*uur_"- *, - -un-e tN,

(b) ur*"u^- Lirlr¡1+e: - qmuuun_,rt

(c) un*"u*+r- e"uru*: ileutt+m+e,

1. Newton transformation,l(.r) : x -

2. Halley transformati on, H(x) : x -
(r'(,))' - )flù r,{")'

f(,) f' (')

lr'Þ)1'

3. Newton modified transfonnation, M(x): r -

4. Schröder transformation, ,S(-x) = r - ¡ç4[r'(,))

"f '(r)

- Í(x) ¡"(x¡'

' -[¡(ù]'r^(,)

[r'1"¡'-
3
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Numbers

h-r
.,

- q" >, (-r)
k=0

.173

Proof. we shall prove the above relations by induction . For h: l, by Lemma

3weget u' - I For h : 2, by Lemma 3 and Lemma Z we also get
vnu2'

vn
u2n -u3, u3 - qn

We suppose that (13) hold for h.By (ll) and (13) ir follows

>( -L)k qnk ct-t uX-2k
(14) \n+\,

\n+z),

We distinguish two cases:

h
;

vnt
k=0

(-t)o q"o cf-rrX-'k o 
rn 

o c 
!, - & * r¡ 

r!- (2 r' *t)

I. If å is even, it follows that h-1

* cf-6*r¡ = ctll, we obtain
2 )=l+l-', and since

(,i\
= (-t)0 q"Lcfl-lvl*l +'ft çrf n,t ctn*t-t vh+1-2t = (t)o qn0cfl,*t-or!,,*r *
|n+l t=t 

[l+rlLrJ lzl
* >-(-Ð'q"tcl*rtrh+1-2t = I-(-r)t qntcl*çtutt+l-2t ,

l=l
and from (14)

that is, (13) hold for h + L

l=0

\n+t)u

\n+z)n
It+l
J

k=0
Z (-t)k q'k ct*r-onh+r-zt
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(d) un*r- e"un-e= v"i¿,
(e) ur*r- q"un: -geun_e,

L¡uve 5.[3] If n, m, andeareintegers,then,
(a) vr*rvn_"- v2 : qn-e(p2 - 4q)ú,
(b) vn*rv^- vrv^+e: q^(p, - 4q)urun_^,
(") vn*rv^*" - e"vrv^= (p" - 4g)u"uu*^* r,
(d) v,,*, - g"vr-"= (p' - 4q)unu",

(a) n,*, - v"vn: -gevn_e.

,onrr!d"!.t) 
has a double root (p" - 4q = 0), the teft side of relations(a)_(d)

Lpvtr¿e 6, [3] If n, m, and e are íntegers, lhen un+evm_ünvtn+e: Q^uevr_^.
Leuue 7.[3] If n is an integer then a
Now we 

"ä,r'rät" 
some properri.r rJäfif*,{] iíítr",,"r.

Remar*s: Let he N*, n integers, e = (h+r)n,and assume that division by zerodoes not occur in the folloiing,;lufi;;r. ilrrn,
l. By Lemma a(d) and (10) it foltows

(l l) u(n+ùn 

= _ I
u(n+z)n - ,, n'L

\n+\"
2. By Lemma 5(e) and (9) it follows

(12) v(n+t)" 
-

v(tt+z)n
vo - Qn 

vhn

v(n+r)"

L¡we I' Let n be an ínteger, and assume that divísíon by zero does notoccurþr all he N *, Then v"se q'vt"Lur' L

(13) uhn 
-

\n+\n

cf_6r¡nn-(ztc+r)

(-t)o q'o ct-t v!-zt'

, V h ely'*.h

,

Ë=0
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Proof. Similarly to Lemma 8

3. TRANSFORMATIONS oF, SEerrENcEs {rN} AND {/?N}

Now we can givo some generalizations concerning the transformations
presented in Introduction, For areaL functionl we 

"onsider 
transfo¡mations

of the form

(15)

" 
'(')]2m-2k /@)o lt"{r)]o

(*)1, ^ 
-, o 

lr (ò)o fr, (,))o
k=0

where m e N* and ar bo e R.
In the case of equation (8), forfi-r) : i - uo* + qd, we get

q"u¿iaozk ,nkn2m-2k
k=0(l 6)

m

unvnlb¡2k unkr2m-2k
k=0

Lptuvn L0. Let_s e i/ *-{l}, n be an ínteger and assume that divisíon by
zero does not occur. If m e N* and yo, zo e R, k: 0,,.,,m, ís such that

tn

(t7)
ln zk ø'kr2m-2k
k=0

us, nt

urlt¡zk qnkulrn-2k
k=0

then, for ak: lkand b¡: 
"þ 

k:0,...,nx,

usn+d

usn

Proof, By (10) and Lemma4(b)

qn u¿ uls-r)n = -q' u(t-l)n ud u-(s-t)n = - q'n ud u-(s-t)n =
qtn ud ün-sn = un+d usn - unusn+d ,

t?4 IoanLazát a¡d Ad¡ian

2. If his odd, ,nrn þJ
it follows that

l:l r
n,fçùo q'k ct-t,v!-z* - ì lrt (-t)o qnk cf-,**r) h-(2k+t)k=o 

I n-\ Èã '

= ç-t)o q'ocfi-on!*t *Lft ,-r, *, 
u,rk+t) 

"*+t 
vh+t-(2r;+t) +

.(-,)[?].,r,[+].1 - ,,:-(,lilþr_

tu ].r"'

= ç-t)o q'ocfl-ovy *L 
z, 

Ft),q,, ci*r-¡v!+t-zr *
l=l

L:]
Z(t)r q'o cf-ov¡-zr'

\n+\, _

\n+z)n
h+l
2

IC
k=0

l)k qnk cf*r-o yh+t-zk
that is, (13) hold for h + t,

"r*rtåYY,k'¿tílîoo:;' 
integer, and assume that divísion by zero does not

l!1
LzJ

|(t)r q'o ct+çt v!-z*
vhn

v(n+t)n h+l
2

I(-
k=0

t)o q'o ct*z_t nh+t-2k

, Y heN*
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where

and
,n

u(zm-t)n Z"ozo nnk u2n-2k
k=o

, for c^=dm=0
u2mn m

urZdr2k qnk v]*-zr'
k=0

ByLemma 10,

,^(Yt-\- u2mn+d

\ u" ) u2mn

Similarly, we can prove:

THEOREM 12. Let m e N* and assume that divísion by zero does not occar. If

(-t)o c!*_ro*rt

"o = 
- V-, 

k=0,...,fl-1, aîd a,n=0,

to -(l)o c-t*-o 
, k=0,...,n,

then ^ 2k

,,,(z^t)-\2n+t)n+d .

\ un ) \zm+t)n

THBoRBv 13. Let m e N* and assume that division by zero does not occur . If

bk - (-Ðo ct*+.-t,
, k=0, m

2k
then

\ 2tn* 2)n+d

u()m+z)n

Remarlrs:1. For m: I and oo: bo: I, el: bt:0 in (15), we get

Tt(x): N(.r), the Newton transformation,

and by Theorem I I
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and by (17)

m

iln+d usn -un u qo ud
q' oa Z yt2k onkn2n-2k

îlnusn unusn m

unvnlz¡2k Unku2m-2k
that is, k=0

,n

q" u¿ Zyt2k rnkr2n-2kUn+d _
- tl¡llr+a

un
uovol"¡2k Unkr2n-Zk

uso

k=0

From the above relation and (16) we obtain

THEOREM I

a¡-

bk=

l. Let m e M and assume that division by zero does not ocatr. If
(-r)k ct^-to*rt
--l'- , k=0,",,,trr_1, and om=0,

(-Ð* nk
-z^-1h+

Ð

then 2k
, k = Ir.,,rw-1, and b,r, _ 0,

Proof. By Lemma g

m-7

u(zm-t)n }Ft)o q'o 
"*1*u¡_on2(n-t)-z* 

'fçùo 
u,o ct,lorr¡'2n-2k

u2mn ut-l

Zçt)o q'o c t^^ç t, rlrn-l-2k
n¿-l

k=0
n, ZFt)k q'k ct*-¡o*¡'2n-2k

k=0
m-l

Zrozk qno u2nt-2k

m-
unZd*2k rnk ,2u-2k

k=0



11 Ratios of Fibonacci and Lucas Numbers 179

,r(1_n']- v2n+d

\un ) vzu

TlreoRptr¿ 15, Let m e N* and assume that dívísion by zero does not occar. If
(-t)o ct^-&r)

, k = 0,1,...,m,a¡

bk

2k

(-t)o ct^-@-r)

2k
k = 0,1, ,fr,

then

, (rr*¿\ _v(zm+t)n+z''l ," )= rc,*r), 
'

Retnark. For m: 1 and ao: bo:I, al: -1, br: -t in (15), we get

fþ): S(x), the Schröder transformation,

and by Theorem l5

,r(Y"-\ - v3n+d

\u, ) vt,
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- 
u2n+d

u2n

2, For m: I andao: bo:|, dt= 0, bt= -
Tr(x) : H(x), the Halley transformation,

and by Theorem 12

j in 1rs¡, we ger

,r(Y*n) - u3n+d

\ u, ) 7t3n

3. For m: I and ao: bo: l, at: -+, br= - I in (15), we get

f(r) (r'6)ù' - !re)r"e)\(x)=¡-
(r'Q))' -.r(*)f"(*)

, a transfonnation from [7]
"f(r)

andbyTheorem 13

)=
u4ntd

Similarþ we can choose ao, boin(I5) such that,

r*(u.¿-l = 
n,,,*¿

for some varues of m and s. 
\ un ) vsu

TgeoneÀ¡ 14. Let m e N* and assume that dívision by zero does not occur. If
(-t)k cf--n

"o = --i:, k =0,1,.,.,tn-1, and dnr=0,

bk=
(-t)o c!,,_(o_

Ð k = 0,1, ,|fl,
then

v2mn+d

v2nn

Remark. For m: I and ao: bo:|, dt: 0, bt: - I in (15), we get

Tr(x): M(x), the modified Newton transformation,

and by Theorem 14


