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AN IDENTITY FOR ULTRASPHERICAL POLYNOMIALS
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1. The aim of this paper s to give an identity for ultraspherical polynomlals and
some applications. We need to introduce Jacobi polynomials P, P ,a>=1L B>~

These polynomials can be defined, for example, by the hypergeometric repre-
sentation

(1) P}Sa’ﬁ)( ) (a+l)”2F1(—n n+a+B+la+llTx),
where -
2 F(a,b;c; = Z k . ‘ [
iz (o)
The shifted factorial (@), is given by
(@), =1

and
(a)k =ala+1)..(a+k-1), k=1,

If o > —1,B > -1, then the Jacobi polynomials are orthogonal with respect

to the weight function o (x) = (1~x)*(1+ x)l3 on the interval (-1, 1).

Some special cases of Jacobi polynomials (1), except a constant factor, are:
- the Tchebycheff polynomials of the first kind

T,(x)=cosnB, x=cosB, fora =P = —%;

- the Tchebycheff polynomials of the second kind

sin(n + 1)6

; ,x=cose,fora=[3=l,
sinB 7

Up(x)=
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- the Legendre polynomials for o=B=0;
- the ultraspherical polynomials for o=p,

2. Letus denote by R,(,OL’ﬁ ) the polynomials

@ TR ()

where P,,(a’ﬁ) (1)

®) =) = ( +“) _Dn+ax))
g n nl(o+1)

Further properties, of P,,(Ot’ﬁ ) are

4 P,,(a’ﬁ)(x) L (_l)n Pn(ﬁ,a) (—x)
and consequently

(a’ﬁ) 1N =(_1\" n+p —(_1\? F(”+B+1)
® A= ("F) - L)

THEOREM 1. The Jollowing identity

1 Wl Rga_?a_ij(y)

d S r (a + l) x ) =1

©6) (1+x)* SR x)= D) 14+)% 72 (x— y) 3 —msl d
& JE{M%J Ao —y ¥
is true for a>0 and every xe(-1, 1).
Proof. We consider the integral representation (see [1]-[3))
(a—p.,bﬂl) v (a'b)
P, (x) C(b+p+1) rx b -1 577 (y)
ARy Ty ) ) H

xe(-11),u>0,b>—1,
According to (5) we may write

(k+a—p) ] (k+a}
(1+x)PH R,{“‘“’b+“)(x)7:b£;;=%%‘ri(1£ [ () (et Ree) y)--—k—‘%z-d y
(") (¥
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Using the equality
R - 2erD) BP0 rf)
k 2k+a+B+2 1-x ’

it follows for a-p=b+p=a that

k+o+p
<1+x>“R,£°"“)<x)——5(ﬁiL)f "1<1—y)‘*‘“(x—y>“‘1R£“*“’“‘“)<dey=

" T(o—p+1)()9- ko
-
B r (a+l) X, sop Lo R}ﬁ“w—l,a—u)(y)_ R!Ei;-u—l,oc—u)(y)ﬂ
_-F(OL—,,LH)F(;L)-LI(I ¥) (=) 5 C(k,o,p)dy,
where

Clkoup)= 2(o+p) C(k+o+pu+1) [(o—p+1)
P S 2k ] T M(k+a—p+1)

The last equality implies, for o= %, that

o (w3w3), ot
<1+x>°‘R£“’“)<x)=é(—ff£%—)fl<l+y> 7 B s B 0),,

forx (-1, 1), k=0,1,2,...
By summation, for k=0, 1,..., n, results the required identiy (6).

3. We can use the identity (6) to obtain a new proof of an inequality for
ultraspherical polynomials (see also [1]-[3D).

COROLLARY 1. Ifa.> 0 then the inequality
S R(e)
) 2R (x)>0
k=0

holds for every x (-1, 1) andn=0,12,... .
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Proof. Forx e(-1, 1), and 020, the inequality

is valid [4]. This implies that the right-side of (6) is positive, This completes
the proof.

COROLLARY 2. Let p, be a polynomial of degree n represented by
n (a a)
Pn (x>:ZO“kRk , ()‘)
k=0

Jor x €(-1, 1) and o, real coefficients, k=0,1,..., n. Ifog>o ..o >0 then D,(x)>0
Jor everyx e(-1, 1).

Proof. Using the identity of Abel we have

n—-1 k n
Pa(x)= Y (o 0tgr) Y R e, >R ),
k=0 J=0 J=0

From the monotony of the sequence oy, £=0,1,..., n, and the inequality (7)
results that

2a(x)>0, for xe(-11),

Another application may be described in the following way. Taking into
account that

(1) g o) %&;}3 f:(l ) R&p)(y— D'y

for a>~1, p>0, x € (-1, 1), we define

n :
S,(za’b)(x)= ZakR](ca,b)(x)“’ o E]R, k= 0,1,...,71.
k=0

a-5

and p = 3 then we obtain

COROLLARY 3. Ifx €(-1, 1), a>b >0 then the projection formulas
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+b a+b
Lo g e (5257 ab_
S( ( ) J;(l—y) 2 Sﬂ 2 2 (y)(y—X)Z ldy

a,b) N
n (l)_Ba—b a+bJrl
272

is valid.
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