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AN IDENTITY FOR ULTRASPHERICAL POLYNOMIALS

LUCTANA LUPA$

(Sibiu)

1. The aim of this paperis to give an identity forulhaspherical poþomials and

someapplications. Weneed to introduceJacobipolynomials pl",Þ) ,@ ) -1, B > -1.
These polynomials can be defined, for example, by the hypergeometric repre-
sentation

(1) p,l"'þ) (*)
(ø +1

Fr(-r,r+ a + B + l;cc + tt+),
n!

where

2F1(a,b;c;z)= I
k=0

The shifted factorial (a)o is given by

(o)o = I
and

þ)t = a(a+t).,.(a+ k -t) , k>t .

If c¿ > -L p > -t then the Jacobi polynomials are orthogonal with respect

to the weight function c,r (x) = (f - x¡"(f +.r)P on the interval Gl, l).
some special cases of Jacobi poþomials (1), except a constant factor, are:
- the Tchebycheff poþornials of the first kind

T,r(r) =cosn0, Í = cose, for c¿ = p = -it
- the Tchebycheff poþomials of the second kind

ur(*)-sin(n+l)o,x=c - I
, sin' , osO, for c¿ = F = tt
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Using the equality

*+r,0)1,)_ z(a+t) 4Í"'')(')- oÍif)(')
2k+a+p+2 l-x

it follows for a-¡r6¡*:c¿ that

1r+'¡"nf"'")1"¡=
cr+1)

k+a+¡t
x
(t- r¡q-v ç*-/)u-1 ÀÍ"*u ø-v) 

ç,
k

f(o-p+ I k+o.-p,

k

I-(ø+1)
-r¡d-*ç*-r¡v-t

cr+p-1,c1-¡r)
(v)- cú+p-,,"_u) (r)r("-p+t)r(p) l-y k,a,¡t)dy,

where

C(k,a,¡t)=
2(cr,+P) F(k+a+p"+t) r(ø-p+t)

2u.+2k+t f(ct+p+l) r(k+a-p+t)

The last equality implies, for p = ), nat

(r+'¡"n["'")1" )
c[--:c¿- -1'1

11cú--:ct--2' ?-)ø+1
çr*y¡" 

t 
1r-y¡-i

(v
1 1-yc{,+-
2

forx e (-1, l), k=0,1,2,...
By summation, for Æ:0 ,1,..., fr, results the required identiy (6).

3' We can use the identity (6) to obtain a nelv proof of an inequality forultraspherical polynomials (see írà îrl_Él
CoRoLLARy I.Ifa>0 then the inequality

(7) ¡{",")1r¡ro
k4

holds for every x e(-1, 1) and n=0,1,2,... .
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- the Legendre polynomials for c¿=ß=0.
- the ulhaspherical poþomial. fof"=þ,

2. Letus denoteUy {"'Þ) thepolynomials

njo,Ê)¡r, - Pj"'þ)G)

P\d,Þ)0)

o@,Ðç¡=f *..1- r(n +ø+l)
\ rt ) n!t(a+l)

a)
where

(3)

Further properties, of pr(o,Ê) u.,
(4)

and consequentþ
,("'Ð çx¡= 1- 4, rr(Ê, ") 1- x¡

(sl r,(",F)1-r¡ =(-ù,(":I=,_U,

THponBv l. Theþllowíng ídentity

r(n +p+ Ð
n !I-(B + r)

(6) (r+,)"É4[",",(r)= r(o + I) .t 1 I

J-,(r+r)"-t(r- y)-i l- y)
k=0

cf, +
I
2

l-y
is truefor a)0 and eve¡y¡e(_1. l).

Proof,, We consider tfrè iítãiraf represenration (see tU _ t3l)
a-¡t,b+¡t)

(1+x¡ó+t' x
= ffi# [.,(r * r)o {* - rlr-, ffi',(-Ð

-re(-11),p> 0,b>-t.
According to (5) we may write

k+a-¡t
k+a

Q+x¡b+u oyt',b+Ir)(x k b+p+
k+b+¡t

k

k
kt-b

I
I

ó+Ðr(p) r+y)b(x-y)u-t nf'u)(,

k
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sj''ò)1.r¡ =
(t - ,)-' -1

J-(r - r)
a+b

J
a+b a+b
2'2

II a-l))(v)(v-x) z -tay
a+b_+l

2

2

is valid.
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Proof, Forx e (-1, 1), arrd cr>O, the inequality

( t 1\lct--:c¿-- |

4\*,'' ')(, <l

is valid þ1. This irnplies tliat the right-side of (6) is positive, This cornpletes
the proof.

Conoueny 2. Let p,, be a polynomial of degree n represettted by

p,,(r)=footd"'")(r)
k=0

for x e(-1, l) 
.and-uoreal coffici.enf.s, k:0,1,..., n. If ar>ur>...o,,)0 then p,r(x)>O

Jòr every x e (-1, 1).

Proof, Using the iclentity of Abel we have

p,,(ò !î". 
o -' *r)f4*'*) (,) *o, É ^jt 

", r"l
k=0 j4 j=0

From tlre monotony of the sequence u.¡, k=0,r,..., n, and the inequarity (7)
¡esults that

pn(*)>o,for xe(-f l).

Another applicatio'may be described in the followi'g way. Taking i'to
account that

(r +,r¡"*r' ¡(o+u' "-r) 1r,) = ff# [t (, - rò" of,") (r) (, - *)u, a,

for a>-1, p>0, x e (-1, 1), we define

sl"'b)ç,¡ = f,,ooÍ:þ)ç,¡ , c{,¿ € lR, k= 0,7,...,it
k=0

If c¿ - ! una * = +then we obrain

ll

CoRoltarty 3. If x e(-1, l), a > b ) 0 then the projectio-nformulas


