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PROPERTIES OF WEIGHTED MEANS OF HIGHER ORDER

v. MIHE$AN

(Cluj-Napoca)

Absh'act. In [2] and [3], C. Mocanu studies the rnouotonicity, starshapedness ancl the co¡vexiry
of Cesàro's rveigirted rneans of lrigher order.

We shall study the uronototticity, respectively the starshapedness wit¡ respect to a curve
of these mearìs' finding conditions in rvliich chebyshev's inequãlity holds for rveighted 

'reansof higher orcler.

l.INTRODUCTION

A function,,:[0,a]+R, a]0 is cailed aweight o'[0,a] if the folowi'g
conditions are satisfi ed:

1) p is continuous on [0, a], p(0):0,
2) p is continuous differentiable on (0, a],
3) p'(t)>0 for every te (0, al,
Let Llj, a] be Lebesgue's space of the summable functions o' [0,a] and

rofo, al = {fln' f e t[0, a]] .

F or fe L rl0,al in lTl is defined the weighted rnean

(1,1)

for-rre (0,a1 and AJQ)--fl}).
The weighted mean of order n of f is defined inductively by

(1.2)
4;,"f(") = A( ,-,f)(x), 4 = A,

wlrere we suppose that An_rfeLol\,aJ
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DBrnltloN 2.L The function J'is sÍarshaped wíth respect to a curve (Q
defined lty y:g(*) if thefunctíon h(x):J\)lg(x) is increastug.

Remark 2.l. For S@):x the usual starshapedness is obtained'

PRoposlrioN 2,2, The v,eí.ghted-mean of order (n+1) is starshaped wiÍ,|'r

respect to p(x) if and only íf Anf>2A,,*tf.
Proof, A,.rf isstarsliapedwithrespecttop(x)iftliefunctionhþc):A,*lØlp(r)

isirrcreasirrg,i,e. tt'(r) > o <+ (A,,*r/)'(r) , 
#(t,,.r¡)(x) 

e

* 4+ l¿,,f (,) - a ,,rl.x)l > 19 0,.,r(.,) o 4,fG) > 24,.,f(r) .

Ppí) 
- t "1'+trr tl- p(x)

3. CIMBYSIIEV'S INDQUALITY FOR WEIGHTED MEANS OF HIGHER ORDER

Chebyshev' s inequalitY

(3.r) þ'f .þ'r. p!)l,p'fs

can be expressed with the operator defined in (1.1) by

(3.2) ,1f8). ¿s8) < .qf88)

This inequality holds for different sets of functions: the set of the similarly
olderecl functions, the set of the functions whose averages are mouotone [1].

We wish to give conditions in which Chebyshev's inequality holäs for the

lnearls of (n+1)tli order, i.e,

(3.3) 4*'f(r)'4,.rs?) <  ,u"fs(')'

Let H,,(x) = A,,-fs(*) - ¿,,-f(*). ¿,,s(r).

1'HEoREM 3.I. If the inequalities:

(3.4) 'aln,,(x)]>- o ,

(3.5) (4,-r - 4"f)(4,g - 4,¡s) 2 o,

hold, tlten (3.3) ís true.

Proof. The derivative of .FI,*r(t) is

3188

(2.1)

(2.2) Aaf(x) =

Then

= ,1,uf?) +

from which the conclusion is obtained,

PRoPoSITION 2,1

(4,.,f)(*) = ffi{u,t¡) - 4,.,f(*)) '

Proof. The operator A, deftned in (1.1) is inversable and has the inverse

2.TETE MONOTONICITY AND TIIE ST.ARSIIÄPEDNESS OF TIIE WEIGTIIED
MEÄNS OT'HIGIIER ORDER
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(pf)'(,)
p'(r)

(p 4,*t-f)' (x)¿,,f(r) = A-t,4,,*r-f(r) =

p(r)
p'(t)

from which (2,l) is obtained,

CoRoneRy 2.I. 4,*r1 o ,1,-f 2 4,*t-fi 4,*tI e 4-f < A_r"f

Proof, From (2.1) it is obtained that

( ,.rf)'(r) > o <+ 4,f >- 4,*tf ,

and the conclusion is obvious.

ConoLraRy 2,2. If A,1, then A,,*11. If A,,+, then A,,*rI

P r o of, If A rl from Coroll ary 2. l, it results that A n_r2A r.
is nronotone and we obtainAr2Ar*, and from Corollary 2.1 it

CoRolLany 2.3,If g>0 thett

4,*t-f ¡ ,-- ,¡f a
-t 

f-t

4,¡8 4,¡8 4,g

Proof. Let h(x):A,*1(x)lA,*rs(-r), which is increasing, hence

p,(r)

(4,,.rf)'(*) ,

We apply A, which
follows thatAn*rî.
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l.INTRODUCTION

For a linear space Z aud a nonvoid set U denote by Zu thelinear space (with
respect to the pointwise operations of addition and -uítipti"ution by real scalars)
of all applications front (J to Z.

Lety, X befivo nonvoiclsers suctruut yçXandtet (Nr, ll.li") "rd ("", ll ll")
be hvo normed spaces contained irr Zy 'd Zxrcspectively, suppose that for everyFeN*therestriction FI y of p to I,belongs to 1V".

D¡pn.rroN r. we say tha*he nonns ll. llr u"¿ ll.rl" u." cornparibre if

(1) 
llrl" ll" . ilFll,

for every,Fey'y',

hrthefollorvi'gthenonnr ll'll"and ff 
.lf, u,ilbesupposedalwayscompatibre.

A 
'onvoid 

subset K of anomrecl s¡rac.e (x, ll lD ir cated a core if:
a) u+v e K, a¡d
b) ?".ueK,

for all u, v eK anJ Àe 1?, 2>_0.

ltuo cottes ín rhe
K, has the nonn
,f FIy e Ky,for

-feKr hcu a nonn ¡;øsø.vhtg exiension F eK" (i.", flr= -fanO llf,ff" =llf¡¡";
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H'r,u(') =
p'(r)
p(r)

(+rs - 4,*,.fs - 4,*.,s(4f - A""f) - 4,.,f(4,s - 4,us))

H,u(*) =
p'(*)

Ár)
(n,,(*) - H,uQ) - (4,f -,{,uf)( ,s - 4*'s))

We obtain

Á,r)
p'(r)

H,.,(r) - H,(r)+ É1,*,(.x) = (A,,f - A,,*rf)(A,g - A,,*ß) > 0

P(') H'.'(''^Ï 
.i;;:"' 

p'(') ä"(.r)> o

''ïff>H"(')'
From (3.2) it follows that

A-1H,,u(x) z H,,(x) ,H,*t(x)> ,alu,,(x)]> o ,

hence .É1,,*,(r) 
= O, whichis (3,3).

Remarlc. For n=0, because 1/o(x):0, we obtain Theorem 1 from [1].
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