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l.INTRODUCTION

For a linear space Z aud a nonvoid set U denote by Zu thelinear space (with
respect to the pointwise operations of addition and -uítipti"ution by real scalars)
of all applications front (J to Z.

Lety, X befivo nonvoiclsers suctruut yçXandtet (Nr, ll.li") "rd ("", ll ll")
be hvo normed spaces contained irr Zy 'd Zxrcspectively, suppose that for everyFeN*therestriction FI y of p to I,belongs to 1V".

D¡pn.rroN r. we say tha*he nonns ll. llr u"¿ ll.rl" u." cornparibre if

(1) 
llrl" ll" . ilFll,

for every,Fey'y',

hrthefollorvi'gthenonnr ll'll"and ff 
.lf, u,ilbesupposedalwayscompatibre.

A 
'onvoid 

subset K of anomrecl s¡rac.e (x, ll lD ir cated a core if:
a) u+v e K, a¡d
b) ?".ueK,

for all u, v eK anJ Àe 1?, 2>_0.

ltuo cottes ín rhe
K, has the nonn
,f FIy e Ky,for

-feKr hcu a nonn ¡;øsø.vhtg exiension F eK" (i.", flr= -fanO llf,ff" =llf¡¡";
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H'r,u(') =
p'(r)
p(r)

(+rs - 4,*,.fs - 4,*.,s(4f - A""f) - 4,.,f(4,s - 4,us))

H,u(*) =
p'(*)

Ár)
(n,,(*) - H,uQ) - (4,f -,{,uf)( ,s - 4*'s))

We obtain

Á,r)
p'(r)

H,.,(r) - H,(r)+ É1,*,(.x) = (A,,f - A,,*rf)(A,g - A,,*ß) > 0

P(') H'.'(''^Ï 
.i;;:"' 

p'(') ä"(.r)> o

''ïff>H"(')'
From (3.2) it follows that

A-1H,,u(x) z H,,(x) ,H,*t(x)> ,alu,,(x)]> o ,

hence .É1,,*,(r) 
= O, whichis (3,3).

Remarlc. For n=0, because 1/o(x):0, we obtain Theorem 1 from [1].
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(c) Iffurtherunore Yr c. K*, tlten

F -6(F l") = rrt(r)

for all FeK*

Proof, Let F e Kx .For G e Ir taking into account that the no.-. lf 
'll"

were supposed compatible in the sense of Definition 1, we have

llol"ll" = llol" - ol"ll" = llfo - o)l"ll" . ilr - Gll*

It follows that

ll"l"¡¡" < a(r,rr)

On the other hand, because F - H e ra for n e A(fl"), we have

ll.l"ll" =llull* = llo - (F - H)llx> inr{llF - Gllr'c e ra} = a(r,vr)
Conrbining the obtained inequalities one can write

a(r,rr) 
= llr - (F - H)ll .=llrl"ll" < a(n,vL)

It follows

llo - (" - H[r= a(r,vr) = llol"ll,

for evèry n e 6(nlr), provine fomrula (5) and inclusion (6),

In order to prove equality (7) suppose that YL c. Ky and let G be an

arbitraryelementof ry-L(F). Since Gly = 0 andthenorms 
ll ll" a,ra ll.ll, are

compatible, it follows that (lr - C)1, = Fl" and, by (5),

llr - cll, = d(F,r') =ll"l"ll" ,

showing that F-Gis a (NPE) extension of Flr. To prove that F - G . V(flr) ,t

remainstoshowthat F-G eK¡(see(2)).But G e11 implies -G eyl and,

byhypotlresis, YL ç K*impfyrng- G e K y,andsinceKris aco ne, F-G=F+\$ eKx,

IfK"has the (NpB)-proper{y with respect to K*let

(2) 6("f),= {,o = Ky: Fl" = f andllrll" = tt¡lt }
denote the set of all (NpE) extensions of flre functi onfeK,
Let also

(3) M*:= K* - K*

denote the liniar subspace of Nrgenerated by the co'e K*andret

(4) yL := {G e M a:Gly= o}

be the annihilator of the set r in the rinear space M* (remember that we havesupposed YçÐ.

Obviously that Yr is a closetl linear sunsp ace of M_,.
A linear subspace zofnonned space uis iorcap,.iii,nínar if for every u<(Jthere exists voe Zsuch that

lþ - "oli 
= d(u,v):= inf{llu_ vlj:v .v} .

The set

Pv@):= {v e rrll" - vll = d(u,V)}

is called the set of erements of best approximation for z by elemen ts in v.rf P-(w)+Ø for alr w it a rubset w of u tt 
"r, 

iti" ,ìü.pu." I¡ is carledI4/-pt'oximÌnal.

THEOREM r, If the cone K, has the (NpE) property wí,h respect to thecone K*tlten:
(a) The equalíty

(5) a(n,rr)= 
ll.t"l|"

Ís truefor all FeKu;
(b) The inclusíon

(6)

holdsfor evety FeKo

r -a(nlr) ç pyr(F)
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Obvoç* lii,i'lö'fi:::i :{,,;;:;[,i';;î
The

My:= Kx - Kx = {ra e Cfa,bl:F(a) = F(b)}
and the annihilator space of the set Iin Mris

Yr:= {G e M¡:G(a) = c(ó) = o},

By Theorern l, the subspace I.l is Kr-proximal and a(f ,VI) = F(a) anJ
r -W(nl") c- Pyr(F), for each FeK*. We have

6(rlr) = {u . Ky: H(a) = H(b) = lløllr} =

={n "Ky:H(a)= H(b)ano lø(:r)l < F(o),for all x ela,bl}.

It follows that Yf c Kx and therefore the equatify r _A(nl") = ryL(F)
for each FeK*

Z".Let X =l_Z,Z]c R, y = {_10,1} and let
N y:= tipof-z,zl = {r:[-z,z]-+ .R:F is Lipschitz on l_z,zland F(0) = 0] qip
ped with the Lipschitz nonn

llrll, = sup{lr(") - e(y)l/lx _ yl:x,y ef_z,zl,x + y}.

For N"take

1/y:= Lipo{_1,0,1} = {,f:{_1,0,1} + ^R:{0) = 0}

equipped with the nomr

llr¡¡" = *.*{lr(- Ð1, l¡f Ðl}

ForK*and Krtake

Ky:= {f e fipol-2,2f:F is convex onl_z,Z]}

Ky:= {/ e riloi- 1,0,1}: f is convex on{-r,o,t}}

By definition ,F e tipol-Z,Z) is inKrif
r(tx + (t - r)y)< l,F(x)+ (r - l,)r(7),

!o: ?vpry !tyel-2, 2l a:rd every î,e [0,1] and/ is in K, if the divided difference
l-1,0,1; fl is nonnegative,
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EXAMPLES

4

showingthat F -G ea(rl").Thislastrelationisequivalenrto G e n -w(rl")
for every G e P¡ (F), 'i'e' r¡(r)= r - a(rlr), which togerrrer with inclusion
(6), prove equality (7).

Taking Kr=Nrand K*=N*one obtains:
CoRorraRy I. If Nrhas the (Np4)_propety wíth respect to N*thett
(a') The subspac. yr: 

{o u Ny:Gl" = 0} i, proximal in N* and

(5') a(r,vr)= ll"l"ll"
for every FeN*

(b') The equality

(7') r¡(n)-F-v(rlr)
lrcldsþr evety F<N*

Proof. It suffiôes to prove equality (7'). By Theorern 1 it follows that
r - v(rl")= \'(e) . rr Fe N" and G e p"r (l;) then

lle - cll, = ,t(F,t') =llolrll,

since (r - c), = Fl" it follows that F-G is a norm preserving extension Fl".
ButKr=iy'rirnplies Mx=Nxso that F-7eM*sl.rcwing that F _G eA(nlr) o,
equivalently G e F -,w(olr) for every G e pyr(r) , rriis proves the inclusion
Prr(F) c F - V(olr)and åquatity (7'),

1". Let X =fa,blcR and y ={o,å}. fake Nx = Cla,b]_the space of all
realvalued continuous on la,b) with the sup_nonn and .À/y = C({ø,b}) .

Let K* be the cone

Ky:= {r ec[a,tl:n(a) = F(ó) > o]

and Ky = Kxnc({a,b}) ,i,e.

xr:= {f ec({a,o}):f(a) = .f(b)> o}
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G of best approximation of a function FeN*by elemènts in rr has the form

G: F-H fora finctionÉ/ e V(rlr)atso {4 ri) = llrlrll" and p"r (F) = F - 44r).
other examples to which corollary 1 applies are given by Hahn-Banach

extension theorem, by Tietze extension theorem, by Helly extension Theorem (see
ul, [8], [12], [16]).

2. TIIE QUOTIENT MAPPING

Consider the quotient subspace MX /YI with respect to its subspace YI,
defined by

(8) Mx /, t = {. +YL:F . r*}.
Sin e the subspace If is closed in it follo s that

(e) 
11". "'ll 

= ¿(r,tt), o e My,

isanorm on My/YL
Let

(10)

and let

(1 1)

Ky lYr:= {n +Yr:r 
" 
**}

KerPrr l**,= {r . x*:o e r"r (r)}

be the kemel of the restriction of the metric projection P¡ to Ky
Obviously that

Kerp", l*. = {o e x *:llnll* = ¿(F,r')} = {r . x*..llnll" = llol"ll"}

The application

(12) gx*:K* -> K* lYt, g(f) = F +Yr , F e Ky,

is called the quotíent mappíttg of the cone K"onto the cone Kx / YL.
THEoREM 2, If the cone Krhas the (NPE)-property with respect to Í.he cone

K*tlrcn

to .Kx c rl -r KeÇr l** = {c * n,c eyr ,G e KerÇr 1,"* },
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Obviously that K"has the (NPE)-property with respect to K*: for,Fe Krthe

restriction fl" is in K" and F(.r) =

(NPE) extension in K* of feKr.
Let

,.Ë3,,,[r{r)* llrll"l, - ,lf, * e [-z,z] is a

r(.r)=
-x, xe[-z,o]

ir,*e(0,-z]
and

-x-1, x el-2,-t)
G(x) = 0, t.[ - Lll

tl
-x--. x e22'

It follows that G e tsr iin fact G e Ky c Kx - Kx),

I , x el-2,-tl
-x , x e (-t,o]

r(r)- G(x)= I
2
I
2

and

llr - cll* = llol"ll" = d(r,y'), (, - c)lr=rl, ,

irnplying tbat F-G is a (NPE) extension of Fl" . But -F-G is not convex function on

l-2,2) showing that, in general, f - V(flr) can be strictly corrtained in p"r (F) .

Therefore equality (7) is not true without any supplementary hypotheses on the

space I,I,
3".LetX, Y, Nx N"be as in Example2o and

,r={oeN¡:cl"=o}
By Mc Shane's theo¡em (see [9]), the space Nrhas the (NpE)-property with

respect to Nr, By Corollary the subspace Irf is proxirninal inNrand every element
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z".Q(KerPr, K,) = K* lYt;

3o.F - (nl**,,¡., )-t{"',-rt) Ç py,l",(r), ror every F e Ky.

Proof.1". 8y Theorem 1. (b), each FeKxthere has an element of best

approximation G e),land G=F-H for a function H .A(fl-). It follows that

llnll* =ll"lrll" = d(H,rr)implyin s H eKerprrl"*,,"!,t1á, F = G +yr,
H eKerP¡lx*.

2".Let F +YI eKX /fa. Sirr", FlyeKr andKrhasthe(NpE)-property

with respect to K*itfollows that for every H .V(flr)c Kerp"-L 
f 
r* we have

8(H) = rI +Yr = F +Yr ,

because F - H e Ia. Therefore QKerpyt 
1"" 

ir a surjection.

3o. By 2o, the application

(n**,,
-l

:Ky /Yr -+ zK"tP"'l** ,
(13)

given by

(14)

is rvell defined.

D_D_
Ky

n(r +tt) = a(rl") cKerpr,.lx*,

But then, by Tlieorem 1. (b), it follows that

r -a(nlr) = 
pyrl"" (r)

Theorem 2 is proved.
Using Theorem 2 one can obtain some relatiolm between the properties of

tlre selections associated to the metric projection P"rlx* and the properties
ofthe selections associated to the application E defineh by (13) and (14). (see
[3], [12], [13], [16]).
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