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ON COMPUTATIONAL COMPLEXITY IN SOLVING
EQUATIONS BY STEFFENSEN-TYPE

METHODS
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(Cluj-Napoca)

I. INTRODUCTION

This note is a continuation of the paper [a]. We shall establish here the opti-
mal methods for the gfficiency index of the class of Steffensen-type methóds.

We adopt the efficiency index of an iterative process as being the number
I (a, p) given in [1] by: 

I

(1.1) I(a,P)= 6r

where r¡ is the convergence order of the iterative method and p represents the
number of function evaluations that must be perfonned at each s?ep, As it results
from [1] anrt [4], the efficiency index can be defined as in (1,1) ifrvé admit that the
number of function evaluations is constqrit beginning from a certain step.

Let I c.1t denote an interval of the real axis, and consider the equation
(r.2) f(x):0,
where/: 1-+ ^R, suppose that equation(l.z) possesses a unique root x e L Also
suppose that/admits derivatives up to the order m*l, rz e \ the (z+l)-th deriva-
tive of/ is bounded on { and/'(v) * 0 for all ¡; e I. rf F : flI), theri there exists the
function/-r: F -> I and x:-f-lQ).

It is obvious that for approximating the solution of (1,2) it is sufficient to
approximatef-t aty: g.

F¡om the derivability hypotheses conceningy't follorvs tltatf-r also possesses
derivatives up to the order m*1, rvlúch are given by l2l:

(r3) 
[r-'(r)](*) =zaI ?-")',(l)!lr=f.+l' [lþl-u irtirt...ikt[.f'(r)]'*-' I tt / [. kl )
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n (lr, atl !2, azi,.,i ln+l, an+t ; f-' ll) =
(2.3)

_ S ç",$-' I r-rl.; \l(i) , [(, - r)"''lto) '(y)- 
""'?-? 

tLr \/i)J it¡tl '(v) ),=,,{r-v,)o'-'-r
where
(2.4) . (v) = (v - vr)"(v - vr)"' "'(v - vn*r)o'*' .

If xr+2 denotes the value of H at y: 0 we have

(2.s) l7 - ,,*,1= -ëïfi.v\)|"'lf (.)lo' . ..l,f!n*,)1"'.' ,

where M^*t =;Hlt/ '(r)]''.') 
| 

.

If x¡, x¡+1, ... , xk+n e I are n*1 approximations of i, then a ne\ry approxima-
tior Í¿+¡,+l can be obtained by (2.3):

(2.6) x¡+n+t: H(¿t¡,a1; lk+1, a2i '.., !¡+¡, or; .f-1 lO¡, t : I,2, ',',
with the error evaluation

Mnt+l

(n + 1)!
(2.7) lÌ - rr*,*,1< lr @ ù1" lf (* *,)1"''''l.r Q o * )lo'.'

Method (2,6) is called Hermitelike iterative method,

Consider a function q : 1+ lwhose fixedpoint from.Iis 7 i.e. g(.r ) : ï,
and suppose there exists a real number o > 0 such that

(2.8) lr(eþ))¡<"lr(Ð|,.. attxeL

Let 91(.r) : q(¡), qz(x): 9(9¡(x)), e¡(¡): rp(cpz(¡)), ..., e,,(x): e(qn-t(r)), be
the iterations up to the order r¡ of the function rp.

To increase the convergence order of method Q.6) we can do as it follows.

Let xo e I be a certain approximation of the solution .r of equation (1.2) and

uk: xk, lt¡+t : Qt@*),,',, ün+ k: qr@t). Consider the values lt :f @¿) i : k, n + k

as interpolation nodes in (2.3). Then r¿a1, the next approximation of Í, is
given by:
(2.9) xk+t = U(Vt , aú lt +t, k,i...i !k+n, an+t; /-tl O) .

Repeating this process, called Steffesen type iterative method, we obtain a
sequence (¡r)r>o of approxirnations for I .
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k: l,m * 1 , where the above sum extends over all the integer nonnegative solu_
tions of the system:

(1.4) i2+ 24 + "' + (k-t)ík: k- l'
\+ i2+.., + ik: k_ L

We shall consider the following general iterative process for solvi¡g theequation (1,2):

(l 5) xn+k+t= g(xÞ )t¡+p ... , x¡*r) , n>0, k: 1,2,...,

where g ' I'* I -+1is a function whose restriction to the diagon al of In+ I coincides
with a function h: I -+ I,whose fixedpoint is x, i.e. g(x, x,l., r) : h(x) for allx e landh(x)=;.

In order to establish the optimal efficiency index of the class of Steffensen
methods we shall adopt, as in [4], trre foilowing-assumptions:

We consider as a function evaluation :

a) the evaluation of th vatives at a certain point;
b) the evaluation by ( of f-r ata certain point;
c) the evaluation ofg

2. GENERÁI,IZED STEF'FENSEN METHOD

Let:
(Z.l) 

x1, x2,. .., xu¡1

be n*l interpolation nodes from l and

(2.2) !1,!2,,,.,!na1

tlre values of f at x¡, !¡= f(x¡), í : Ç¡ 1 .

Consider n *l natural numbers a1, a2,,.;, dr,.1 such tl,tat ur> L: Liì I , and
ar*ar*...*a,,*a,t+1: lz+1, Supposing that at each x,, í =T1Ã , we know the
values of/and of its derivatives up to trre order a,-r,i,e, we knowfx,),.f,(x,), ...,

,(ot-l) çx.),by (1.3) we can get the vaiues of f-r anJof its derivatives up to the

order a, -l.
we can now construct the Hermite inverse interyolatio'porynomial cor_

responding to -f -1, nodes (2,2), i.e. the following polynomial exists and is
uruque:
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where lu,vJlrespectively lu,v,w;fldenote the first, respectively the second order

divided differences off
B. ar* d2 :3,i.e. a, ,2, d2: I or at: I and az:Z' When a7:2, ar: I we

obtain the fotlowing method:

f 6o) (f 'Q)-l'o'qþ);tf)f'þr)
(3.3) xk*t= )ck- 

flx)+ '

x, e I, k=0,Ir...,

and when ar:\, ar:2 it follows:

(3,\x*t=q(rk) ffi. ,

Xs eI, k=0,I,,..,

C. o, :3. In this case we get from (2.9) the third order Chebyshev iterative

method, studied in [a].
In conclusion, the following theorern holds:

TgBORBV 3.1. Under the assutnptíons a) - c) from 1., in theclass of Stelfensen-

type iterative methods any of the tnùhods (3,2), (3.3) or (3.4) is optimal, i.e. has

the greatest fficiencY index.

Remark. For the particular case when dt: a2: ... : an+l : q the condition of
iptimalityfor thi effictency index gives us two-possibi.líties, namely q : 3, n: 0,

hence the case C. or q: l, n:2, hence the case A'
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Using (2.8) and (2.7) it can be easily seen that the convergence order of
(2.9) is m+|.

3. THE EF'FICIENCY INDEX OF' STEF'F'ENSEN-TYPE METHODS

As it can be seen above, at each iteration step in (2.9) we have the following
function evaluations:

1) n values of g to obtain the inteqpolation nodes u¡¡¡, i : l, tx i

2) n+l values of f at the nodes u¡a ¡, i: 0 ,n ;

3) at each interpolation node u¡¡¡, í : 0 ,n we compute the values of suc-

cessive derivatives oflup to tt¡e order a¡1- 7, altogether m-n function evaluations;

a) by (1.3) we evaluate the successive derivatives of;f-l at l**t :-f (uø¡),

i: 0 , n up to the order a¡¡1- l, altogether m-n function evaluations;

5) finally, consieler (2.9) as a single function evaluation,

Surnming up, we obtain altogether 2(rn+t) function evaluations.
Using (1.1) we obtain the following expression for the efficiency index of

the class of Steffensen-type methods:

(3,1) I (tn + 1,2(tn+ Ð) = ç* + l¡'ø.')

Elernentary considerations on the behaviour of the functiorr å:(0,+oo) + R.
I

h(t) : tr lead us to the conclusion that the function l(m+1,2(tn+l)) attains its

nraxinrum atm:2.
Note that the efficiency index (3, I ) does not depend on the number of inter-

polation nodes.
From r¿:2 and al* a2 + ... + rr,*l: m1.7, ar> 1 i: l,n + I it follows

that n < 2.
We shall successively artalyse all the cases that lead us to the optimal

methods from (2.9).
A. a, * a2* o3:3, i.a. aJ : a2: oj: l. Then (2.3) becomes the Lagrange's

irrverse iriterpolation polynomial, and (2.9) is written:

xr,<p(xr)"e(q(+));/ f Qòr(q("*))

4

rr*r = ,r-, f(l)- -'K+t "K 
L*0,'p@);fl

(3.2)

lxo,,p(x¡);-f *o,e(eQ));f e(rr),e(q(r));"f

xoeI, k=0,1,...,

rl


