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I.INTRODUCTION

In this pape! we continue our earlier investigations [12], [13], [16] concern-
ing the use of probabilistic methods for constructing linear positive operators use-
ful in approximation theory of functions. By süarting from the beta distribution of
second kjnd bo,o(withpositive parameters), which belongs to Karl Pearson's Type
VI, one defines at (3) the beta second-kind hansform Tr,oof afunctiong : [0, æ) -+ lR,
bounded and Lebesgue measurable in every intewar'la,b], where 0 < a < b 1@,

such that To' 
I 
g | < æ. At (4) is given an explicit expression for the moment of

order r (l < r < q) of the fi.¡nctional rr,o.lf one applies this transform to the image
of a ft¡nctionf : [0,.o) -+ IR, by theí'Bar ed at (g), we
obtain the functional F^(p,.e) = Tr If we c-hoose
p: x/d, q: Ila, ivhere o is aposì aparameter-

dependent operator fo) , introduced in 1970 in our paper [14] (see also [15]), as a
generalization of the Baskakov operator.

The main result of this paper consists in introducing and investigating the
approxinration properties of a new beta operator of a second krnd L^ = T^i, 

^*r,which is an integral linear positive operator reproducing the linear nrn"fióirr.
As rve have mentioned in the final part of the paper, this operator is

distinct from the other beta type operators used so far in approximation theory
of fuirctions.

At (13), (14) and (15) we gave estimations of the o¡ders of approximation,
by using the moduli of continuity of first and second orders. At (16) we gave an
asymptotic fonnula of voronovskajatype, while at (18) and (19) we established
two representations for the remainder term of the approximation formula (17).
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(r-f)(r) = n f

Yh"l9 (Xo) represents a sequelce- of independent random variables, identically
distributed as a random variableXwith finite mean.r and finite variance ôr(.r). Ií
this case Fro represents the distribution function of the arithmetic mean

v _ X, + X, *...* X,,
'r, - ---- ,;--

Now we have

(L^er)(x): L,,(t;x): x, L,n(e-x)'; x): õ'(x)lm.

such operators were called by R. Bojanic and M.K. Khan [2] averagi.ng
operators.

(3)

3. TI{E BETÄ SECOND_KIND TRANSF,ORM 4,i

Let us denote by Mfj,æ) the linear space of functions g(l), defined for / ) 0,
bounded and Lcbesgue measurable in each intervar [a,å], wiìere 0 < a < b < *j.

We shall define a linear transform by using the beta distribution of second
kind, with the positive parameters p and q, which has the probability density

(2) b,."(t)=-'o-'P's\/ B(p,q)(trt)t+t '

where t> 0 and br.o(' :0 otherwise;by BQt,q) is clenoted the beta function, This
distribution belorig-s to Ka¡l Pearson's Type vI. It is easy to see that there is a
considerable resemblance to the case of the gamma distribution, used by us in [12]
for obtaining the Post-Widder gamma operator.

By using distribution (2) we can define the beta second-kind transfomr 
Ç,0,of a functiot g e A410, -), by

To,rE=fs(r) br,oQ)at=

I r* ,\ tP-ldt
= açp,n¡lo çlt) 0+ty ,

l

suchthat T,,lgl <*.
One 6É.ãwes that To o is alinear positive functional
We rreed to state anä'þrove
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2, SOME RESULTS ON TTIE PROBABILISTIC METIIODS USED
F'OR CONSTRUCTION OF LINEAR POSITIVD OPERATORS

:i
[{,

me that the expected value of the random
can define it by the followirrg irnproper

nlr (2,,r)l = J-*.f Q) ar^,, (t),
with the requirement

J--lrØl¿4",, (,).-.

Therefore we ca,n comider a general linear positive operator 2,, associated
witlr the functio'/and the distribution functi onF),*defined by

(r) (L^f)(r)= L^(¡(t);*)= ï_¡Q)dq,,(/) .

It is easy to see that this is a contraction operator, since we have

llt,¡ll= ll/l J_ ¿r.,,(t)= ll¡ll .

I e,(x) - x,' (r =- 0,1,2, .,.). Beside tlie
e that rve have L^"1 : e, and that
compact subinterval 1of the real axis.

uniformly on L Tkns result constitutes th
W. Feller ([3], pae 218), which was
the weak law of large numbers. Usua
nanre [7], [2],[51.

It can be easily observed that this r
estimates of the approxirnation of the fu
given in our paper [12]. In drat paper
using the theory of characteristic func
szasz, Baskakov, Meyer-König and zeller and stancu, by starting, respectively

isson, Fisher, pascal ancl Markor,_polya. For

ff i#äï:ffi'ã[iä3il #: :îï:"iïi:
opemtors represent special cases of the Feller operators
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By replacing it into (7) and taking (5) in consideration. we obtain the desired

result (4).

4. THE FUNCTrON.A,t FIþ,q) = To,r(ß 
^ f)

Now let us apply the transfonn (3) to the Baskakov operator ß,n, definedby

5

(8)

We may state and Prove
THEOREN,I 2. The Ç,0 trarisfornt of ß nr-f catt expressed under the follow-

ing forrn

(e) Fd (p,q) = To,n(q f) =

p(p +i),,(¿ + q - 1) q(q+ t)... (q + m - 1)

Ë
t=0

m+k-l
k (p * q)(p * q+ t).,,(p + q + m+ k - t)

= å(''.f 
-')qh[t .Ë*"]'(*)

If we make the change of variable / : t l(I + l) in the integral

I,n,¡(P,q)=!:ffi,
we get

r,,,t,(p;q) = | ,o*o-t (! - y¡"'+a-t 6, =

=B(k+p,ttx+q)=#H#4=

Proof, We can write successivelY

To,o(ß,, f) =

p(p + r)...(z + q - r)q(q+ t)...(ø + m - I)

(p * q)(p + q + r)...(p * q + m + k - t)

arrd we obtain fornrula (9)

B(p,q)
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(a+b-t)(o+b-2) ,.,(a+b-r)
(ó-Ð(b-2) (ø-,)

a(a+.1)...(a+r-I
(a+b)(a+å+1).,.(a+ b+r -l

4

THEOREM L The moment of order r (l < r < q) of thefunctional To,n ltas the

þllou,íng value

(4) u, (P , q) = ro,n ", = 
år! ,irl _ ,l' 

* 

,'n 
t,\

Proof. V/e have

I l- ¡P+r I

Tr,n ", = B(p,q)Jo 
1r *yrø 

dl '

If we make the change of integration variabley : t/(I+t), we have t: y/(l-y),
dl: (1 - y)n dy and we obtain

(s) Tr,,u, = #Ã J'yo*'-' 
(t- y)n-'-'* = fuuøP

Applyirig successively r times the known relation

t-_1
B(a,b)= ffiB(a,b-t) .

rve obtain the following formula

(6) B (a,b - ,') =

Taking a: p + r and b: q, we get

we find the relation

(7) B(p*r,q-r)= B(pt-r,q)

By using successively r titnes the relation

B (a-r 1 ,b) = -U- t (o,b) ,

B (a,b)

BB(a+r,b)= d( b)

If we take a: p and b: q we get

B(p*,,q)=rnffiBþ,q)
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wh_ere ot o.(f; õ) represents the modulus of contínutfy of order k of the functíon
f (k: r,2).

Proof. From (12) and (4) we deduce

(L^ er)(x) =
xQnx +l

6

We can make the remark that if where c¿ is apositive parameter, then"r#^;ì;tä;;;äi" iözo dent oPerator

säskakov operaror, By îiil;li:
expressed under the following compact fonn

(,0) ('t:)t)(,)=å(*.: )#þT+,(Ð
It should be noticed that,the operator t, r = fl rva, used in the paper [1]for obtaining our operator l;) givèn above.. '-

5.THE BETA SECOND_KIND LINEAR posITIV OPERÂTOR T,,,,^*1i
APPROXTMATION PROPERTIES OF IT

Now rve introduce a new beta second-kind approximating operator.
If in (3) we choosep : mx and q: rn*r, thenìã *y nrn"üoty e M [0,æ) weassociate tlre linear positive operator'L,n, defined by

Il rr,)b.,,.*tQ)at ,

(t2) (L^f)(,) = L^(¡ (ù; i = fr¡;¡ff, Olffi
Because

(r,, eo)(x) = |iu.,,,,*r(r)ar = 1

and according to (4) we irave (L^e) (r) : x,it folrows that L,nreproduces to rinearfunction,
It is easily seen that tlús operator is of Feiler's f¡zpe, but it is not averagingoperafor,
If we use ari inêqualify established i' our paper [r2l we can find immedi_ately the order of approximation offby rneans oi f),¡. 

L -r ¡r - :

, Ïqo-l'M3. If f e C 10,æ), such that L^( fl,.i¡ . * , thenfor any m)t u¡ehave thefollowíng ínequat¡i¡es 
'

lra) - Ø,,r)(') I = (r 
+ f 1" + a) ^,(r,#)

I¡G) - @,r)(*) I = 
(, * x (x + ¡¡^,(r ;#),

m-l
" xl.r + l)=x'+ \ /

m-l
and

t,(Q _ l, ;,) = +r)Y x

m-l
If rve use the follorvi.g i'equalify, given at page 686 of our paper ll2l

l"f @ - (L,,,.f ) (r)l < (1 + ô-1o, (r)) r,.r rfi ô) ,

where

(1 5)

u,e replace

we arive just to the inequality (15)

L,n
.u+1

nt-7'

Proof, If in our mentioned inequality

lr(r) - (r,,f)(r) I 
. ',, (-r)lr + o,, (.r)]co, (.r'; ô)

lrA) - Ø,,r)(,)l = # !ç(" . 1) 
fr 

* f 1' * r¡]

c2
tn )x ((, -,)' ;,)

(r r) (t,f)(r) = 1,,,,,*1f =
or rnore explicitly

(13)

(14)

we obtain
( f/*il1

lr(')- (r,,f)(r)l = I 
t* 1 r/¡(¡+tJ l', Ir'¡),n"/\ /t 

[ õ Jm-l )*t\r'")
If we take ð = 1/ Jm - 1 we arrive at inequality (13).
By using Theorem 4. I from a paper by H. H, Gonska and J, Meier [4] we can

obtain at once the next inequality (14).
According to the Boliman-Korovkin convergènce criterion, we can deduce
coRoLleRy L lf f e M 10,æ) and is contínuous at all point of an iptet-val

la, bl (0 1 a 1ó . *) , then L,.,f con.r)erges unforntly in [a, ll to ihefuncti.on f
v,lten nt -) oo,.

Appealirig to an inequality given at page 689 of our paper I l2] we can estab-
lish an inequality of Lorentz type.

THEoRøu 4. If f ltas a l:ounded unífornùy continuous derívaî.ive for x ) 0,
tltettform>lv,ehave

cr) I .f';

t,(r) = fr."lt) / Jrn-I, ô = I / d,n-l
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For tlie operator Lmintroduced at(12) one can be established also an asyrnp-

totic formula of Voronovskaja type.

THE9REM 5, If f e M 10,æ) is differ enti abl e ín s o me nei gh b or ho o d of a p o irtt

x e la,b) (0 < o < ó < -) and at this point the second derivative exists, thett we have

(16) ,l*''l¡(ù-(r,,¡)(')]= -*(*;") .f "(*)

If f e C'z la,bl then the cont'ergence is uniform.
For the proof of this theorem we call use a result of R. G. Mamedov [9] (see

also M.W. Müller [11]).
Conceming the renainder of the approxirnation fonnula

(r7) fØ: (L*f) (r) + (À,"/Xr) ,

which has the degree of exactness N:1, we can give an integral representatiott,

THEoREM 6.If thefunctionf e M [0,æ) has a contittltotls secotld derival,íve

for t> 0, fhen we cen represent lhe remaínder of forntula (I7) ht thefollott'itrg
integral fornt

(re) (4, f)(ù = -#)f 'G), { e (0,.o).

Finally, we mention that our operator defined at (1 1) - (12) is distirict from

other beta òperators considered earlier in the papers [10], [8], [17], [6], [1]'
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(18)

where

(4, Ð(r)= l; G^Q;*) f ,,(t)dt 
,

G,,(t;r) = (4, ,p")(¡) , q, (/) = (r - l)
x-t+lr-tl

*2
and A,n operates on q,(/) as a function of x.

This representation canbe obtained at once if we apply the well-known theo-
rern of Peano.

It can be easily verified that for any fixed point:r e (O,co) we have G,,,(t; x) ! 0

when I e [O,co), Consequently we rnay apply the mean value theorern of the inte-
gral calculus and we obtain

f(,) = (r,,,f)(r)* J'' (6)l; G,Q;,-)ar .

If rve choose "f (x): er(x): x2, we can deduce from tlús equality the value of
the integral of Peano's kernel

ji 
",,(,;rç) 

dr = - :r(.x + l)

2(m-t)'

Therefore from the preceding theorem there follows

CoRot-l,aRv 2. If f e C l\,xt) thenfor all m > I there exists a poíttt I e (0,co)

suclt lhat the remainder of tlte approxirnation formula (17) can be represented
un d er t h e fo ll otv i n g fornt

I


