
36 Radu Brãdean t4 REVTTE D'ANALYSE NU¡41IRIQUE ETDE rnÉOnn DE L'APPR9XIMATI9N
Tome24,No'1-2, 1995' PP' 37-43

Then we have

(2.23) llt"tllt, p 0.269 tand llø3 - u oll,t< 0.s D J C F

Approxímation by Chebyshev polynomials. In this case, we have
ON SOME STEFFENSEN.TYPE ITERATIVE METHODS

FOR A CLASS OF NONLINEAR. EQUATIONS
u n e D s ( F), llt,,llL = I Llä" r(r, o r . rW;))' * o,

Forn=4weobtain evu. cÃrrNaç

(Cluj-Napoca)
Q 24) llt"oll',"x0.135417 and llua -uolln<o.36lJcF

Remark. With the Chebyshev polynomials the error is srnaller than the
resulting from the employment of the trigonometric ñ¡nctions.
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(l) F(:c) + (¡) = Q

operators, F being Fréchet differentiable and

?'å"1åi ärd.åilii,:ï JlåT,i ïffff ;t
then split into two parts: a differentiable part

and a non differentiable one.
various methods have been proposed for solving these kind of problems:

In [8,9,10] are considered the Newton-like methods:

(2) xn+t= xn- F'(x,,)-t(F(*,,)+G(x,,)), rh ex, n=0,\..'
and, rnore generally,

(3) xnit=xr-A(xr)-t(¡(¿,) +G(x,,)), rcl ex, n=0,1,"'
where A is a linear operator approximating F"'

In [1] is studied the secant-type method

(4) xn+t = x, -lxr1,x,;F)-r(F(x,,) +G(xr)), xo, \ ex, n=\ 2,"',

îx,y;Fl denoting the first order divided difference of F on the points -r, y,- '" ' 
ître convergence order of these sequences is linear, as it can also be seen in

the numerical examPle.
In [3] is considered a conrbination ofNewton's method an<l the secant rnethod:

(5)xr*r = xn-(F''(¿,) +lxr-1,xniG1)-1(r(t,) +G(xr)), xo, xt eX, n=1'2-"'

lraving the convergence o¡der 

"tx 
1618 i,e, the convergence order of the secant

method.
In the present paper we propose a method based on Steff'elrsen's method and

Newton's trethod, having quadratic convergence:
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38 Emil Cãtinaç

(6) x,,u = x, - (F'(x) +[xn,q(x);Gl)r(F(x,) + G(xn)), x0 e X,n = 0, \...,
wlrere q:X -+ X,9@) = x - t"(F(x) + G(.r)), À being a fixed positive number.

2. TIIE CONYÐRGENCE OTTTHD METHOD

we shall use' as in [4,5] the known definitions for the divided differences ofan operator:

. DEFINTTI.N l. Anoperator l,*o,yo;Gl belonging to tltespace g(X,X) (the
Banach space of the rínear and bounded operatorsf.ont xto s is caued thefirst
order dívided difference of the operator G: X _> X on the poirtts xç,ys e X ,f
the þ llou,ing prop erties h o Id :

a) lxo,y6c1jo - xo) = G(yù - G(xù, þr xs * ys;
b) f G is Fréchet differentíable at xs, then fxs,xs;Gl = G,(xù .

D'rnvnroÀ¡ 2' An operator beronging io trte space g(x, g(x 
, x)) , denoted

by lxs,lo,zo;Gl, is called the set:ond-order cliv.ided dffirerrce of the operator
G:X -+X on the poírtts x0,!0,20 eX if thefollowíng propertíes hold:

a) Lxo,ro,zs;Gl(26 - ro) = uo,zoiGl-Lxo,yo;Gl , for the rlistinct poinr,s
xgrlgrz¡ €X;

b) rf G ís two títnes Fréchet dffirentiaÌ;le at xoeX, then lxo,xo,xo;Gl

=)c"ç")'

we slral I denote by B, (x ) = {x e xlllx ̂  xo 
f f 
.t} t'" op en bat having the center

at xo eX arrd the ¡adius r > 0,

Conceming the convergence of the iterative process (6):

xn+r = x, -(r'Q) +fr,,,q(r,,);c 
l)-'(n(*,,) *c(r,,)) x0 e x, n = 0,1,..,

where q.X --> X, (r) =.r- ,(''(x) + qr)), we,ll prove the following t'eorem:

ä) F is Fréchet dffirentiable on B,(xs) , with the Fréchet derívative salisfiíng
the Lipschitz conditíon

ll"'(')- ¡'(y)ll< rllr- yll, v x, y e B,(x,);

äi) The second-order divided difference of G ß uniformly bounded on B ,(xs):

lllx, y, 
" 
;clll< K, v x, y, z e B,(x r);

iv) TIte operators F'(x)+l.r,q(.r);G] are ínvertible, u,itlt the ínverses wúformry
bounded:

V; e,B,(.r¡) with q(x).8,(fò there exísts ("'(r)+[x,rp(x);c])-t and

ll{"'r'l 
+ [r, cp(.r);G]-'ll 

= 
r,

v) À ls chosen such that î"<M;

vi) q:= ,'"(t.rK)<r and the radius is given by

2 3

then'.

(8)
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r:=

ll¡* -r,ll<
u(l.zx

I
-+2 2K

@

k=o

$
Q-,

j) The se.quence (x,),ro given by (6) is well defnect and (x,,)c.8,(x);

ji) (x,),ro converges to some f effi), which is a solution ofequation (l);
jjj) W" have the estimafion

TueoRpV 3, If there exisß the element
K, l,e,M,r such that:

i) Gis continuous on Br(xs);

xo eX , ancl the posítive real numbe-rs

r_ q2)

Proof. Frorn the hypothesis i) concerning Jiit is known [6] tl'at we ger

llr0) - F(x) - F,(x)(y-;)ll< 
f,lW - rtt' .

From the definitions ofthe divided differences we obtain

G (y) - G(x)- [.r-,9("y);G] (y - x)=[x,q@), t ;G)(y -q(x)Xt,-¡).

(7)
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hdeed, [x, úx), y; G10 _ úÐXy _x) = [úx), y; c10 - d¿)) _ 
[x, q(x) ; Gl- p(x) = G(y)- c(e(x)) + [x, <dx);e(dx)- x) -[x,d,r);G1A _ Ð ==Øl) -(q(¡))+c(ç(x) -G(.Ð -[x,d,x);G1U _ x) =

= Øl)-G(x)- [x,úx);G10 - x),
We shall prove by induction that

x¡,rp(x) eB,(-ro ), ,t e N

(1 0)

For,ä=0wehave:

¡¡ e4(¡o);

**r'(:+ zx)' n'*'(*'(++ zrc)' ø*-' + xu-Q* zx)' n'-')=

, r-G+zr)'r".

Steffensen-Type Iterative Methods

It remains to shorvthat g(x,) e 4 (*o):

I I ¡o - q(x,, )l I <l I ;co - x, I l+Il I F (r,,) + c(¿, )l I <

5
41

(e)

llF (x ) +G(x oltt< u-,(!*zr)' 
ø,r, r, .w.

From trre above inequarity it can be easily deduced bv (6) that 3x**, ard

tl, *, - * o il=il( F, e ) +f x o,,p (ro ) ; cj) - 
I ( r 6 o ) + c çx o ¡¡l<

< 
^r'(!+u()-' 

q,r

. ,^(+. r4'är,r * ,,(t* zx)' a,' . ,
The induction (9) is proved.

Nor,v we prove that the sequence (r,,)rro is a Cauchy sequence, hence it
converges to some element :u. e .8, (-r¡ ) :

f¿; ij;: ä;ll"o 
- 

"o 
+ t" ( F ( x o) + G(xo ) lg Àe < rze < r, whi ch i mpry rha r

llF (x)+G (xo)ll <. = M-, .( *rrr)' . rr,,

suppose now that (9) is true for k=Ç-1.8y (10) it follows ¡7r4¡ lxtrtand we have that xne',(xs). Indeed, ll¿, _¡oll<ll xr_xoll+...+ll¿, _¡,_rllt

= 
r'(:.14'Eq,r <,

Tlren, using (6), (Z), (g) and (9),

ll¡(",) * c(rÅl 
= llr(*,) 

_ F(¡,_,) _ F'(x,_,)(x,, _ ¡,_,)ll +

*llcî,¡ - G(r,u) - fx,_r,q(¡,,_r );Gl(x,_ +,_,)ff s

, !ilr, - x,-r!12+Kllxn - ,,-rll llr,, -,pG,_,Il 
= Ir-(t* zx), ør, *

llxu*, -r"ll <l I xnrp - xu* p-tll+... +l lr,,*r - r,tt= r-r|* r*)-t"î'

= r'e*r,)'r*"î'r,o-,' 
= 
r'(:*r,) n'(t+u2.z'-z' +raz'-2. *,.).

. u'(!-* zrl ' q"
\2 --) t-q"

Passing to limit for ¡r -+ oo in relation (6) and taking into account tþe

hypotheses conceming ^F and G, rve get that .r* is a solution of ( I ) .

The estimation jji) is obtai'ed from the above relation, for p -+ æ. tr

2kq=

3. NUMERICAI EXAMPLES

Given the system

3xz y + y' -l+1r-7¡= 0

xa + xy' - 1+lyl= g

r¡,e'll consider X = (R', ll'll-) and, F,G:X -+ X, F = (-ft, fù, G = (gt, gz), rvith

fi(x,y)- 3r'y+ y2 -1, -fz(x,/)= xa +xy3 -1, gt(x,y)=lx-Il, gz(x,y)=lyl,
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6

We shall tzke fx,y;Gl eMr(R) given by 6 8.946555041441078-000r
7 8.946553733347878-000r
8 S.946553733346878-000r
9 8.946553733346878-0001

3 .27 827 4887 465 468-0001
3 .27 8265217 4680 6E-000 I
3 .27 826 5217 4 629 I E-00 0 |
3 .27 826 5217 4629 8 E-00 0 I

9.8788-0004
9.6698-0007
5.0868-0013
2 7t0E-0020lx,y;Gl(í,|) =

¡l(r,
, and[x,y;G](i,z)= g'(xt 

'Y2)- 8,(x1,x2) 
.y'-rt 'yt -r'

i = 7,2.

Using the method (2) with xo = (1,0), we obtain
It seems thatthe best results are not obtained here for Àtakentoo srnall, because

the divided differences can't be computed in this case for ll'",, -t,,-,ll< l'E-16 '

n x),

0 1.000000000000008+0000
I 1.00000000000000¿+0000
2 9.065s02183406n^Ð-0001
3 8.853284006634t28_0001
4 8.91329556S328008-0001

,;
0. 00000000000000¿+0000
3.333333333333338-000 I
3.5 4002911208 l 5 lE-000 1

3 .3 8027 27 63 6 1 3328_000 I
3 .266t397 6593 5 668-000 I

11.",, -4,-,ll
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39 8.946553733346878-00U 3.2782652t7462g88_0001 5. l49Ë_00tg

Using the method (5) with.ro: (l,l), xt= (2,2) we get:

17 vl

0 2.000000000000008+0000
I 1.000000000000008+0000
2 3.333333333333338_0001
3 9.6202s3164s56968_000t
4 9.006962171562648_000t
5 8.94706409693425E_0001
6 8.94655376809408¿_0001
7 8.9465s3733346878_0001
8 8.946553733346878_0001
9 8.9465s3733346878_000r

,1,

2. 000000000000008+0000
I 00000000000000¿+0000
1 333333333333338+0000
3 .5 443037 97 4683 s E-000 1

3 3046593 s 597 9 868_000 I
3 .27 85s2s21 8 87668_000 1

3 .27 8265245 6 5 125 E_000 1

3 .27 82652 t7 4629 8 E_000 I
3 .27 82652t7 4629 8 E-000 I
3 .27 8265217 4629 8E_000 t

ll-rr,, -n,_,ll

1.0008+0000
6.6668+0001
9 7898-0001
6.1328-0002
5.989¿-0003
5.1038-0005
3,4748-0009
2.003E-0017
2.7108-0020

Received 1X1994 Acadenia Romôttã
Institlúul de Calcul

,,Tiberiu Popovicitt"
P.O. Box 68

3400 Cluj-Napoca 1

Rontônia
Using method (6) with À: 0.5 and.ro: (l,l) we get:

n )r:,

0 1.000000000000008+0000
I 1.400000000000008+0000
2 1.1s42t2949626248+0000
3 1.010571500463248+0001
4 8.990733928764528_0001
5 8.95022505657807¿_0001

xl

0. 00000000000000¿+0000
0. 00000000000000¿+0000
1.43 84 1 335097 57 9E-0001
2.69 t6989355086 lE-000 I
3.7 6267 3831 093 I 1E_000 I
3 .288 I 538203 40 8 9E_00 0 I

ll'",, --t,-rll

1.0008+0000
2 4s7E-0001
1.4368-0001
l.1l4E-0001
4.7458-0002


