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Let X be a normed space, M a subspace of X and x an element of X. The
distance from x to M is defined by

(1) d(x, M):=inf{||x - y||:y € M}.

An element y € M verifying the equality ||x — y{|= d(x, M) is called an
element of best approximation for x by elements in M. The set of all elements of
best approximation for x is denoted by P, (x),i.c.

2) By (x):={y e M:||x ~ y||=d(x, M)}

If P, (x) # & (respectively P, (x) is a singleton) for all x € X, then M is
called a proximinal (respectively a Chebyshevian) subspace of X.

The set-valued application P, : X — 2™ is called the metric projection of X

onMand a function p: X — M suchthat p(x) € P, (x), forall x € X, is called
a selection for the metric projection P, . Observe that the existence of a selection

for P, implies P, (x)# &, for all x € X, i.e. the subspace M is necessarily
proximinal.

The set
3) Ker Py:= {x € X:0 € P, (x)},

is called the kernel of the metric projection P, .

In many situations for a given subspace M of X the problem of best
approximation is not considered for the whole space X but rather for a subset K of
X. This is the case which we consider in this paper and to this end we need some
definitions and notation.

If K is a subset of the normed space X and P, (x) # & (respectively P, (x)
is asingleton) forall x € K, then the subspace Mis called K-proximinal (respectively
K-Chebyshevian). The restriction of the metric projection P,, to X is denoted by

Pyx and its kemel by Ker Py
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@) KerPM,Kzz {xeK:0e Py (x)}.

For two nonvoid subsets U, ¥ of X denote by U+Vi={u+viuel,v e vV}
their algebraic sum. If every x eU+V can be uniquely written in the form
x=u+v With u e Uand v eV, then U + V" is called the direct algebraic sum of
the sets U and ¥ and is denoted by U+ V. IfK=U+V and the application
Wwv)>u+v,uelU,veV, isa fopological homeomorphism between UxV
(endowed with the product topology) and K then X is called the direct topological
sum of the sets Uand V, denoted by K=U®@V,

F. Deutsch [2] proved that if Mis a proximinal subspace of X then the metric
projection P, admits a continuous and linear sclection if and only if the subspace
M is complemented in X by a closed subspace of Ker P, ([2], Theorem 2.2),

In [4], one of the authors of the present paper considered a similar problem
for a closed convex cone K in X and a K-proximinal subspace M of X, asking for
Pirx to admit a continuous, positively homogeneous and additive selection, The
following sufficient condition for the existence of such a selection was obtained:

If there exist two closed convex cones C < Ker P, and U = M , such that
K =C®U, then the metric projection Pk admits a continuous, positively
homogeneous and additive selection ([4], Theorem A).

This condition is not necessary for the existence of such a selection. In this
paper we shall give a reformulation (called Theorem A') of Theorem A from [4]
and prove that if Bk admits a continuous, positively homogeneous and additiye
selection, satisfying some suplementary conditions, then the cone X admits a
decompositions K =C® U, with C = KerPMrK and U c M, closed convex
cones (Theorem B). Although the conditions in theorems A' and B are very close
to be necessary and sufficient for the existence of a continuous, positively
homogeneous and additive selection for P, we weren’t able to find such
conditions. Some situations which may occur are illustrated by some examples
following Theorem B.

By a convex cone in X we understand a nonvoid subset X of X such that:

a)x, +x, € K, forall X, x, € K, and

b)A-x ek, forall x €K, and A > 0.

A carefull examination of the statement and of the proof of Theorem A in [4]
yields the following more detailed reformulation; .

THEOREM A'. Let M be a closed linea- subspace of a normed space X and i
a closed convex cone in X If there exist two closed convex cones
CcKerP, and U & M such that K — COU, then the application PK-—>M,
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definedby p(x) =z, for x = y+z €K, y €C, z €U, isa continuous, positively
homogeneous and additive selection of the metric projection Pk - The subspace
Mis K-proximinal and C = p™(0), U = p(K). '

The following theorem shows that, in some cases, the cx1s.tenc.e of a
continuous, positively homogeneous and additive selection for Pk 1mplies the
decomposability of K in the form K = C @ U, with C and U closed convex cones.

THEOREM B. Let X be a normed space , M a closed subspace of Xand K a
closed convex cone in X. Suppose that the metric projection. B, admits a
continuous, positively homogeneous and additive selection p such that:

a) p(K) is closed and contained in K, and

by x-p(x) ek, for all x e K.

Then p~(0) and p(K ) are closed convex cones contained in Ker Pyx and
M respectively, and K = p™(0)® p(K). N

If p(K) is a closed subspace of K or M c K then the conditions a) and b)

are automatically fulfilled. . _ | .
Proof. By the additivity, positive homogeneity of p and the fact that K is a

convex cone, it follows immediately that p(K) is a convex cone contained in M. By

hypothesis a) it is also closed. )
By the continuity of p the set p~'(0) c Ker Py isclosed. If y e p'(0)

and A = 0 thenp(A-y) = A- p(y) = 0, showing that A .y e p~(0). Similarly,
1. Y2 €p71(0) and the additivity of p imply p(y, + y,) = p(3) + p(»,) = 0,
showing that p™'(0) is a closed convex cone contained in Ker Pk
Now we prove that K = p'(0) + p(K). Ifx € K then by Condition %7),_‘
y:=x—p(x) € K. By Condition a), p(x) € K implying x = v+ p(x) with
y, p(x) € K. Using the additivity of the function p and the fact that p(p(x)) = p(x)
(in fact p(m) = m forall m € M) we obtain p(x) = p(y) + p(p(x))' = p(y_)1+ p(x).
It follows p(y) =0, i.e. ¥ € p(0) and K < p™'(0) + p(K). Since p~'(0) and
p(K) are contained in K and X is a convex cone, it follows that
2 (0)+ p(K) c Kand K = p1(0) + p(K). |
To show that this is a direct algebraic sum, suppose that an element x € K admits
two representations: x = y+ p(x)andx = y'+2', withy, y' € p_]'(O') and
z'ep(K)c M. It follows p(z')=z" and, by the additivity of
P, p(x) = p(y")+p(z')=0+2z" =2, implying y' = x - p(x) = yand z' = p(x)..
It remains to show that the correspondence (y,z)— y+z, yep (0), z € p(K), is
a homeomorphism between ™ (0) x p(K), equipped with the product topology,
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and K. To this end consider a sequence (y,,z,) € p~'(0) x p(K), neN,
converging to (y,z) e pH(0) x p(K). It follows Yo > yandz, — z, implying
(2,)= ¥+ 2, which proves the continuity of the application (y,z) — y+ 5.
To prove the continuity of the inverse application x (¥, z), where
x=y+z,yep(0), z e P(K), take again a sequence M=, tz, €K, y €
pH0), z, € p(K), converging to x=y+z ek, where y €p(0) and
z € p(K). 1t follows Z,=p(x,),neN, z= p(x), and, by the continuity of the
application p, z = p(x,) = p(x,) = z. But then I =X T2, > x—z=y,

proving that the sequence ((y,,, z, ))’leN converges to (y,z) with respect to the

product topology of 27 (0) x P(K). This shows that the application x 1> (y, z),

x=y+zepl(0)+ P(K), is continuous too and, consequently, the application

zZ) y+zisa homeomorphism between 27(0) x p(K)and K.

If p(K) is a closed subspace of K then Condition a) holds and, for
x €K, p(x) and ~p(x) arein p(K) c K sothat x — p(x) ek, showing that
Condition b) holds too. If McKthenM=p(M)cp(K) and, since

P(K) < M, itfollows that P(K) = M isaclosed subspace of K. Theorem B s

completely proved,
Remark. Conditions a) and b) are fulfilled by the selection p given in Theorem

A'. Indeed, g = p‘l(O)(-Dp(K) implies that P(K) is a closed convex cone

contained in K, Since every x € K can be written in the form x = Y+z with
pP(¥)=0and z = p(x), it follows that Y=p(x)=x-z=yeKforall xek.

In the following examples, there always exists a continuous, positively
homogeneous and additive selection of the metric projections but, the equality
K=ploe p(K) 1s not true in all these cases,

Example 1. Take X = R? with the Euclidean norm and s {(%,0):x, e R).
Then PM((xl,x2)) = {(xl,O)}, for all (xl,xz) €R% ie Misa Chebyshevian subspace

of X and the only selection of the metric projection is p((x,,xz)) = (x,,0), for

(%,x,) € R®. LetR%:= {(xl,xz) € R:x > 0,x, > 0}.
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a) Take K = {(xl,xz): X=Xy, X 2 0}. In this case Ker Pyx = {(0,0)} so

that the only closed convex cone contained in Ker Py is C = {(0,0)}. The subspace
M contains two nontrivial closed cones U, ={(x,0):x >0} and

U. ={(%,0):x < 0} pK)=U,andK#COU, =U,.

b) Let K = {(xl,xz) SR N x> 0}. In  this  case

Ker P = {(0 Bl = O} and the only nontrivial closed convex cone contained
ME T s Xy ) Ay =

i = B
in Ker Puix 18 C = Ker Py, Again p(K)=U, but K # C® p(K) = R’

c) Let K = {(xl,xz):x2 TR Xre2 0}. In this case Ker Py = {(0,0)}

N but K # C® p(K) = R2.
implying C = {(0,0)}. We have p(K) =U, < K[1Mbu

d) K ={(x,%):x 20, x, 20} . In this case Ker P (0 Phdr>.0):
C = p(0)=Ker Py, p(K)=U, and K = p7(0)® p(K).

e) Kz{(xl,xz)eRZ:xZZO}. In this case p(K)=M c K, Ker Py, =
={(0,x,):x, 2 0} and K = C® p(K), where C = Ker Pk

Remarks. In Example 1.a) none ofthe Condition @) and 5) from Theorem A''is verified.
In Example 1.b) condition b) is fulfilled but p(K)z K, while in Example

l.c), p(K) < Kbutx - p(x) € K only for x = (0,0). |
In Example 1.d) Conditions a) and b) are both verified but p(K) is not a

subspace of K.
In Example 1.e) p(K) = M. e
The following example shows that p(K) may be a closed subspace 0

with p(K) # M. .
Example2.Let X = R with the Buclidean norm, M = {(xl,xz,O):xl,x2 € }

and K = {(0, Xy, X3 )Xy € Ryxy 2 0}. Then p(K) = {(O, %,,0):x, € R} # M and

Ker Py = {(0 x3,0): x5 2 0} . The equality K=C® p(K) holds with
M 3 ’

C =Ker Py
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Example 3. Let X = Cla, b} be the Banach space of all continuous real-

valued functions on the interval [a, b] with the sup-norm.
The set

M:={f eCla,b] f(a) = f(5) = 0}

is a closed subspace of C[a, b,

K:={feC[a,b]:f(a)=f(b)ZO},
is a closed convex cone in Cla,bland M c K.

First show that the subspace M is K-proximinal. For J €K, the function g
defined by g(x):= Sx)- f(a), x e [a,b], is an element of best approxirﬁation
for fin K. Indeed, we have I.f~gll=f(a) and ”f—h”zlf(a)—h(a)[, forall %7 eM.
It follows that 4( f, M) = f(a)and g e P (f).

The kernel of the restricted metric projection is

Ker Pyg ={f ek: 0 € Pk ()} =
={fek: - f(a)< S(®) < f(a), forallx e [a,b]}.
It follows p(f) € P,y () and the inequalities

IR~ pa <5 - 5 +HA@- @) <2.|f - Sol s

for f1f, €K, imply the continuity of the application P.
Obviously that p is positively homogeneous and additive onX. Since s <K

Theorem B can be applied to obtain the equality K = 20 P( K). In this case

P ={gek:3c20,g(x)=c, forall x €la,6]} and f£(x)= f(a)+(/(x)
-f(a)) is the unique decomposition of S €K in the form S =g+h with
gep’(0) and A € p(K) (g(x) = f(a)and h(x) = S(x)=- f(a) for all
x €la,b)).

In Examples 1d) and e), the subspace M is K-Chebyshevian and

K = Ker Prx @ p(K). The following corollary shows that this is a general property
of K-Chebyshevian subspaces. '

COROLLAR.Y 1. Let K be a closed convex cone in the normed space X and M
a K-Chebyshevzan subspace of X. If there exist two closed convex cones
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C cKer Pyx and U < M such that K = C® U, then C = Ker Rgx and U = p(K)
where p:K — M is the only selection associated to the metric projection Py

Proof. Since C < Ker Py it remains to show that Ker Pyx < C. Let

x eKer Py and let y € C, z €U be such that x = ¥+ z. By Theorem A’ the
selection p is given by p(x) = z and by the additivity of p.

0=p)=p(»)+p(z)=0+z=z
implying x = y € C. The equality U = p(K) follows also from Theorem A",

A partial converse of Corollary 1 is also true:
COROLLARY 2. Let M be a closed subspace of the normed space X and K a

closed convex cone in X. If K = Ker Py @ M then the subspace M is K-

Chebyshevian and the only selection associated to the metric projection is
continuous, positively homogeneous and additive on K,

Proof. First we prove that Py (¥) = {0} for every y € Ker Px. Indeed,

y € Ker Py is equivalent to 0 e Ker Pk (y). If z € Ker Py (») then, taking

into account the fact that M is a subspace of X and z € M, we obtain
[y = zl|= inf{|| y - m||:m € M} =
=inf{||y—z-m'||:m' € M} = d(y - z, M),
showing that 0 € Py (v — z) or, equivalently, y — z € Ker Py But then y admits
two representations y = y+0 and y =(y—z)+z, with y, y—z e Ker Pyqx and

0,z € M. The unicity of this representation implies z = 0.

Now, writing an arbitrary element x € K in the form x = y+2z, with

y € Ker Py and z € M, we obtain

Pragxe (%) ZPMIK(y+Z):Zf"PM|K(J’)= z+0=z

showing that z is the only element of best approximation for x in M, i.e. the subspace
M is K-Chebyshevian.

We conclude the paper by an example of a non-Chebyshevian subspace of
R? for which the decomposition X = C@® M is true.

Example 4. Let X = R* with the sup-norm

”(xbe)” = max{], ,|x2|}, (x1, %) € R,



52 ___ Stefan Cobzag and C, Mustita 8
—_— 98

and

It is easily seen that
P ((x1, %)) = {0m,0):x, —x, <m < X +x,}, for (x,x,) € K.
Indeed, x, ~x, <m < X, + x, is equivalent to |x; = m|< x,, implying
”(xl,xz) - (m_,O)” =[x, = m, o5 = ot
If (m.’,O) is an arbitrary element of M then
”(xl,xz) - (m’,O)” = max{Jx, - m'hx} > x,

showing that d((x,,x,), M) = x, and (m,0) ePM,K((xI,xz)) if and only if m € R
verifies the inequality [ - m|< x,.

The keruel of Pug 1s
Ker By = {(xl,xz) € R*:|x < Xy, Xy 2 O},
and K =C® M, where C = {(0, X, )x, > O} is a closed convex cone strictly

contained in Ker Pk
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