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I,INTRODUCTION

Consider the nonlinear Volterra integral eqúation of the second kind:

(1.1) y(t) = .f (t) + 
lo*rr,s, 

y(^r)) ds, / e [1= fL,T],

where the giveri functions f and K, defined on { resp. -( x lR, (^f: = {(t, s):0 <

s < I ( Tj), are supposed to be sufficiently smooth for the integral equation (1, l)
to lrave a unique solution y e C" (I), with cr e lN (see t2l, t5l).

.The problern of detennining an approximate solution fo¡ the integral equation
(1.1) using the collocationmethod has ireen studied alot (see [2] and thebibliography
cited therein).

The method described in the following uses as approximating space the space
of polynomial spline functions.

Let fI¡¡:0 = to <...( r¡ = f ( with tu = tu('), N < l) be amesh forl, anj
we shall use th.e following notation (see [1]):

4ri=tn+t-tu, n = 0, 1,,,.,ì/-l;

h:= nax{h:n = 0,7,..,,N - t};

oo:= [fo,lr], cr:= (t,r,tr+tf, n = 1,2,...,N - l;
Z ¡¡:= {tn:n = 1,2, . .. , // - t} ;

and Z*:= ZNU {f .

For a fixed N > I and for all m,d eZwithm> 1 and d > -l the space of
polynomial spline functions of degree m+ d and continuity class d, possessing the
knots Z"is, by definition, the set:
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(2.r)

where

^s,f]r:= {"t"(ù1,.,,=:u,,(t) 
e 9-*¿,n = 0,"',N - 1;

u!,Ì.'Q') = u:'ì(t") for j =0' l' "'' cl atdt' t z"j'

whose eleme¡ts, on each subinterval o,r, are polynonrials of degree not greater

thann/ d,and which in the knots Z" are of continuiff class d' lf d: -1, then the

elements of SjlJ (Z*) may have jump discontinuities at the knots 2",

Inflre extreme cases, when m ) 1 and d.: -7,i,ein S,llJ (2"), theproblem of

uppro*iÀuting the exact solutio' of (1.1) has been solved by H. Brunner and

P.J. vanderHouwen (see [2]), andwhen d e N andm= 1,i'e' in Siiì (Z*),ay
ed by M. Micuia antl G. Micula in [6],
has been proved by Malina Lubor in [4]'

soltttion for the exact solution

spline tunctions SÍÍJo QÐ,
with. m > 1 and d > -I anrf we shall prove its convergence to the exact solution.

Moreover, we shall study tlie conditions under which we can obtain local

superconvergence results. in tlie eutl some numedcal examples are presented'

2. TIrE EXA.cr coLLocATION EQUATTON IN S !,! o r.Z' 7

we shall assllrne in the following that the mesh sequeri"e (lI")",, it
quasiunifon¡, that is, there exists a finite constant y independent of N such that

rnaxlr¡ h,, I mittg'rh,, I y < co, fot allN e lN'

hi [6], N4, Micula a'ci G. Miculaproved that an eletnent u e SllJo (2") has

for all n : 0, I,,,.,N-1 ancl for all t e 6,t the following form:

u(t) = u,,(t) =ZJP(t - t,,)'' +io,,,1t - t,,)o*'';

u!;!,(t,,):= (¿)

and

ø11)qo;:= 
[#r,,,] ,_,= 

v[;], r = o,t, ,d

From (2.1) we have that a1 element u e SllJo (Zr) is well defined when

weknowthe coefficiettt {o,,,},=* for all n = 0,1'..., N - 1. In orderto compute
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these coefficients we consider the set of collocation parameters {c,
0 ( 

", 
(. ..1 c,, < I and the set ofcollectionpoints is definedby:
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ì . -, rvhere

(2.2a)

where

(2.2b\

(z.sa)

where

(2.5b)

JV-i

x(N),=l)x,,
r¡=0

X,r'.={tr,r:=tn * crh,,:i =1,2,...,*}, ,, = 0,1,...,N-1.

So, the approximate solution , . s!,1)o Q) wlllbe detemrined imposing

the conditionthatu satisff the integral equation (1.1) on the finite setX(Àf,

(2.3) ,(t) : f(t) + 
Ïr*Q,s, 

ø(s))ds , for all r e x(N) .

Equation (2,3) is called the exact collocation equation for the integral
equation (1.1),

Using (2.2), equation (2,3) ðan be written:

Q.aa) ,,(t,,,,)= f(t,,,i) *h,l: K(r,,,,t,, +rh,,,uu(t,, + rh,,))& + n(t,,,,)

fot ¡ = 1,2,...rnt and n = 0,1,',,,¡y'- 1,

where

n-1

(2,4b) F,(t):= ftaJrxç,,t, + rh,,u,(t, + rh,))u, for all t e X,,

denotes the lag tenn:
If we replace u in (2,4) using (2.1) we obtain for all n: 0,1,.,,, N-I

"!!,Q,)
rl. "')ï, 

+ 
"ini,>a,,,cj4 =

d

r=0

,n

r=l

d'
d{ 

u'- dr = 0, 1, = .f (t,, ¡) + n^ ["' r(,,,,,,, 
*,r,,,f&p-¿ o; *

+Ze,,,,xd*'hl*' dr, + F,,(t,,,r), for i = I,Z,...,rfl ,

r=l

F,(t),=ãtfi"[ "!),þ,)t,t, +thr,l
r!

'c''l{ +la,,,rd*'h!*' dt
r=0 r=l
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One can observe that equation (2.5) represents, for each n: 0,I,..., N-7, a

recursive system which will give the unknownr {o,,,},=_, since this solution bas

been found, the values of u,andits derivatives u',...,uG) oll õ,r are detennined by
formula (2.1).

Rennrk 2.7. one carl prove, using the Banach fixed point principle, that
for å small enough system (2,5) has a unique solution and so the polynomial

spline function u e slfJoQr), obtained t'om the above algoritlrrn is uniquely
determined (see [2], [5]),

Suppose now that the given functions / and K are of class n*dtl o¡ their
domain of definition, This assumption implies the fact that the integral equation
(1.1) has a unique solution y, which is also of class n*d*L ü/e àenote
e$) = y(k) - u&) , k: 0,1, ..., nttd the approxirnation error of the exact solntion.¡r
and of its de¡ivatives up ¡o ¡trlr order by the approximate solution , un,l,
respectively, by its derivatives. We rvill denote by u',r) the restrictiol of ¿(À')

to tlre subinterval o,, for alln:0, 1,,..,N-1 andÆ:0, 1,.,,, ttt-td,andtveshalluse
the following notation:

(2.6) ll",o,ll-'= rup{l"X1r;l,r e 6,,, n= 0,1,..,,N - t}
forall k = 0,1,...,m*d.

Concenúng the convergence of the method described above we giye the
follorving theorern:

T'nBonBu 2.2 If .f ec"*o*t(I) and y .çn+d+1(.9 x lR) in tlrc norlùrcar
Volferra integt'al equ:atiort of the second kind (l,l), thenì:

(i) there exísts h > 0 such thatfor each h e (0, n) systent (2.5) has u uniqne

solution that det.ermines a unique elentent u e S!!loQr);

(ä)for every cltoise of the collocutíon parameters {c¡} r=¡^ v,i.th 0 < c) <,,.

1 c,n 1l and-for all quasi'uttifonn mesh sequences v,e have..

(2.7) llr,o,ll. 3 co¡'n+a+vo, k = 0,1,,,. ,trr + d,

wltere Cr, k = 0,1,...,m+ d denole sontefnite conslants independent of h (but

depending on the {".r} ).
Proo.f. (i) It follorvs from Rernark 2.1.
(ii) We shall prove it by induction,
First, rve develop the exact solutiony in oo = [0,10] irr Taylor series in the

neighborhoocl of the odgin, and we obtain for all t e [0, l], that:

tlhò =Zrydtt + hk).Hì,*o-,,

,.(n+d+l)zz r

ft(t):= ^¡n+d+,, 0 < \o < rho(m+ d + t)t
So, by (2.1) with n: 0, we have for all t e [0,1]

(2.9a) eþh) = yþtt¡) - uoþh) = ,r{.r'liþo,,ro*, * &(r)1,
where L -r -J

(2.sb) t,g,*tþ0,,,=[;p -,,,,)hf,, r=t,2, .,m

Now we shall prove that the coe icients {p Since y.is
the exact solution ofintegral equation (l.l) and equations(2.3) for r e{cr,c2t...tc;},then for all 

' j = 1,2,,. ions hold:

e(c ¡t4)= A l, 
'["( c ¡t4,.ct4,y(rno))- x(c,n0,rh.,u0(rlt0))]a, =

(2.t0) 
=,^j:'+7c¡tts,rtts,z(rtts)).e(rhs)d"c,

where_z(rho) elyþt4),uo(1åo)l forall t e l0,c¡).
Frorn (2.9a) and (2.10) we obtain that

,1 r ,\ äur,,l"r.' 
- hll 

#(c,ho,dh,z(rtto))d*ar]=(2'Lr) 
= ,^li 

#("jh,r4,z(rno))xoþ¡a, - ft("i).
lrolds, for all j = '1,,2,, 

. ., nt.
Using the following riotation:

Po := (Fo,r,F o,r,..,,Fo,u)',

no := (&(cr ), h("r),..., &(",,,))r,
rr,= ("j*,.) 

¡,,=t,n,

t, = 
U : #(c ¡hs r tto, zþtto))rd *, dr),,, 

=*,
Qo:= (Qo,t, Qo,z, .. . , eo,^)' ,

4 5 NonlinearVolterra Equations 63

(2.8)

where
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where

l.<t't ç',t o¡l = lrru {rtø) - uG) Ghs
Qo,¡ : =,^ I: # þ th, t tto,z(råo ))no (t)dr

)1.'

< lút+d+I-k ,(m+d+l) çËo)
System (2.1I) can be written

(2,12) (V - hD,)Po = 8o - \.
(m+d+l-fr)!

SincgdetZ*0and
ôK

(t, s, y I K6 for all (f,s, y) e S x {y e lR:lyl< ó},

for eaclr k = 1,2,. . ., d, where 6o € (0, åo ) and

l.<ot 1, no¡l 
= 4,. 

o u - ol>,,¿#%it 
Ê 0,, t+

for each k = d + l,d + 2,...,ffi + d andfor all r e [0, 1]

ôy

(sbeingapositive constant, it follows that tliere exists åo > 0 such tliat the matdx

V - hoDo possesses aunifonnlybounded inverse for all h . (0,åo). So, by (2,12)

it follows that
Since lPo,,l is bounded for all r =1,2,

too, ïve have that:
, m and, 

ll,Q,*d*r) (Eo)f is boundea

(2.13) 
þo = (V - LoDò-'(qo - &).

Since Áo(c) is bounded for all t e [0,1] we have that there exists Mo > 0

suclr tlrat l& (r)l < Mo for all r e [0, 1] and

Q.16) l"'o'frll< Co,ohi!*o*'-o , Colr'n*d*r-k, folall / e oo

,n Q.t7)
and

(2.18)

So, (2. l5) and (2.16) prove that the theorem is varid for the subi'tervar oo
suppose'ow that the foilowing estirnations hold fo¡ alr j < n - r

1",{Òl=le(t, + rt ¡)l< C rh,n+d+|, t e 6 ¡zr e (o,t],

l.f all = c.¡,klf*d*t-|, t u 6,, k = 1,2,...,m + d.
and

tn We shall prove that Q.I7) and (2.1g) hold forT : n, Therefore we develop
the exact solutiony in the interval o,, in Taylor series

llqolh:= ) løo,tl< tnhnKs¡Ms =:Qs'
l=l ,' ..

Using these estimations in (2.13) we obúain the following evaluation m+d yØG,,)

r!
IlFollr< 

lltn 
- tro;-'

Q.te)

where

y(t,,*14)=Z t'4, + hl*o*'4,k),
(2.r4) B r=l

which together with (2.9a) proves that:

(2.15) sup{¡ 
"1r¡¡ 

:l e oo} < cohl*o*t < coh,'*o*t .

Toprove thatle(k)(t)l3Co,oh"no*'-ft for alllc =7,2,,.,,m+ dandall I e oo

instead of (2.8) we shall use the Taylor series with the rest in the integral form:

y&hù= ä4P r, rt + f'' ##l!ho -r,)''*'d€

Now, from (2.I') and (2.9a) weobtain

4,(,): = øirl ,Qn+'l+t)(tn + sh,,)(r- s)"*ods,

forall t e[0,1]

In order to obtain the enor estimation on trre subi'terval o. ,,, wg use (2.19)
and (2.1), it follows that:

Q.20a) en(Í, + rh,,) = y (r, + xh) - u,,(t,, + th) =
d

z
r=0

(t,,)
,1

where

rl
t{,+¡{td+t tr1-d +R,,(t
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Qu,j"= -4,@t) + h,
l"i ôK
Jo õy

(tn,¡,t, f- rh,,,zr(t,,+ tlir))4,1r)at +

+

67

( ,.@+r) \
(2.20b) hï*'þ,,, = 

[(r' . Ð, 
- o,, 

)rt.
Taking account tltat y satisfies integral equatiou (1,1) and z satisfies the

collocation equation (2.3) for all t e {c1,c2,...,c,\,, we have that for all
j = I,...,m

",,(t,, 
+ 

"¡4,) = n,,J; 
ff(r,,,i,tn 

* rhn,zu(tu + rt6))enQ,, + rlq,)dr +

(2'2r) .i^tllff](t,,,,¡,Ít + dq,z,(t, + rh,))e,(t, + dq)tu,
i=0

wlrere the fuirctions 2,, i = 0, l, . ..,tt have the properfy that z,(t) ely!),u,(t)], for

alI t eo,.
Froni (2.20a) and (2.21) we obtain the following system:

(v - h,,. D.,,)F,,=¿rle)"*o*' o,,,,r, oþr,,,, 
",].

(2.22) 1 ,. t'Y' ço'4"' -w)8" + q"'

where:

V:= (c'.*d\ :\ ,/ / ¡,r=l,m '

l4¡:=(",,). _,\ " , J,r=L,rn

rvith

(2.24)

(2.2s)

¡ttt+d+l
Ei .- \-'-.L

d

I r=0
d

r=0

,t-

T
í=0

,,(+)ffi (,,,,,, + rh,, z,(t, + *))4þ)ar

Since, detZ * 0 and 
l#U;,r{ = 

K0 forall (/,s,y) e ^s x {y elR:lyl< ó}

itfollowsthatthere exists h, > 0 suchthatfor all h,, e (0,h,,) thematrix V - lqDu,,

possesses a uniformly bounded inverse (V - h,,D,,,,)-t. W" also note that the

matrices 4,,¡, i = 0,n are bounded, so there exists apositive constant.F'such that

(2.23) llhnF,,,,, -Wll< F
Now, from (2.17) and (2.18) we get

I

<t_L
C¡,,

,n+d+|._ BU)
r!

a,'=(ni
r=0,d

For the estimation of vector Qu wa use the fact lrl,(t)l< M,, (Mnbeing a
positive constant) for all t e (0,1] and lve obtain

,n

¡¡q,,llr:=lla,,,/|3 rn(M,, * 4,K oM,,+(N- l)y "'* 
o*t K nM,4¡ := g.

¡=t

Fron(2.22),(2.23),(2.24) and frornthe above considerations it follorvs that:

n-l
llp,lh < try*+d*tDrll(v - h,,Dn,,)-'llllB;tt,*ll{r, - 4,n,,,,,)-tll "i=l

Q:çf,,,,,t, 
+ rh,,z,(t, + th,))4*''dr),,,=*; ir 0 < i <,-' r

(l: çt',,,,t,, 
+ rh,,,z,(t,, + úq))4*'0,)r,,=r, if i : n;

(l:5 t,,,,,, t, + r h,, z ¡(t ¡ +, r+¡)"' a") 

¡ =w,, = o,¿

if0<i<n-l

if
{,

X }il4,,Jn,+FEØ)+g
n-I

Í=0
4,,i:=

P,: = (Þi,,),=,,^, i = 0,r,...,n;

q,,:= (q,,j) j_\^;

Q: çt',,,,t, 
+ rh,,z,(t,, + 'n,,))"a') .=t,.,,=o,¿

l1
which represents a discrete Gronwall inequality for the / 1-norms of the vector B,,

í = 0,\...,n.Inthisrelationwehavedenoted Dl=llDr,ilh, whichis afinitenorm.
Inequality (2.25) proves that llp,,ll1 is bouqded, i.e. there exists apositive number

-8,, suclr tlrat llF,,l[ < 8,,. Now, from(2.20a) it results
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(2.26) le,(t, +'rk)l< (E@ + B, + M,)h"*d*t:= cnh^*d*'

forall t e(0,11.

To prove (2.18) for i : n, \\e derive relations (2.1) and (2-I9) Ë tirnes,

k = l,...,ffi * d and we obtain the following error estimations:

d

l"!,0'(r,+.4)l<> ,r-kY-k *
r=k
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only in the approximation of the solution on these points, it is very important to

ob tain ¡esults concerning 1o cal sup erconvergence.
In the following, to obtain sorne sirnplerprooß we shall consider instead of

the nonlinear Volterra integral equation of the second kind (1.1) a linear integral
equation of the following fonn:

(3.1) y(t) = .f (t) +f r1r,"¡y1r;0", t efl,Tl=11,

in which the given functions/and K, defined on{ respectively on^S, are supposed
to be sufficiently smooth. The local supetconvergence results obtained for equation
(3.1) are also valid for the integral equation (1.1) (see [2]).

From Theorent 2.2 we notice that the only conditions imposed on the
collocation parameters are th¿it they must be distinct and they must belong to (0, I ].

The local superconvergence on Z* is closely connected with the choice of the

collocation parameters {"¡I¡=¡-, (see [1], [2], Í3)) and with the relation betrveen

their number and the number of the coefficients of the approximate solution
determined frorn the smooth conditions,

We will give the following theorem conceming the aspects presented above:

THEoREM3.l.If m> d +2 and' u eSf,JoçZ*¡ istheapproximatesolution

defnedby(2.1)and(2.5),thecollocationparameters {"¡}¡=¡,r,vith 0<q1.,1cr^=r

are chosen such that:

(3.2) Jrt=l:"ofi{"-"r)rls=0, for k=0,1,.,.,p-r;
j=r

Jo+0, where d+lSptm,
and if f and K hwe contirutous derivatives of order m-fp, then the following
estimation hold'.

(3.3) .1t¡glt(t,)-u(t,)1=gç¡r'*p), for h-+0 and Nh < yT,

where y ts the solution of linear Volterra integral equation (3.7).
Remark3.2. It is known that the orthogonality conditioris (3,2) iniply that the

m-pointinteqpolator quadrature formulabased on the abscissas {"r\ ,=1, has degree

of precision mrp. Since this degree of precision cannot exceed the value 2m -I,
we always have p<m-L.

l1

.u*"*läffir.,t'*'-o J' ll,o 

* d u) 
{t,, + så,, ) ( t - s)''-'-o 

¡0"]
I

i

i

i

(m+d-k)l

fo¡ all t e(0,1] and k=I,2,..,,r/, respectively, the inequality

l"Í,0, 
(,,, + t h,,¡l< t ( * d " rl,i,ffi.F,,,,F" o - o +

+ I 
llluen+d+t)¡r,+så,,)(t-s)'-r-ola"l(m+d-k¡t'Jol/ \'r ' I

for all t e(0,11 and k=d+7,d+2,,,¡n+d,

Since llp,lh<4, ll'*"lfrX <M fúall /eq, and together wrth (2.24) it

follorvs that there eústs the constants C,,¡,k=1,2,.,.,m+ d such that:

(2.27) l4Pa\=",,¡o*d+t+, t ecn.

S o, evaluati ons (2.26) and (2.27) end the proof of the theorem.

Remark 2.3, (i) If we take d=-I and m>7, the theorern is reduced to the

convergence theorem given by H. Brunner and P, J. van der Houwen in[2].
(ii) If we take d=n.,nelN and m-1, theabove algorithrnis identical with the

algorithm presented by M. Micula and G. Micula in [5] and Theorem 2.2 is
equivalent with the theorem obtained by M. Lubor in [a],

3. LOC,A,L SI]PERCONVERGENCE

The notion of local superconvergence is used when on a set of interiorpoints

Z* (orZ*¡ the approximate solution has a convergence order greater than the

global convergence order. Since in many practical problems we are interesed
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proof. The collocation equation for reffilZ), wlichholds only on the

collocation points X(N), can be written in the form

(3.4) u(t)=f|)+loK(/,s)ø(s)ds -õ(t), tel,

where õ denotes a suitable function, subsequently called the defect function,

vanishing onX(M), This function is smooth on each subinterval on, with the degree

of smoothness given by that of/ and K. Moreover, due to the global convergence

of a, ô(t) tends to zero, uniformly onI, as å+0'
Relations (3.a) and (3.1) yield to a second-kind integral equation for the

error flrnction

(3.5) e(r)=ô(r)+fK(l,s)e(s)ds, tel,

whose solution is givenbY:

(3.6) e(r¡=01¿¡*fR(r,s)ô(s)ds, tel,

where À(t,s) denotes the resolvent kernel for K(t,s), Substituting t =tn in (3.6),

n=\2,...,N it follows

(3.7) e(t,)=õ(¡,'¡¡{t"R1',,,¡ô1'¡d"=

r¡-1 rl
= o 1r, ) + )4 ) oRTt 

n,t, + rh,)õ (t t + rh,)dr.

If each integral equation from equation (3,7) is approximation with an

intepolator m-point quadrature formula based on the abscissas {ti,t}rt,* for all

i=O,\...,n-l we are led to:
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CoRoLLARY 3.3. (Ð If the collocation parameters {c¡) r-1, are the zeros of
P,*r(2s-l)-P,(2s-l) (i.e.,the RadauII pointsfor (0,11), theninTheorem3.l we

havep=m-land

(3.r0) ffil"Q)l= 
o(hzm-r, (as å\0, Nh < vT)'

(ä) If the collocation parameters {c ¡I ¡=¡; are chosen such that the f rst m - | of

them are lhe zeros of P._r(2s-1) (i.e., the Gauss pointsþr (0,1)), and c,=l tlrcn

apprortnnfing the integralsfrom eqtøtions (3.7) with interpolator m- L =paint qndrature

þrmula based on lhe ab.scissas {ti, t} ¡=1, for all i = 0, l, .. ',n - I gne obtains

(3,11) fgl'G)l= 
oQ*m-r¡ (as /r\0, Nh < vT).

Retnark 3.4. To obtain the local superconvergence one must necessarily

inrpose jn Theorem 3.1 the condition that c^=1. This condition implies that

t" eX(Àr) t'or all n=1,2,.N and so 8(t,)=0.If c^<1, ther¡ ingenoral õ(r,)*0; thus,

to determine the order of e(t,) wo require more precise information about the order of

the defect lì¡nction ô on the set Zn. In case d=-l,mlI the best order for the fi¡nction

ôis ö(t, *lq)=91¡^ ) forall t,+r,hnøX(N) (see[2], pp.256),Thisresultprovesthe

necessify of the eondition c^=I to obtain the local superconvergence results,

4. NI'MERICAI, EXAMPLES

where En,¡, represents the enor of the interpolator quadrature formula used, and

W¡,1=\2,...,m are the weight of these formulas:

By hypothesis (3.2) we get

(3.9) lVn,il3 C,h^+n, í = 0,1,,,',N - l,
and taking into account (3.8) and (3,9) it follows the estirnation which proves the

theorem

l"Q)l<Nfrsup{lz,,,l:0 < i I n - ! <N - 4 = C' h'+P,

Consider the Volterra integral equations of the second kind

!(t)= et -J'e'-'y(s)ds, r e[0,1],

which has the exact solution y(t)=l for all /e[0,1]; and

(4.2> ñ)=¿ -l*þ,fù-"-r(Ðþ, r e[0,1],

which has the exact solution y(t)=lrv7¡+e) for all I €[0,1].

The exact soiutions of these equations will be approximated by the exact
collocation method. The integrals occurring in the collocation equation (2.5)
are evaluatecl analytically if the method is used for solving integral equation
(4. I ). In tho second case, when the method is used for solving integral equation

i4.2¡ tbe integrals occurring in the collocation equation (2.5) arc evaluated
using the extended type precision from Pascal. The resulting nonlinear algebraic
systems were solr¡erl by the Newton method.

(4.1)

(3.s) e(t,) = 6(t,) +lht iw 
^{r,, 

r,, ùE (t 
¡, ù * 8,,

Þl

n-l

i=0

--148,,,,
n-l

i=0
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'We choose m:3 aîd d e {-1,0,1}; the collocation parameters are, REFERENCES

respectively, the Radau Ilpoints (", = (o - J ø) þ0, r, = (4 * J e) 
frc,r.1 = 1), and

the Gauss points k' = (r- f) f ø,"r=(z+ Ji) f s) toeaner with c, =l

l. H. Brunne¡ Superconvergence ín collocalion and ímplicit Runge-Kutta methods þr Voltena-type
íntegral equations of the second Hnd, Albrecbt and Collatz (19g0), pp. 54-72.

2' H. Brunner, P. J. van der Houven, The numerical solution of Yolterra ãquations, CWI Mono-
graphs, Vol. 3, North-Holland, Amsterdam-New york, 19g6.

3. H. Brunne¡ S' P, Norsett, Jap?r-conver€ence of collocatìon methods for Voherrø and Abel equa-
tìons of the second kínd, Numer. Math. 36 (1981), pp. 347-358.

4. Malina Lubor, I nole on convergence for the numeiíòal scheme from the Micula,s paper,
Matl¡en¡atica-Rev. d'Anal. Numer. Theor. Approx. (cbti), ll(40), (lg7s),pp. lg?-190.-

5. G. Micula" Funcyií spline Si øplícalií, Editura Tehnicã" Bucharest, 197g.
6. M. Micul4 G' Micul4 Sur Ia résolutíon numérique des êquations íntegrales da type de llolterra

de se99n{e espèce à I'aíde desþnctions splines,Studia Univ., Babeç-Bolyai Mãtb ., I8(1973),
pp. 65-68.

Table 1 contains the values of:

llell. :=sup{le, Q)l : t ea n, n=0,1,.."N -l}
Table I

Collocation atthe Radau tr points

ll"ll.

F,q.4.2

6.21x 102
1.37 x 10 ¡
4.62 x lD's
7.32 x l0'2
2.81 x 10r
6.53 x l0ó
8.06 x l0'2
4.43 x 70'3

8.412 x 10ó

Eq.4.1

2.43 x 704

8.15 x 10{
3.72 x 704

3.64 x 70'2

7.24 x 704

5.45 x 10 {
5.51 x 10'2

9.27 x 104

2.03 x 10r

N(h)

r0 (0.r)
50 (0.02)

r00 (0.01)

10 (0.1)

50 (0.02)

100 (0.01)

l0 (0.1)

50 (0.02)

100 (0.01)

d

-l

0

1
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Table 2

Collocation at the Gauss points

,ll

F,q.4.2

3.72 x 102
1.89 x l0-3

5.24 x 704
7.42 x 102

5.78 x 10-3

8.37 x l0 {
1.03 x 10r
2.41 x 704
1.83 x 10 ¡

Eq.4.1

1.84 x l0-2

5.28 x l0r
2.53 x l0a
4.71 x 102

7.63 x 10-1

3.27 x 704

6.32 x 704

9.18 x 10 r
1.67 x 10'3

N(/,)

10 (0.1)

50 (0.02)

100 (0.01)

r0 (0.1)

50 (0.02)

100 (0.01)

l0 (0.1)

s0 (0.02)

100 (0.01)

d

-1

0

I

obtainedby employing collocation at the Radau IIpoint. These values are computed
for every integral equation above. The results given in Table 2 are those obtained
for the Gauss points.


