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ON THE CONVERGENCE OF AN ITERATIVE
PROCEEDING OF CHEBYSHEV TYPE

ADRIAN DIACONU
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Let us consider the operational equation:

(1) f(x)=o

where f :X -+ X; Xand lare nomred linearspaces and 0 is thenull element of
the space f.

Newton-Kantorovich's iterative method forthe approximation of the solution

of equation (1) consists of a sequenee (-lÇ¡)nen¡ c X, beginning with an arbitrary

element xç é, X, based on the relation of recurrence:

(2) xn+t = x,, -lf '@)]-t f(*,,), n e lN.

It is known that this iterative method has the order 2, which means that in
certiain conditions imposed to .rg we have the inequality:

(3) ll,f(¡")ll< cllfGíùllP'
withp:2 and Cconstant.

If in the relation of recurrence (2) we add an adequate term of correction we
will obtain Chebyshev's iterative method, method for which the relation of
rect¡rrence is:

(4) xn+t = *,, -ff'@)]-'f(*,) - l;lr'{*,,)l-'-f"(*,)l* ;

where

rq =lf ,@n)l-t f(r,).

Chebyshev's method is faster convergent than Newton's, relation (3) being
satisficd for p:3 þut the conditions on the initial element .rs will be, in this case,

stronger).
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Here, too, p, e elN, t0 e XandA¡ e(Y,X)* .The convergence of method

(6) constitutes the subject ofthe present paper.

Denoting by B(xs,.R) the ball with the cenbe in x¡ and having the radius R

we have the following:
THeoREI\,f l.If p>1, q>2, X, and Y øeBanaçhspaæs xgeX,,4¡e(Y,X)*

and R> 0 and thefollowíng conditions arefu(ìlled:
i) f admits the Frëchet derívatives up to the thírd order, the thírd order

included, the applicatíon f'(x\ being ínversable on every poínt of the ball
8(xg,.R), existíng L, M > 0 so that:

lltrt'rt-'ll='

obviously, in relations (2) and (4)f ' ætd.f" represent the Fréchet derivatives
of order r and 2 respectively, of nonlinear rnapping/ we will suppose now the
existence of these derivatives.

If we denote by (x,f) * the set of the linear and continuous mappi.ngs defined
onXwith values in I, there ¡esults that for every tt € lN, [f '{*ò)-' e(X,y)*
and thus the application of methods Q) md (4) requires for every n e lN the
inversion of a linear operator, that is the resolution of a linear equation.

This drawback can be eliminated by the introduction of a second sequence
(4)rrN c. (Y,X)" and the apploximatign by this sequence, simultaneousþ with
the solution x, of the mapping lf'@)) '.

Like in the papers [l], l2l, l3), l4), [5] let
Sp+t:(X,D* , (Y,X)* -+ (Y,X)* be defined iot A e (X,

lN and let mapping
and ,4n e(I,X)' þy;

so+r(A,4)=AfQ-AAùk,

wherelis theidenticalmapping ofttre spacJV9.rLu.' e .(y,{).exists, sp+r(A,Ao)
willbecalled thep+l approximentof A-'with the aid of An.

The sequence (A)n.n defined by 4t+t = Sp+t(A,Ar) verifies theinequality:

IV - ¿+ll= ll - neo¡¡rt 
+rt'

from where we infer the fact that if lll - AAoll4, there results the existence of
the mapping l-1 which is obtained as a limit of the sequence (4,)r.w the speed
ofconvergence having the order p +L

. Ç:fbining method (2) with the simultaneous approximation of the mapping
Lf 'þ)l ' we obtain the rnethod defined by the following relations:

(5) {"*' = 'n - sp*(f'(x,,)'A,,)f(xn)

lnr*, = So+t(-f,(xn+ù,Au) ,

P,e elN, Ío e Xand,4o e(Y,X)* beingthearbitraryelements. Thismethodwas
studied in detail in papers L2l, [3], l4l.

Letus apply the.same proceeding to method (a), we will obtain the following
variant ofthe Chebyshev method:

D, = sp+r(f'(x),An)

xn+t = x, - Drf (xr, - iorr,,rxr){Dnf @)\2

4+t = Sq+t(f'(rcn+ù,A)

DE
y).

(7) ll¡t"lll < L,llf"(x\ll< r,,llf"'{r)ll< z ana

for every .r e B (.rg,R);

ii)

where Cl and C, verífy the system:

-".{f fr"ril,f F - r'r'o)ail} . L

R>zB(p+t)u r4L,

d

d.

(8)

(6)

and

u = l+z(p +t)2 tlu2,

v = 1t*fo +t)3u3 + +tluaçp+ t)a(ø + l),
5

w = 4LM2(p+r);

then:
j)theseptences (¡,,)r.w c X attd (4,)r.w c.(Y,Xf genøaledbyrelations

(6) are convergent, O = r$;t, e.B(.r¡,lt) is the solution of equatíon (l), and

- -_1
A =lÍ'@)l ' = lim An

,¡--)æ
jj) thefollowing evaluatíons of the en'or of approxímatíon holds:

ll¿,*, - x,ll< zuçp +t)uc1d3' ,

lF-¿,ll <2M(p+t)uc14,' ' 1- d2'3n 
'



94 Adrian 4 Iterative of 95

ll¿,u- 4ll<zM
ad3 (.,a'!*'

ct, c2 + wCt = ll¿,ll llrr""l(t * 
)llr"ø^>ll llD,ll' llrr,,ll) =

<zM(p+ t{t + zL2M2(p* l)')ll/(',)ll <

< 2M (p+ r)[r + zÊ t't2 (p + t¡2fcrd3^ = zM(p + I)Crud\' ;

l- d\',

llz-+ll=# o"d3.i _ (.,at'¡u*'
; zèuS

I_ d2.3' l: d2(q+t)3'

So:

Proof,, We will prove that for every n e iN the following propositions are true:

a) xn e B(xs,R),

b) pu = ll/(r")ll t cr¿3" and ô, = [11 - f '(*)4,113 crdt'
c¡ll,e"ll<zn.

Evidently, the propositions a) - c) are true for n = 0, using for this the

hypothesis ii), In case the proposition c), because:

llall= lltlr,'rt-'ll(r.lE - .r!eù;nlll), uo+ cz),

llr,*, -'ril= Éþ,*r -',ll <zM(p +t¡c1uia3'
i=0 i=0

From the fact that 3É - 1= (3 - l)(l+ 3 +...+ 3É-1¡ > 2kandd < I wehave:

we infer from system (8) the fact:
I
u

so 
f f 
.xr..1 - ¡oll< ZMu(p. l)#S .R, so that xr*1 e.B(.re, /?).

Then it is obvious that: 
[/{rr,*r)ll <

cl*'
and as u>l we deduce Cz < l, r" ll.4oll <2M.

Letus suppose that the relations a) - c) are true for every n < m andwe have
to prove that they are true ¡o, n:mrl,.

In relations (6) there appears the aiding sequence (4,)r.n¡ c. (Y,X)* .

Forevery nSmwehave:

llD,,ll=llso,"/,t*,),A,)ll=ll^-. -J',G,)n,,)rll=

= lln,If!, - .f , (,,,) Anllo 
= lln,Io f cf ar,'t' .

(r0) 
= llrt",.,l 

- f@,\- .f'(x,)(x^+r -r,) - f" 
r9T) 

u^-r -",tll *

.lltu, )+ f'(x,,)(x..¡r -r,¡) *Ls,.u*r -rtll,
We denote by A"andB^ the two terms from the second member of inequality

(10). Fint using Taylor's formula we have the following:

n^ =ll¡a'*)-.f(x^')- f'(x*)(x^+t- x*\- f"þ-t) g,n*t- xn)2

k=0 k=0 (11)
= *,¡o,,llr "'(",,, 

* t(xn+t- 
',))ll'll',"*, - ',ll' =

, tlm r o + ¡ul3 llf (x 
^¡11 

= 
a L Ms ( 4 t Di ut 

il/(", )ll'

As C2<1, d <l,llA"ll<2M; weinferthefactthat: llDrll< 2M(p+l).
Thus

ttx,+t-',rr= 
llo,{

r + )f "{*n)(Dnf þc),Dnf}rr',{l = Then:

= ¡¿, ll ¡rr', Il 
ll, 

. 
) r,, <.,)(D,f (,,), a;lll f ,(x^)(**ot- x^) = -f'(x*)D*lrO^, *)Í"{r^)fo*f (*à)'f
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So that:

f(x*)+ f'(xn,)(x**t- x^) = -f (x^)+|f"{r^)(D^f(*^))2 -
From (10), (11) and (12) we obt¿in:

1

-f"(x^)(D^-f (,^))2 - .f'(x*)D^ f(*,) +- _f " (x^)(D*-f (r,))t
ll,r(',,*r Il = l trt çp + r¡3 u3ll.f('. )ll' *

+ullr - f '(rÐA*llp*t .llf{r^)ll+tr}ualp+ r¡a[r + u2t]@*r)'f

'llff',, 
11 = ull¡r", )ll3 + 

"llt - f ' (x,n)A,,llo 
*t 

. llrf', )|1.

2 2 (l 3)

= (/ - f ,(**)D)l.f @^) * jf "{*,,)(D^f (ù)f- }f "{,^)(D,f (r,,))' .

We also have:

L7Pu,,+r - x,,)2 = ty{D*f (x^) *iD,f "(r*)(D,,f (rÐ)'} =

= LPtD*.f (r,,))2 . f:y(D*f (r,.,), D*.f ,'(r^)(D^.f eu,l)') *

rlrus: 
rLP(o*f ''"('*)(o"'f (*'))')' '

We also have:
lI

I - -f '(x*+t)Arr+t = I - f '(x*+t)Aurl (¡ - -f '(xrr+t)A. =
k=0

= (1- .f 
,(x,,r*t)A,r)e*r,

it is obvious that:

llt - f , (r,, *ù ¿ 
^ll = ll¡ - f ' (x,) A,,ll+ ll/, (",, *r ) - f ' (, Ðll. ll¿ ^ll =

=ll¡- f'(x,,)A,nll+ sup ll¡"1r, + t(x,,a1- r, ))ll. 11",,*r - *,,\|'llt,ll=
re[0,1]

f (* *) + .f ' (x *)(x m+t - x *) * ffr*^+t-xm )'
(14)

= lF - f '(x,)A^ll+ L.2M .2M(p +r¡ullf{øÐll,

lll - f '(*,,*t)A,,*tll= fl¡ - f '$n)A^ll* ru]f f*ùlù'*t=(I - f'(x,r)D* )[¡ f*,,) * if " (x,,) (D,, f (* *))2

f ?(o,,,f (*,,),D*.f "(r,n)(D^f {r*ù')*[p(D^f "('*)(o,,,-f (**))t)
2

Taking into consideration the significances of pr and ô, inequalities (13) and

(14) will be written:
Because:

jo,n*, < vP?n + uP,nõfn+r

lô,,*i < (o * ,p,,)q*r .

Cr¿3'n where C, and Crarethe solutions of system (8),

(l s)

k=O

we will have: But P,r Scrd3'n and ô,, <

As p> 1 weobtain:
B 
^ 

< llr - f ' (x,n) A *llo 
*t 

| -f @,,)r(, . lttù 
n D uJ( I t ¡t',, ) I t) *

-uryllD*llall,r(',,)l13+ llD,,l16 ll.f@àlla <
pn+t I vCl¿3'n*t + uc,Cl+ld3'n +(p+t)3^ -

C,lr"? + uc {+t d?-r)t'' )f'*t t cr¿3"*'

= llt - .f '(r^)A*llo*'.ll.f @*)ll(t+zttztþ + r)2) +

*ltÊ ua Ø + r)a + BLa M6ø * ri6]l I /(',, )l 13

ancl

(r2)
ô,,+r s (rrrt^ + wCø3^)q*' = (C, + wCr)t1+t¿(q+t)3^ 3 Crd@+r)t" .
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But q) 2 so that (q +l)3n >3m+l and ôra1 3 Cr¿3^*1 .

So the propositions b) are true for n = m + l.
The propositon c).results identically with the case n:0.
So, based on the principle of mathematical induction the relations a) - c) are

true for every n e lN.

We will prove now that the sequence (rn)¡,enq is a Cauchy sequence.

n+n-l n*m-l

ll*,**-*,ll< I ll',*,- x¡ll<zuçp+r)cp \ d3' -
(16) t=' *-t i=n

= zM(p + r)C1ud3"f É"* 
j -t' < ZM(p + t)Cru-{ 

-, j=o 1-d"''
But d<l so that limllx,r*r, - xrll= 0, hence the sequence (xr)nenv is convergent

being in the Baría?lispaceX.

If x = lim x* then from (16) we will obtain:
,1-+Ø ,3n

lF -',ll < zM(p + t)uc1: 
"*,t- a

fronrwhere if n:0 wededuce llt-xoll<R, sox eB(xg,R).

Refering to the sequence (ln )ren¡ c (Y,X)* we have:

s

llA,*t- ¿,ll=ll¿ÀlZllr - f,(*,,*t)A,llo <

From (17) we deduce that ltmll/h+* - Anll= 0, so the sequence (4,)r.nr

is a Cauchy sequence in the Banaóh'õace (I, X)* so it is convergent in this space,

If A = lim Aw then from (17) we deduce:
n-+Ø

^nu.dt
q+l

llz-u,ll=:k
1_ ¿2(q+t)3n

So the theorem is proved,
To simpliff the method it is good to consider for p, e e IN the smallestpossible

values, which àra p = I and q = 2. Then in tho method the following will appear:

S2(f'(xr),An)= An(Zt - -f'(x)Aò and

g(f'(x,+r),Ar')= 4,lu -3f '(xr+t)An +(f'(x,u)n )').

In this case the iterative proceeding (6) becomes:

(18)

4, = An(21 - f'(xr)A) ,

xn+t = xn - Dnf (xn) - ! nr-f " (x,,)(Dn¡@n¡)2 ,

A*t = erfu - 3 f , (x n*r) An + (¡, (x*1)y',)2f ;
s .k=l

<28>(õ, * wp^)r <zB
k=l

q

I
k=7

(C2 + wc1)d3"

n elN
As cr = C2 + wC1 we deduce that: The constants u, v, w will become:

^nJ
q+7

s.d u = l+gtu2

,=ryf+úu2)
* = 8LM2(t+ttu2)

llt"u- 't,,ll<za ^nl-adJ
and so:

q+l (1 e) +tztrlua(t+ trlu2) ,

n-lm-l n*nt-I ^íadr
)An*,n-A,ls Z 4*r-A¡ <zB >

3¡
(t7) i=n

n+rn-l

T
i=n

l-ad
nIm-l

¿3i - . l+l (atø*rtt' )].
and the radius of the ball on which the conditions over the application/ are inrposed
is given by the inequality:

R>4Mu d 
=.t- d2',

T
l=n

ud3
q+r

2B ^rladJ

l-ad 3n l_ad2.3' ,_¿2(q+1)3n The const¿nt Ct and C, will be solutions of the system:
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(20) fucl +u4 <t
lf"r* wc1)3 <c2

yt , 9(1)

9'(1) u
3 F-tf"

Let us examine the determination of a convenient solution of system (20).
In the first inequality from (20) \rye suppose to be satisfied the equality and

we will deduce:

As C2 - y2 ttresults that C2 =
I

and accofdingly C1 = 
I
u"J"

t- "4
v

So, we have the following:

CoRoLLARy2.IfXandyareBanachspaces, xg e X, An e(y,X)*, R> 0
and the fo I low ing conditíons are fulfilled :

i)f aùnits Ft'échet derívatives up to the thírd order, the third order íncluded,
the mappíttgf '(x) being ínversable on every poínt of the ball B(xo, R), øcisrirtg L, M
so that inequalitíes (7) arefulfilledfor every xeB(xs, R),

íi) u, v, w being the real numbers given by r"ioiion'(19); xo, Ao are solutíons
of the inequal.ities:

llrr'oll .!,8,
. ul v

llr-f,Go).hil*-Ltt = uJr'
and ,.

n> +u,t' 
¿-,

wltere:

so for C, we will obtain:

(2t)

Let us put in (21) C2 = .r3 e10,1[ and we will obtain:

,6L- ltx
3 st,

inequality which is equivalent to:

çv + uw6)x6 - zvx4 + *2 - 12, o.

If now weput here x2 - y weobtain:

(22) q(y) = (v +uw2)y3 -2ry2 +vy- *2 ,0

If we calculate the derivatives of the order I and 2 of the function <p we obtain:

g'(y) = 3(v + uw2)y' - 4ry+ v and

It is obvious that: 
9"(y) = 6(v + u*2¡y2 - 4' '

d- uJiltf(xùll
u2 -l

,"Ji¡¡r - -f,Gù¿oll <l

then rhe conclusíon j) of theorem I holds and we have the following estimates:

llt,*r - "rll<
t t.¿t',

V

q(0) = -w2 <0, q(l)= (u-t)w2 >0,

g'(1) = u*2 > o, g"(l) = 2(v +3uw2)> o,

lF-¿,ll =orp
-n

dJ

llA,*t- 4,ll<zu
od3"

l- d2'3n 
'

r ¡rl*l

- a,tdt
Sotheequation q(y) = 0 hasatleastonesolutionintheinterval[0,1]andthefirst
Newton approximation relative at the function rp and the pointy:l is superior to
the largest of these solutions. So, this approximation will represent a convenient
solution of the inequality Q2) and this will be:

^,,l- dr

od3" o3d3'*'

t- r'* ,- d,Fllz_u"ll=#
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l. Let 
^Sbe a nonempty compact set of IR¿ andletf: (ft,..,f;r^g _+ IRp be a

continuous p-vector function.

.I'this 
paper we consider the vector optimization problen

(p) -v_minl.r)
subject to.reg

denoted briefly as v-min (f,,1),
Evidently, eachcomponent{, ie {r,..,, p} of/defines a separate optimiza-

tion problem

(P,) . Pinl(-r)
subject to ¡e^9.

Let
(l)
a)
and

(3)

m,: min {f{ù l.re.S} , ie {1,.,., p},
s¡: {¡e,s I f@): m¡}, íe{t,..,,p},

p

,so = 0{.
j=l

I

Evidently, each set 
^Sr, 

í e {, ..., p} is no'empty, but the set,So may be empty
Example l. Letfr,fr: lR2 -+lR be defined by

f1@y,x):xtix2, for all (.rr, xr) e IR2

and

-f2(x1, x) = xt - xz for all (x1, x2) e R2 ,

and iet^t: {(¡r,.r2)elR2 I O <r, < 1,.0 3xr31}. We have mr=/(0,0):0,
m2:f(O,I): -1, Sr : {(0,0)}, Sz: {(0, 1)} and So: Sr î Sz: Ø.


