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l.INTRODUCTION

I1 the paper t6] D. D, Stancu has used a probabilistic rnethod to constmct a

linear positive polynonìial operator Ll,l of Bemstein type, depending on a noll-

negative i¡teger param eter r (2r < nt) a:nd on two real paralneters c¿ and p, such that

0 icr<p. ThiJ opêrator is defined by rneans of the followi'g fonlula:

n-r , ,(;;1."(ïri)1,(r ) (rn;,f l)Ø = L p,,_,,r(')[(t - ").

whete p,,,-,,^, are the fundalnental Bernstein polynomials:

(2) p,,-,,r(,) =('';'J"*1r - ,)"-'-u ,

\tí )

Special attention rvas granted to the case of the operator Ll;?, : L,n,,' ' Tlte

author proved that the remainder of the approximation fonnula of a function

¡ e C[O,t] Uy L,,,, f can be represented by means of divided differences, or in

a1integral fomr obtained by using a classical theoreln of Peano. Also, the operator

L - - enj oys the variation diminishing property, in the sense of I. J. Schoenberg [3].
¡í'ihe same ¡laper the orders of approximation in tenns of the nodulus of continu-

ity of the function/or of its derivative were evaluated and the point spectrum of
tlie operatoÍ L,,,,,Wãs deterrnined. Finally, a quadrature formula which can be

constructed by inearis of this operator was presented'
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In this paper \\'e shall use the divided differences as flurdamental nrathetna-
tical tools in the invcstigation of the monotonicity properties of the sequerrce (L,,,,,.J),

n1 : I,2, ...

2. PRELII\,IINARY REST]LTS

In 1969 D. D, Stancu [5] considered and studied the followinggeneraliza-
tion of the Bemstein polynomial:

(3) (sl, ¡)(-)=f,r,,,0(ùl !-"\
k=o "''"\n+b)

wherep,,, * are given at (2) ancl 0 <a<b.
In ourpaper [1] rve investigated the monotonicityproperties of this sequerlce.

At the same tirne we establislied a useful formula for the difference of tq,o
consecutive tenns of the Stancu--Bernstein polynomials. This difTerence can be
expressed under the fomr:

(4)

(r-r)n,(nt-,-,.)=;;r>^0,,,-,,06)l*,4'rf--!tr(î#)-r(- 
))".,-

, C ¡ (,, t - r, u) = ; _,n,,,, -, o6)l#,T, tl +P(,G) tffi) J{, 
-,),,,-,

ProoJ'. We can u,rite:

(t- lB, (nt-r',.r:)=,'"'ît( 
u'-' - ll--L t''|''"'-'-kl h k!, 

rf=åt k ),,-,'kr^(r-'r:J l;',,*r''' 1=

=__,. -"'f'(,,,-,.\*o(t_ 
".,,,,-,-r.[/c 

.k*l , r]=n-, f,'o,\ k "/ ln'm+|" )

= '' 'î p,,,-,0(.r)[], !:J,¡]--:-ltn-r .tn-r+1t¡f,,,,-, =ttt-r'fit'"' '"" 'lnt'tn+I " ) nt-rl tn m+1 " l

=,,, _,"',2^,n,,,-, oG)I,!,.#, tl'++(ttî#) r(T)),,,-,

2 J N4oncrtouicity of a Seclueuce

Lr,l,tlvl¿. 1. IIv'e c]ertne llte sLuns

(1) B,(m - r,x

uucl

nt-r-k
nt-r-l

k )l*#,, -r,k (l - Ì-)"r-/ -^ -l
lI r

)
ü=0

(8) c,(nt-,'..")= 
à

k+r+l lc+r+7
m+\ ìt1

t¡t-¡ -l tn-t'-l
k

r
k+l

X,)-(s; 
uf)(,)=

=- i| . 'll![¿Í ,k+1+?.k+t!",,
*já( k )ln+ bln r b' n+l+ b' n+ I¡ \J

t)"o 
(l - .")"-*-' + (u ",,, .¡)(x)

t lt ert t lt e.[o I I ov,i n g i dent i ti es h o ld.

s1llce

(t:l'¡

!

a+-
lc+7

b-a
n- Ic

where the brackets represent the symbol for divided differences and

{Ð (u ¡b ¡)u, :(4*l 4â) {, - ")".' 
.Á#X)- t(^))r'.'

it is easy to verify tliat by starting from (3) \ .a11 obtain the following

representationfor Llþr. det'ined at (l):

(rn,f ¡)@ = (t - r,)(s;:i-' f)(r) +."(s;l;'o.' f)(ù

In the above if we set cr=Þ:0 u,e obtain:

(6) (L,,,, f)(r) = (l - x)(s,!,:, f)(r) + ,(s;,t, /X-)

Before establishing the main result we present some identities which will be
used later. [l+t/ \ / I ,u m+l

tn-r-7
k

1

n1 -t'-k tn-r
tn-r

k

In a sintilar \\/â1, 11,e filld that

,î

k=t)

I
Ä-= {)

xC ,(m - r,x,) = ¡

r

1(m-r-ll 
I

I r )r+t
k+r+1 k+r+1

.r*-'(1 _ .r),,'-'-À-1 _
n1

;fnt+l

tn-r
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slllce _ _(tn-r)x(t- x)' 'Ç1(m-r-lllll¿ k+t k+t , ,
trdtn+l) ?-l k )lntþn'ilx+l' tt1 '"

l, 1,,#t tl)' 
- 

i t -')'*'-o-' + ( I - 
" ) (u i,t' f)(*) -

t11.- l'-I

k
)t
)n*t

111- r
tl\- r k+1

k+r k+r
tn 'nl+l

m-r-k
In the last sum of tlie equality we set i=/r+l and then denoting again the

summation index by k, we obtain:

xc, (n t - r, x) = ;tä("' o''),r r, - x)*' - t'ln +'', 
#, t)=

= ,,*,är,.,,16)l+,#") ;_,h ;r")u-,)'n-' =

. = ;-,no,., re)lT,#, t)'++(,(;) r(#)),' -,,,)"'-'

k+r+1. k+r+1. 
",r*1 ' * 'L

È(l -*¡"'-''-r 
| 

+ x(u;,¡, ¡)(x) =

tnr-l
\.
.¿-r
k=0

k+r k+r+l k+r+Im-r-l
k )(;t ' ln+l '

)
2

tlx

1

n(m+r)

f)+
r11.

r+-
k+l

tnr-ls-
Ll'tm-l
k=0

,l+,#,r#,'fl.
k k+l k+l
m'nt.+l' rn. '

f +

x)'((tn-r
+ Brþn-r,x)-

This completes the proof of Lemma 1

LPvva 2. The next ídenÍ.ilY

holds.

f k+r k+r "] ltc k+r "l ,lt k+t k+r .f r-tlk+ttrtt.!:t,¡l
lï'#tf ll*'',,nt;"r )=il*' ,*1';;Í )-,^1,*r'-nt 'm+|' )

-(tn 
- r) x'1 (! : x) 

c, (t n - r, x) + (t - )r)(u :,{, f) (.r ) + r'( u;, f ) 
(r),

ntQn+l) -/\' '..'

In the last equality we used the notations defined at (7) and (8). According to
Lemrna 1 we can write successively:

(1,,*,,,f)(r) - (r,,,,¡)çr¡ =

= - @-#*!"'[u' 
o ^-,-,,- 

('{tt - ol*, #, +,, ] 
-,

lk+r k+r+1 fr+r+l.rll rx(l--r)31'
+xl 

-;-
I tn rn+t ' rn " )l*'#Å:,t^'"'-''oi)l|'#tf]-

(t(++) t(+l)"-'.',, - :r) - #Å'î n,,,-,,0ç,,1#,T,

.(t(;)- t(*))',t- ,)tn-r+t + (r - x)(u,,,,:,/)(-") +,(u¡;¡'-,/)(")

Referring to (5) and taking into account that:

(t - x)(u :,:, r)(*) = (t(++) - t(+)) ",-'.' i, - ";
and

Proof. It is obvious that the second side of the identity can be rewritten:

;l*,#,+'1.#l#,T'#")=l#,+"1-l*#''1.
.l+,#,'l-l#'T''f= l-li;#,'l f +

3. \{AIN RESI]LT

In order to study the monotonicity of the sequence (L,,.,..f) we shall deter-

mine the diference of two consecutive tenns of the Stancu polynomials.
In addition to (6) and (4) we have:

(e) (1,,*t,,'f)(') -(r^,,f)(')=

= (r - 
')((sj',,:, *,f)(,)- 

(sf¿ rX')) * "((s;¡,-'f)(")- (s;¿, fX")) =
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*(rL;,;:,1)Q) = -(r(;) r(*))"1I - ";''-'*,,

the expressi o' o f differe,r"r,,T,.l, o."orrr.r,,,

'ï' 
P,*, ',*(*{rt-'{

.'l+,#,'#, tl\ 
"tBä 

o,,, - ('){[#,#',
tÌ

By using Lemma 2 we obtain the following result:

THEoREM L The dffirence beht,een lhe Stancu polynonürtls (L,,,*r,,..¡) oncl

(t,,,,f) can be expressed i.n rhefonn:

(r o) (L,,,*r,,.f)(r)-(t,,.,f)(r)=

= ffi{,, n - r)"'f ,,,,,-,-,, - (")[# 
l*, # +, t] * [

ttÈr , ( ,l k k+l k+r ^f r-1f k+t+rl.,p,,_,,t(Ð[;L;, #, î,, 1,,^Lffi.

' f r p 
^-,,0 

(òl+,#,#, t)::l *r,,,- )[
k k+l k+l_' t

tti m+l' tn ¡J

As

k-') (x

k k+l k+l
nr'nx+I' m

relation (13) becomes:

(t - x)pn,-2,,,(,,)[0 ,;u,*, t)- (+(t- x)¡t,,,-,,*(')*

nt-r "+1P'-t.k(")l[¿ ,4,f* * xPnrz,t-t\x) ,n )¡nr m+l r,1

-+xp,,-2,,,-z(x)l+,#nr,',/l*4p,,,-,.01")[o

* ! P rr- r,rr-r@l+, ;h,t, ff'

m-7 nt-2t
k=rm.

+

I I.
' tn + l' 111.'

f +

If we choose r:0 in Theorern I we obtain:

By choosing r: i in Theoren I we obtaiu the same result

(1,,-,,0 f )G) - (1,,, f )(,)= #+ ä 
0,,-,,r (,)l*, #, #, t

Taking into account the following identities:

(1- ,)p,,-r,o(x) = p,,-trt(.") = (r - *)"'-t ,

xp nrz,,n-z(x) = p 
^-t,,,-t(.r,) 

= r''-t

(m - r)(r- *)p,,-r,o(r)+þn -l)xp,,-z,t -t(x)+ p,,,-r,¡(x) = ntp,na,¡(x)

they lead us to th.e desired result,

Intlresespecial cases(L,,,,of),(L,,,,r-f)reducetotlieclassicalBemsteinpolyno-
tlúals (8,,,J) and fonnula (1 1) has been éstablished first by D. D. Stancu iri paper [4].

Wé will use the following

DrprNtrtoN (see [2]). A real-valuedfunctíott defned on att i.nterval I is called

convex of order n on I if alt íts divided dffirences of order n* l, on n+2 dislitlct
poi.nts oiI, or.positive. Thefunctiott ís said to be concave o-f order n on tlte
-íntervai 

I if all its dívided differences of order n* I , ott an¡t n* 2 dístittc't poittts
of I, are negaÍ.íve.

Since on the interval (0,1) we ltave p,o(-r-) > 0 (Å:0. l, '.,, n) where

n= m-r-I respectively,r: tti-randm>2r>O"fionithis definitionaudTheoretn
1 there follows:

THEOREM 2.If thefuncl.ionf is conyex (respectívely concave) ofJù'st order

on tlte intervalf0,ll, then the sequence (L,,,,f) is decreasing ('espectively i.ncreasittg)

on (0,1), wilh respecl. l.o \he naturt¿l nutnber m, such |hal m > 2r'

k+r k+r+l k+r+l

(11)

(t 2) (1.u,, f )(,) - (r,,,, f)(,)= #+ ä r,,-,,r{,):tl*, #, #t t]
Indeed, in this case the expression betu'een braces in ¡elation (10) will be

written:

t)

tn-2, .t-r(l n k+1 k!,f1*xltc+t,n+z.lr*2rf(t3) (n-r)I'p,,-r-(')î[tlî,,-,,nr,t,n , ) ml nt ,,*t. * ,r +

**i-0,*,,rØl:,,,,!!-,#,t
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l.INTRODUCTION

I1 this study we are concerned with the problem of approxirnating a locally

unique solution -r* of the equation

(1) F(x) + G(;):0

wlrere F, G arenonlinear opefators defined ol1 sonre convex subset D of a Banach

sïrace E,'with values in a Banach space 82. The operatorFis assutned to be Fréchet-

¿'lff.t.ritiuUle on D, whereas the differeñtiability of G is not assumed.

We will study the cotlvergence of the Steffensen n'Lethod

(2) xn+t = x,, -lx,,,s(',,);r]-t(r(t,,)+ G(x,,)) (' > o) 
'2 

x0 e D

to a locally unique solution x* of equation (1). Hear g:D c. E1 --> 82,

lr, y; F) € L(81, Er) andsatisfy the condition

(3) lr,y;Fl(y - t) = F(y) - r(') for all x'v e D'

Let xo €. D, weassullle that l-r:0, s(.t-o); F]-' exists and

(4)
l[",,s(',);r]-'([",+4,y+ 

h,;F)-lx,v;r])ll<,a'(r'*ll¿'ll,t')+A,(tr+llr,ll,r,),

ll[',,r("'.,),r]-'(c(v+4,)-o("i)ll=',(r,+llr,ll,r,)= 'a(t,+lln,ll)_'e(t')'

llg(' * n^) - s!)ll< Ao(to + llr,ll' r.)

(5)

and

(6)


