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1. INTRODUCTION

In the paper [6] D. D. Stancu has used a probabilistic method to construct a

linear positive polynomial operator L3P of Bemstein type, depending on a non-

negative integer parameter » (2r < m) and on two real parameters o and [3, such that
0 <o<P. This operator is defined by means of the following formula:

- i) m-r ; e k+a - _k_+l‘_+_(l
1) (L)) = ;pm_r,k(x)[(l x)f (m E; B) o [ m+ B H

where p, , are the fundamental Bernstein polynomials:

(2) pm—.-,k(x) Al (m il I‘)xk(l = x)’"—r—k‘

k

Special attention was granted to the case of the operator LY =L, .. The
author proved that the remainder of the approximation formula of a function

f ec[0]] by L,,f canbe represented by means of divided differences, or in

an integral form obtained by using a classical theorem of Peano. Also, the operator
L enjoys the variation diminishing property, in the sense of I J. Schoenberg [3].
In the same paper the orders of approximation in terms of the modulus of continu-
ity of the function f or of its derivative were evaluated and the point spectrum of
the operator L was determined. Finally, a quadrature formula which can be
constructed by means of this operator was presented.
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In this paper we shall use the divided differences as fundamental mathema-
t1ca1 tools in the investigation of the monotonicity properties of the sequence (L, /).
=1,2,.

2. PRELIMINARY RESULTS

In 1969 D. D. Stancu [5] considered and studied the following generaliza-
tion of the Bemstein polynomial:

3) (S,‘,]’bf)(x)= an,k()‘>f(’]:::)
k=0

where p . are given at (2) and 0 <a<b.

In our paper [ 1] we investigated the monotonicity properties of this sequence.
At the same time we established a useful formula for the difference of two
consecutive terms of the Stancu--Bemstein polynomials. This difference can be
expressed under the form:

@ (Smis x)=(8:21 (%)=
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where the brackets represent the symbol for divided differences and

ab i a - a oy n+l+a)  (n+ajl .
©) (U" f)(x)_(f(n+1+b) f(n+b))(l %) +(/(n+l+b) f[n+b)} ;

It is easy to verify that by starting from (3) \. can obtain the following

representation for Z2P defined at (1):

(L £)x) = (1= xYSpher S )(x) + 2( S50+ £ N ).
In the above if we set a=B=0 we obtain:
©) (Lo )(x) = (1= x)(S22, £ Yo%) + (S5, 1)),

Before establishing the main result we present some identities which will be
used later.
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LEMMA 1. Ifwe define the sums:

ey i = Jigyl m—r—k-
) 8ytn=r) =S " TR larg et
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geeega s —r=N[k+r+1 k+r+1 Vi
(8) C.(m-r.x)= |7 , B G e 5
"< ) AZ::; k+1 k m+1 m J ( ) :

then the following identities hold:
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Proof. We can write:
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In a similar way we find that
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m—r-=1\} 1 o 1 (m—r
k k+1 m-r\k+1)

In the last sum of the equality we set i=k+1 and then denoting again the
summation index by &, we obtain:

¥ 2l m-r IS m-r—k k +r k +r
X (1-x TR, ) =
m—rkzz;[ k ) (1= I: m = m+l f]
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This completes the proof of Lemma 1.

since

fo(m = r,x) =

e

LEMMA 2. The next identity

k+r k+r k k+1 rlk k+1 k+r 1} k+1 k+r k+r
e et e ]

m  m+l m m+1 m| m m+1 m+1l m+1l m m+l

holds.
Proof. It is obvious that the second side of the identity can be rewritten:

rlk k+l k+r r=1{ k+1 k+r k+r. k+1 k+r k k+1
ol s >f + 5 ’ ’f = ) >f T ;f i
m{m m+1" m m+1 m+l m m+l m+l m m m+1

k+r k+r k+1 k+r k+r k+r k k+1
Jasr o Tl por, ) o e 1 [ o
m m+l m+l m m m+l m m+1

3. MAIN RESULT

In order to study the monotonicity of the sequence (L, . f) we shall deter-
mine the diference of two consecutive terms of the Stancu polynomlals
In addition to (6) and (4) we have:

) (Lm+1,rf) (x) = (L,,,,,.f)(x) =
= (1= (SO )~ (S 1))+ (S5 ()~ (S S Y)) =
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) k+1|_ m+1 m
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me—l —1.k "“')|: f}

m* m+l pis m m+1 m

2
+x[k+; k+r+1 k+r+l;f}}+(m—1)x(l—x) "

m’ m+l’ m m(m-+1) f(m—r,x)—

_%ﬁcf(m‘—nxﬁ( U L))+ (U S )().

In the last equality we used the notations defined at (7) and (8). According to
Lemma 1 we can write successively:

(Lm+1,rf) ('l) ui (Lm,rf) (x) =
- A e

n?(m + 1) m m+1 m

k=0
+x[k+r k+r+1 k+r+1 ml— 'i:’ k k+1 .
m m+l’  om | m(m +1) P 'k m m+ 1

m—r+1 m—r M1~x)m' k+r k+r
ol g i xm—r+1 et
(f( m+1 j f( m D ( m(m + 1) Z ST k [m +17 m ’f} N

+( f(Lj ol f( I j]x(l~x)m_r+l + (1= UYL, 1))+ 2(Uz, f)(x).

m+1
Referring to (5) and taking into account that:

(1= xYU2,)(x) = (f( - f())(l)

m+1 m

and
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Ut S )x) = —(f(:—n) - f( 2 IDx(l L,

the expression of difference (9) becomes:

_w'gp,m,.-],k<x>{<l—x>[5ﬂ =)

m*(m-i-l) Py m m+1
k+r k+r+1 k+1+1 rx(1-x) ktr k+r k k+1
+'l|: ’ b me rk ’f o= - 'f
m = mtl m m(m+1 m+1 m m i+l

By using Lemma 2 we obtain the following result:

THEOREM 1. The difference between the Stancu polynomials (L’,]+1,,,‘f ) and

( et ) can be expressed in the form:

(1 0) <Lm+1,rf)(x)_(Lm,rf)('x):

{x—1 m—r—1 < i ’ g . ;
- 2=l {(m—r) Zp,,.—r-l,k(x)(ﬁ[—k—,ﬂ, "i;f]+i[" A L “;fD+

m(m+1) m|m m+l m ml om  m+l m

k=0

m-r
k k4l k+r r=1{ k+1 k+r k+r
+r b 3 J T > s 3 '
kz(:,p"l g k [m[m m+l" m f] )71+1[l71+1 mo om+l f])}

If we choose r=0 in Theorem 1 we obtain:

SO MOy A i s S )[k sty B f}

m(m+1) m m m+1

By choosing =1 in Theorem 1| we obtain the same result:

m]
/c k+1 k+1
7|

P ;
Z i k m m m+1

Indeed, in this case the expression between braces in relation (10) will be
written:

m-2 5 .
(13) (’”—l)zpm-z,k(x)lml([k,k+1,k+1§f]+%[k+1,k+2>k+2;fD+
k=0 g

(12) (L f)%) = (LS )(x)

m(m +1)

mm+1l m m m+l m

m]
k k+1 k+1
+— melk { ’-f]’

m m+1" m
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As:

m-2 m—1
k+1 k+2 k+2 b k+1 E+1
D, _ X X :
kzzo.l’pm 2,k( )|: TOYI LR i‘ 2 Pm~2, k- ! |:m =L f]

relation (13) becomes:

m— 1 iy 711—1
<vnmﬂw{nﬁlwd+z( Apuas() ¢

i 1
+m+;1—llp"l—2k () + p,,, lklj[—i]% m+1’ ml;f:|+
+ m’; lem—z,m—z(x)[m’; 1> mrz ] al;fj| N %Pm—l,o(x)[m;l%,%;f} o
+%pm_1,,,,_1(x)[m’; l’ mnj- l’l;f:l'

Taking into account the following identities:

(1 = x)Pm_z’o (x) = Pm—l,(l(x) @ (1 ol x)m—l,
XPm=2,m— Z(X) = Pm— m_l(x) N

(m=1)(1=x) Py (%) + (m—=1)xpy—n 4 () + P (%) = mMPy1.4(x)

they lead us to the desired result.
In these special cases (L, /), (L,, /) reduce to the classical Bemstein polyno-
mials (B, /) and formula (1 )] has been established first by D. D. Stancu in paper [4].
We will use the following -

DEFINITION (see [2]). 4 real-valued function defined on an interval 1is called
convex of order n on I if all its divided differences of order n+ 1, on n+2 distinct
points of I, are positive. The function is said to be concave of order n on the
interval I if all its divided differences of order n+1, on any n+ 2 distinct points

of 1, are negative.
Since on the interval (0,1) we have p, (x) > 0 (k=0, 1, ..., n) where
n = m—-r—1 respectively n= m-rand m>2r=0 from this deﬁ111t1011 and Theorem

1 there follows:

THEOREM 2. If the function fis convex (respectively concave) of first order
on the interval [0,1], then the sequence (L, | f) is decreasing (i respectively increasing)
on (0,1), with respect to the natural number m, such that m> 2r.
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