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A CHARACTERIZATION OF REFLEXTVITY

SEVER S. DRAGOMIR

(Timiçoara)

r,êt (x,ll . 
lD u" a real normed space and consider the norm derivatives:

(*,/),,,¡,= ,Jl,i.,(ll, 
+ nll2 -llyll') t 2,.

Note that these mappings are well defined onXxXand the following pIopel-

ties are valid (see also [1] or [2]):

(Ð (*'Y), = -(-t'Y). if x'Y ate in x;

(iÐ ('","), = lltll' for all x in X;

(iii) (a'r:' 9l)o = ttP('t'y)o for all x'y in x and crÞ > 0;

(iv)(ctr + y,*)r= "lltll' +()',*)o for all x,y in X a¡d .' elR;

(v) ('* v,'), I ll'rllll'll+(v'z)o for all x'r'z in x;

(vi) tlre eletrrent -r: in X is Birklroff orthogonal over y in X (we denote ¡ I y),

i.,e., ll.r * Ðrll> ll'll for all I in lR iff (v' t), 
= 

o < (l' 
"), ;

(vii) the space Xis smooth iff (y, *) i = (y''r), for all x' y' in Xor iff (' )o is

linear in the frrst variable;

wherep:s orP: Í.

We rvill use the following well-knowr result due to R. C. James [3]
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THnoRev. The Banoch space X is reflexive iffor an¡, closed hyperplane H
in X cont,aíning the null vector, there exisl,s an eletnenl, u e X \ {0} so íhal uJJf .

The following characterization of reflexivity in ten¡s of convex functions
also holds:

THEOREM 1

equivalent:
Let X be a real Banaclz space. The follov,irlg stal.emetTls are

(i) Xis reflexive;
(ä) For every F'.X-+ R. a convex and conÍinuous ntappi.ng on X and þr any

xoex, Í.here exísl,s an elentenl. LtF,ro e X so Í.hal t.he estintal.i.on

(t) ¡(r) > ^n(,"g)n (" - x0, uF,xo), forall xex

holds.

Proof, "(i) = (ii)" ,LetF beaconvexandcontinuousmappingorrX. Then
F is subdifferentiable on X, i.e., for every xoeX there exists a continuous linear
functional ,fr., so that

(Z) r(*)- F(to)>.f,,(* - rù for all x itt X.

SinceXis assumed to be reflexive, hence, by James' theorem, there is an
elenrent reF,,o e X \ {0} so that wo,r,-LKer(Á, ),

Because a simple calculation shows that

f*o(*)*o,r, - f(*0,,,)" . r.t(l', )

for all x in X, hence, by the property (vi), we get that

o<(f,"(*)r'r,,,- f,o(rrr,"o)*,rro,*"),. for all x ex ,

which is equivalent, by the above properties of the norm derivatives ( , )o, with

(r,ur,,o), 
= ¿.1"; for all x in X ,

where

ilF..ro I = fro(rr r,ro)* o.r,, llro.',ll'
Now, by (2) we obtain the estimation (l).
"(ii) + (i)". Let H be aclosed hyperplane inX containing the null vector

and f eX* \{O} withKer(fl=I/.Then,by(ii), forF:f andro=0,wecanfind
an element u, ín X so thal.
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"f(r)>(r,"r), for all x in X,

Substituting x by (-.x) we also have

.f(r)<(r,ur), for all x ín X.

Now, we observe that ur* 0 (because/+ 0) and then

(.r,"r),1 o l (-x, u¡), fot al7 x in H,

i.e., u,L H and by James' theorem we deduce thar' X is reflexive.
'The folowing conseqtlellces are interestiug too,

COROLL¡Ry :1l, Let X lse a real Battach space. Thett X is reflexíve ifffor every

p: X -+ R a conti.nuous sublinear funcl.i.onal on X lhø'e aists att eletnenf u in X so tltal

p(r) > (r,"r), for all x in X .

CSR6LLARY. 1,2. (see l2l) Let X be a real Banach space. Thett X is reflexive

iffþr everyl e X* there is an eletnent urin X so lhat

(*,rr),< -f(")=(r,"r) for att x in x '

ConOLI-aRy, 1.3. (see l2)) Let X be a real Banach. space. Then X is smootlt

and reflexíve ifffor allf e X* lhere exisÍs att elemettl ure X so lhar

f(*) = (r,ur) o for atl x in X

v,lrcre p:s or p:i.
For other det¿ils in connection with the above results, see the recellt papers

[1] and [2] wliere further references are given,
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