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1. INTRODUCTION

Let(X,d)be a cornpactmetric space, letC(X) denote the Banach lattice of all

real-valued continuous functions on Xand let L:C(S -+ C(X) be a positive linear

operator.

Estimates of the errors lt(¡X¿- /(Ðl @ llt\¡l- /ll) i"u"tving among

others the usual tnodulus of contiriuity defined by

o(,f;ô) ='up{l¡(') - f})l i x,)' € x, d(x,v) < ô},

are studied in several papers ll3-211, [11], [6]. Fot X:la, bf, a,b eR, such

problems can be found for example, in [a]'
The case of approximation of continuously differentiable functions on [4,ó]

is also well-known (see e.g' [3-4], [6-8])'
Whel [a,b]is replaced by X - a compact subset in a locally convex Hausdorff

space, for functionsf e C(þ having the so-called Mean Value Properfy (bnefly

úVp), extensious of this last case rvere obtained in [13], thus covering so-me

results in [3].
However, the result in [13] do not cover the pointwise estimates in [4], [6-9],

as for example the following easily obtained by conbining Corolarry 2.2 and

Tlreorern 2.3 inl9).

THE9REM l.l Let L: Cla,bl -+ Cfa,bl be a positíve linear operafor satisfing

L(eo)Q) = eo(x),u,hereeo(x):1, v.r e la,b). For eachf e clfa,lslv'ehave

lt(t)G)- /(Ðl . llrll lz(r - ")(")l +z r(lt - "lx')
.,lr' ,z(lr - 'l')(") 

t I'(lt-'lX')], v r: e lo,b) ,
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where L(t-x)(x),Lllr-'l)(x) qnd L(lt-'l')(*) mean that L is apptied to t-x,

It - xl and 
l, -,"1t consídered as function of t.

The main purpose of this paper is to extend Theorem l.l to the case when

la,b] is replaced by X - a compact convex subset of a linear normed space, for
functions having continuous Gâteaux derivative on X. In case wheu X: la.bl, our
results are even refinements of Theorem l .I ,

On the other hand, since in general for Gâteaux derivable functionals in an

abstract normed space, the MVP cannot be obtained in the fonn in [3], our results

will be more general than those in [13].
Applications to Bemstein-Lototsky-Schnabl operator are given.

2. PRELII\IINARIES

Proof.(i)wewillreasonasirrthecaseofrealfunctions'Letx,ybesuclr

that ll.r,:-.ull, <õr+ô" and write z=c..x+(t-o)ye X' where ct=ôz/(ð' +ô')'

We have:

ll'-,11, = ll(t-oX-'- r)ll, = (r-")'ll'-vll, < (r-a)(o' +õ,) = ô'

and 
þ,-,11, =ll*(r-')ll, =ollr-'ll, <ô,

Hence we obtain

llr(")- r(v)ll, < llr{') - rþ)ll,* llr(') - ¡(v)ll,< ' (r;ll' - 'll' ) *
, (r',1Þ- yll,) <' (.r;4,) *' ( f ;õ,),

and passing to supremum with ¿y e X we get

o(,f; õr + ôz) < o(,r;ôr) + or(/; ôr)'

(ii) An immediate consequence of (i) is

(1) .(/;ra) <(t*À) 'o(¡;a), v¡"'ô>o'

Now, the inequality or(.f;ô) < õ(f ;ô) is obvious by defirrition' Also' by (1) we

obtain
nnll

>^,.0r(¡;0,) =Lr,. r(f;(ôr / ô)ô) . Ir'(t + õ, / ô)' o:(¡;0) =
i=l i=7 i= I

=(t x, *fi,,a, I ol ',(f :ô) = z''(,r;ô)
\'d i=r I -'

Passing now to supremum' rve immediately get õ(/;A) < 2 ' r,,:(/;ô) '

It is known

DprrNtuoN 2.3. Let f: E-+R be ttfunctional, xcE attd xex' Ií/e sct¡t tltaÍ f
is Gâteaux derival:le al x if for atl heE, Ihere exisls the lintil

linif/(:,: + th) - ¡(.)) t t = f', (fi ana 'f'' ß linear attd cotttittuous as futtct'iott

l-+oL" '

of lt, i.e. f', e E* .

Also, / is called Gâteaux derivable onxif .[', . E* for all,xe xand in this

case we can define/''.X->E bV f'6):f)'
The proofs oi ou, main iesults also require the following known Jessen's

inequaliry,

2 3

I-et (r,ll ll,),(r,ll.llr) ur two real nonned spaces, X c E be a cornpact con-

vex subset of .E and let f : X -+ F,

DEFINITIoN 2.1. The modulus of contittuiry of f on X u,ith step 5 > 0 ¡ls

de.fined by

o(,r;ô)= 
'"p{¡¡¡1"¡ - lØlL ; x,y ex,ll'-yll, =u},u elo,a(x)], .

v,here a(X)=rup{ll.r - yllr;x,1,.X}.+co ls Í,he diatnerer of tlrc com¡tac't set X.

Also, the least concave majorant of c:(/;ô) is defined byõ(/;a) =

f, n n ì
-'up]Ir,.r("r;ð,) ;r e N,)À, = l.IÀ¡ô¡ =ô. À¡ ) of,ir a e [o,a(.r)] and

1.,=r j=l i=l l

õ(/;¡) =^(f;d(x)), ir ôrd(x)
(see e.g. [6] in the case when,F is the real axis).

LEMN4A 2,2. (i) For all ð,,ô, e lO,alX¡) v,ith õt+õ, e lo,a(X)l v,e I'tc:e

c¡ (l';ô, + ôr) < o (¡;a, ) *, (,f;or)

(ä) For all õ:-0 v,e have

'("r;¡)= 
õ("f;ô) <zot(f;õ) .
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THEoREM 2.4 þee e.g. l2l, [10], Let (X, d) be a compact metríc sPace,

GeCþn, 14] a concavefwtction on the intet-val lm, M and let A:C(þ-+R be a

p o s i tí v e I ínear fmctio n al. s atisfyi n g

'q(t*)=l and f >o intplies A(f)>O.

For any conti.nuous functi.on g:X-+ltn, A4)u,e have A(G(g)) < C(,ait;;

3.IÍAIN RESULTS

Let (E,ll lD U" a real normetl space and letXcE be a compact convex

subset. Write

D]r(E) = {f : E -> R;.f is Gâteawc derivable on X and f': X -+ E*

is conlinuous ou X\,
and

c'(x)={fl*tf en1"(\},

wlrere -fl¡ rneans the restrictionof f onX.

Retnarh,If f e Ct(X) thenby e.g, [5,p,341]wegetthat/is Fréchetdiffèren-

tiableon,{ whichimplies(seee,g, [5,p, 340]) thert "f e C(X), i.e. Cl(X) c C(X).

We say that L:,C(X) -+ C(X) is a Markov operator on C(þ if it is positive,

linear and satisfies L(I*) = 1r .

The first main result of this paper is

THEoREM 3.l , Let X be a conlpqct convex subsef of E and let L:C(þ-+ C($
he a Markov operelor on C(fi. For each f e CI(X) v,e have

(2) lt(¡)(,)-/("| =ltlf',('-.")l(")l +z L(llr-'ll)1")

'[,t ,z(¡¡r - "ll')(') t L(ll - "ll)(')], ror arr .r e x.

where f',, u Eo an<l ¿* is endowed with the usual rromr

lllr'-lll='rp{1,"-1'¡l ; xeE,ll."ll 
= 4, vx* e E*,

Proof. By the mean value theorern (see e.g. [5,p, 323]) we have

¡(t)- f(r)= .f',(t-x)+ ftr*.,(t_*¡ (r- x)-.f:,(r-.x) , x,t € X,

where r exists and belongs to (0,1).
Applying Z we immediately get

Ir(¡)(,) - ¡1"¡¡ < lz[/" (r - ")](,)l 
+ 
lr(lrt .,,,-,r -/' ](, - ,1)f"l 

=

=ltlr', (, - ")l(")l 
. ,(l[r; +"Q-,1- f,,]f , - "l)f,l = lrlr', (,- r)l(r)l +

+ L(ll f ' - *" 1t-,¡ - f ', ll ll¿ - ".llX') 
rltlf| (r - ;)](x)l +

+z(llr-'ll ' (r';lþ +,çt-')-'ll)X") =ltlf; (,-,)l(")l . tlll,-,11..,(r;llz-"lD]("),

where,L is applied to f', (r - .r) and to llr - rll . co (/'; llr - "'ll), 
considered as tunc-

tions of l, with fixed¡:.
Therefore we can write

(3) lt(t)@ - rØl=ltl.r; (' -')l(')l. z[ll' - xll. õ(.r';ll' -,ll)](.")

For.reXwe have two possibilities:

(i) /(') = r(f)(*); (ii)/(r) + L(f)(x) .

In rhe case (i), obviously (2) holds. I'the case (ii) we nave {llr - .rll)(x) > o .

Indeed, let us suppose that in this case {lll - rll)(") = 0 . By the mean value theo-

iem we obtain

lr{ò - r(') <tll f'x+¡(t-x) il llr - *ll< M llr -'ll , '

where M = sup{lll f'rlll;* u X} . +co,since/'iscontinuousonthecompactsetX

Applying L we get

lt(¡)(,) - "r@l< r(ltØ- /(,)l)(") = 
M .L|1, - ."-ll)(x) = o,

which iniplies the contradi ction L(fl(x):f(x),

Now, for.xeXwith f(r) * L(f)(.), ler us define

A.:c(x) -+ R by A,(f) = L(ll, - "ll /(/)X x) t Lflr - "llX")
and

4 5 Markov Operators lt5



116

s,:x -+lo,açx\l t y g.(¿)= ll, -'ll

Since õ is concave, by Theorern 2.4 we gef

¿"(ã(f'; g.,)) < õ(f' ;.t,(s,)),
that is

(4) ¿[ll, - 'llõ(/'; ll' - "lD] @ t L(ll - 
'lD 

(") 
=

= ult';r(llt -'¡¡'){") t L(ll,-'lD(")],

whiclr together with (3) and with Lemma 2.2, (ä), proves the theorem.

Remark. Let E be the real axis and kla,b]. Therr /i becotnes the usual

derivatives/'(.x) antl f', (r -:r) becomes "f ' (r) '(t - ") . Heuce we get

l\r', a - ')l(')l =ltlr'("X' - ")l(')l = lr'{")l lt(, - "X")1,

and by Theorern 3, I we obtain

lt(¡)(,)- f@l= lr'(')l lt(,- x)(r)l+ 2 L(1, -"lX')
r.[r', L(1, -,1')(.) r r(lt-'D(')] , v x ela,bf ,

whicli because of tlie terrn lf' (t)l .if1t - .tX")l is obviously a refiuerneut of

Theorem l.1,

CoRoLLeRy 3.2. In the condití.ons of Theorent 3.l.we ltave

Ir(¡)(,) - r¡)l=lrlr'. (, -')l('| .t lt(ll,- "ll'X")]"'

Markov Operalors tr7

Now, taking into account that

i < 
[z(ll, 

-'ll')1')]'' r L(llt-'llX'),

by (4) and (5) we immediately obtain

,l¡,-'¡ õ(/;ll,-'¡)l(') < 
[z(¡, -'ll')(')]"' u(r';[z(ll, -'ll')(")]" 

),
which together with (3) and with Lernma 2.2,(ü), proves the corollary'

Remark. By (4) and by (3) we inimediately obtain that if / e Cl(X) has

o ("f ' ; ô) concave as function of ô , then

lL(¡)(,)- r(.)l .ltlt1 (' - .')l(")l + z(llr - 'll)(")
.,lr',2(¡¡, -'ll')(" ) / L(I- 

"ll)(')]

CoRoLLARy 3.3. Let (8,..,.r) ø" a real Hi.lbert space. In the conditíons of
Theorem 3.1 u,e lruve

Vf¡X¿ - f(') = lr(' v' , ¡ 'X')- 1 r'x ,' 'l+ 
z' L(ll' - 'l|)(') 

'

t-..1/',2(¡¡r -"'ll'){') / L(ll,-'ll)(')], y x e x,

where !', e x is such tnat lll',ll  tfl fiand L(< y', ,t >)(*) tneans that L is

appliedto < y', ,t > asfunctionoft.

Proof, By the well-known Riesz's result, there exists (unique) y', . X
such th¿t

lþ',ll =lllf;lll and f', (t-t) =1 !',,t-x=1!',,î)-1!',,x).
Then our corollary is au ilntnediate consequence of Theoreln 3 ' I .

4. APPLICATIONS

We will apply the previous results-to the case of Bernstein-Lototsky-

Schnabl operator. Let (8,..,.t) be a ¡eal Hilbert space and X c. E a corll-

pact convex subset,

S. G Gal

'[t'[r(¡'-"¡'X')]' I 
,v xex

6 7

Proof. Since õ(/';ô) is concave, by e.g.llL,p.441, õ(f'; ô) / ô decreases

as function of ð > 0 which immediately give

õ(/';Àô)/(Àô)<õ(/';ô)/ô, v À> l, ô > o,

that is

(5) õ(/';Àô) <Àõ(/';ð). vÀ>1. ô>o
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Keepin-e thenotation. define ¿ts in [ 6,p.454-4551 the n-th Benistein-Lototsky-
Schnabl operator with respectfo Q/(I'), p, p a'd g:{¡,,; xe X},by

n,,(f)(r)= t!,Yr(,T)r) = I*,f of ,¡,p.,tr,=,=,,r!,.,!r)

and let us collsider for ? that y.:-¡; for all -¡:eX.
By Lemura 6,(i), in the same paper [16] tve get

8,,(4 ),'^* . ¡ tX") =1 1,, ..r >, V r e X ,

wlrere 8,,(. )1,,¡ tX.r) means tl.tat 8,, is applieti to g(l) =< "),.i. ,t >, t e X ,

Tlreri by Corollary 3.2 we easily obtain:

CoRoLLARy 4.1 For ail f e Cr(X) \,e have

Ip,,U)(Ð - f@l=, ft,,(ll,- "¡,X")]"' ,(r,;fa,(ll, _,11'X,)]"'). , . *
Remarlc. Letus slìppose that .f,:X _+ E* satisfies

llf', -.f'yllls M.llr-yll" , V x,1, eX, u,irh fixed ø e(o,r].

Tlren obvioulsy c,:(/' ;s) < M.ôo and the previous estinate becornes

lt,,(f)(,) - .fql = 
z ls,,(ll,- "li,)(Ð]' 

*','' ., x e x,
obvioulsly, this estirnate carurot be obtained from the estimates i' [1.Corollary 2 and 3),
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