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1. INTRODUCTION

The integral inequalities play a fundamentalpart within the study of the
existence, uniqueness, stabilify, boundedness, continuability (and other qualita-

tive aspects) of the solutions of differential and irrtegral equations. In [5] there

were established operatorial inequalities of the type Gronwall and Bihari for
increasing and decreasing monotonic operators, In [3] there was establisherl an

inequality in the case ofan increasing operator, This result is based ou Theorem 2

from [5], wliich is reminded further down:

LetXbe a Banach space, and let K be a semiordered cone; x ) y means

x-yeK.
Considerthe inequation u < Au + f whercA is a monotonically decreasing

positive operator. Suppose that the following conditicns are fulfilled:

(i) Equation y:Ay +/ has the unique solution f , the limit of the sequence

(v,) defined by y,*t: Ay,+ f'
(ii)Thereexistsanelement uç e X whichverifiesdreinec¡ualities u,<Au.*f =ilt,

u6<Aut+f.
Then r,rs 3 Y*

Remark.If the nonnegative function øo(l), r'erifies the inequalify

(l)
t

uoQ) 3 c + ! a(s)Vr[z¡(s)]ds = ut(t), t. efa,b)
0

t

uo|) < c + I a$)Vr[ø1(s)]ds
0

(2)
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where

V(u(t)) = pu2(t) + qu(t) + r

Ify-(t) is solution of the equation

(e) 1t(t)= c+ Jltta(s)v2î)+qa(s)v(s)+iz(s)lds, c > 0
0

then we have

(10)

¡,*1r¡ = exrlÍ (2¡ta(s)y1þl + q,ts)F"] .

"[" - i 
Zpa(s)"*[i (Zpa(z)v{z) +'qa(z))dzþ] 

'

where y, verifies equation (6). Therefore it results

(11) uoQ) < y. (t).

THEoREN4 2, Let v,ws € C[R?, R*] and c>0. If the function wo(x,!)

v erifies the i.nequalities

(r2)
t x!

wo(x,y)="* IJv(s,l)r4,6(s,l)dsdt =wt(x,y), x) xs, !2 lo
lo lo

(1 3)

xy
wo(x, y) 

= " 
* jJ v(s, r)w1(s, /)drd,

xo lo

i
.fo

v

u,hile operator Au,o(x, y) =

cally decreasi.rtg, then

J v(s, /)w6 (s, l)drdr, x ) x0, | 2 !0, ís ntonotoni-

!o

(14) urs (-r: , y) < u* (x, y)

v,h.ere u* (x, y) is soluf.í.on of the eEntion

ti
(1 s) u*(x,Y) = v(x t)dt u(x, y)
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wlrere Vr(t) is nonnegative, rnor.rotonically decreasing, and locally Lipschitzian,
a(s) nonnegative and continuotts, then u,,(l ) verifies the inequalitiy

(3) u,,(t) < r;t[rç¡ + 4(c)], t elo,bl,

);

'uvlrere F, is the ¡rrimitive of the fllnction lll/rb,), f, 1(l) is its inverse. rvhile F(l)

is the primitive of a(s).

In [3]-[a] there was established a Riccati-type inequality in the case of au
increasing o¡rerator.We shull establish an analogous result in the case of a decreas-
ing operator', Of course, the result rvill be obtained under sqrplementary condi-
tions.

2 INEQUALITIES FOR DECREASING OPERATORS

THEoREÀ4 l.Let ur,(t) e C[0. b], a(t) e.Cl),bl, a(t)> 0 forany t el),bl

and p,q,r e F.i, @2 < 4pò , If
I

(4) u(,(t) < c + !ltt"6)rã(s)+ qa(s)u6(s)+ ra(s)lds = u!t)
(l ,

(5) u.Q) < 
" 

+ !trt"G)uf1s; + qa(s)u1î)+ ra(s)lds

v,llere c)0, tncl if ),,i.s a ¡tarl.iculat.solution of the equation

(6) y' - pa(t)),2 + qa(r)y + ra(t),

tlten ur,(t) verifies rhe irtequality uo(r) I .t,-(¡) ,tt,llere'

-i,*11; = .-r[Í (2 p a(s) 1; rg) + qa(s))dr' X

(7)
t-

"I,_T,
0

Pa( ,s exp j
(l

(2pa(z)y1Q) + qa(z)þ
l.,..

Proof, Define the operator I by

Au= Ia(s)Z(u(s))ds, r e[0,b]
0

(8)
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v)here u*(x,y) is solutiott of the equatiott

u*(x,Y) =

tl
v(x,t ,.ì,, x,y) + I"@,t)h(x,t)dt

!o

Proof. One proceeds as in Theorem 2, using also the comparison theorem

[1], In this case u*(x,y) is

u* (x,1,) = h(x, r> * I! v@,t)h(s,,1*o[jJv((, n)o(onl * o,'

xolo \, I )

Wendorff s inequality [2] is obtained in this case, too.
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Proof. By (12) 1,vs sa-sily obtain

x ),

J
!o

u,1(x,¡t) =, * J v(s,t)r.r,6(s,l)dsdl and u,s(x,y) < u1(-r,.¡r) then

iro

v

J

v

Jv(x,t)u,s(x,t)dt < v(x,t)w{x,t)dt
!o !o

or

(1 6) wtx 3

ti
v(x,t)dt

)',,
(x, y)

From the comparison theorern [l] it results wJx,y) I u*'(x,y), from which we

u

, it results Wendorffs inequality

obviously þ¿ve rl's (x, y)

Since r.r*(x, !) = c

[2], herice

v
xy

J i"f
xo lo

(r7) wo(x, y) < c
[,i,'u,') 

d" d,)

THEoREM 3. Let thefuncti.ons v,1ilsth e C!R_2*,R*]; ¡/
(i) ws(x, 1t) verifi.es the inequalíties

xy
wo(x,y) < h(r,y) * JJv(s,r)ra,6(s,/)drdf = wt(Í,y), x) xo, y) lo(1 8)

(1e)

xolo

xy t

v,o(x,y) < h(x,Ð * [J v(s,l)w1(s, /) drd/
xo !o

xy
(ä) operator Av,1,(x,Ð = IJv(s,l)r.r,o(s,t)dsdl, x 2,xs, | 2 /0,

xo lo

is monotottically decreasing, then

(20) ì uo!, y) < u'(x, y)


