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Let X be a nonvoid set of IP, where by I rve denote the set of integer null1bers,

let f = (ft,...,f p):X -+ IP and let s:X -+ I, s = rt+...¡ -fr: , -

In the following, we denote by v-nttn(f, X) the vectorial optimization problem

whiclrpossessestheconstraintsetXandtheobjectivefunctions f¡, i e {1,"',P\ '

DrnrurrroN L A poirtt x0 e X is saíd to be a min-efficient solution

for v-min(f, X) íf there is no x e X such that'.

(l) f¡(x) < -f¡(xo) for each i e {1, "', P\

with at least one sÛict ínequalíty.

Remark l, Because s(X) c I , apoint x e X is amin-efficient solution for

problem v-min(f,X) if and only if there is no y e X such that

(2)

and

(3)

-f ¡(y) < f ¡(x), for each i e {1, "', P}

s(y)<s(.r)-l

Letmin-EF (f ; X)be the set of min-efficient solutions for problem v-min

(f ; X).In the set min-EF (f ; X) we introduce the following equivalence relation : if
)c, y are in min-EF (f ; X), we say that -x is equivalent with y if

(4) "f 
(*) = -f (y).

If t = (\,...,tr) e RP, thenweagreethatwedenoteby llltherealnumber

defined by I ¡l = Íi +.',+ tp,
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In view of remark l, at is llot all efficie¡t solution for v-min (f, X); that
contradicts the assumption. Therefore u is an optinml solutiolì for problern P(t: a)
and, from (7), we get

s(rz) = .fi(u) +...+ fp(r) = ctr -l-",+ cto =lctl.

Hence the corrditiott is necessary.

sufficiency.Letu e Xhaving the property that there is p e 7o such that

u e SO(t = p) and s(z) =lpl.If wesupposethatuisnotanefficientsolution
for v-nrin (f;, þ, then, in view of remark l, there exists v e Xsuch that

(9) "f¡(v)< f¡(u), i e{r,,,,,P}

and

(10) s(v) < s(ø) - I'
But, because z is an optimal solution for P(t : p), we have

(11), "f¡(u)<F¡, i e{|,..,,P}'

Since v e X, from (9) and (11) it results that v e SA(t = p)' Theri (10)

inrplies u eSO(t = p);thatcontradictstheassumptiou ø e SO(t = p).Hence
z is.a min-efficient solution for problern v-nin(f; þ.*

BecauseXis afinite set and f(X) c lp,there are a. = (a1,...,a0) e lp
and b = (4,...,b0) e IP such that

(12) a¡ = nin{-f¡(-r): -r e X}, b¡ = max{f¡(x): x e X}

for all i e {1,..., p} .

f,

Let T = x.fa¡,b¡J.
j=r

Levtr¡a 2. If u e IP \ T ,lhen one and only one offollou'ing assertiorts

is true:
(i) .91(t = a) = Ø;
(ii) SO(l = s.) * Ø,andfor each xleSO(r = a) u,ehave s(xo) +lsl'

Proof. We can be in one and only one of the two cases,

i) There is fr e {1, . . . ,2} such that

(13) úk 1ak

witli / € RP , If ro e RP, then
i)by P(t: lo) we denote the Problem

s(:r) -+ rniri

f¡(ù<f, i e{r,..',P}
xeX

ii) by Sl(r: /0) we denote the set of admissible solutiotis for P(t: to¡,

(5) SA(t =r0¡ = 1x eX:f¡(x)<rj, j €{1,,..,p}\,

iii) by SO(t: f) we denote the set of optirnal solutions forP(t: l').

LetTo = {/oe IP:SO(t = f) + Ø).

THEoREM l. If X is bounded, then a poírtt u e X ís a min-ffi.cient solution

for problem v-min (f, X) if and only if there ís a e Ts such that

(6) u e P(t = ct) and s(ø) =lal ,

Proof. Necessity. Let u e X be a min-efficient solutiou for probletn
v-nrin (fi X),Taking

(7) a = (.û(r),...,fp(u)) eV,

itis obvious that u e SA(t - o), BecauseXis abounded set, it is also a finite set.

Tlren SA(t=a)+Ø implies that SO(t=a)+Ø. Hence a e Zo. If
u e SO(t - ct), then there is v e Xsuch that

f¡(v)<u¡ < f¡(u) for all i e{1,.,.,P},

and

(8) s(v) < s(z).

Since s(ø) e I, s(v) e I, (8) is equivalent with

"(u) 
<s(r.r) -t.
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Let (P) be the following parametric prograurtning problem:

2
1,28

(P)
s(,r) -+ min

f.¡(x) < t.,, i e {1,,,., P)
xeX
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(18) rnin{/(.r): x eSA(t = ü)i > mín{/(-x):.r e .S,4(¡ = Þ)} = s(-r.'O).

Because a e U(f (xo), B), we have

f¡(ro)tu,¡, (v) i e{1,...,p\.

Hence

(i9) xo e ,94(t = o).

Frorn (18) and (19) it results that -x0 e SO(t = G).*

Let ct e Z, We denote

P
To(t=u)=;rlo-¡,b¡)

far,o"tf x
P
X la ¡,b¡J , a1 1Ø1

T1(t. = u) =
Ø ar=dl

p-l

/rloi,b¡)xÍao,æoJ, 
aP < úP

To(t = a) =
Ø, ap = úp

and,ifp>2,

T,(t = a) =

i-r f p. .l
/r[oi, 

b¡) x fai,"rJ " lrå,l." i, 
bi )) , ai 1úi

Ø, ai=úí

fori e {2,..,,p-l}.
Lnvva6.If a eT,tltert

(20)

p

r =Ur,
i=0

Proof. Because T¡(t = a) c- T foreach i e {0, 1,..., p}, weget

4
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Then by (12) we get that there is none ï e X such that f¡(x) I s*' Therefore

SA(t=u)=Ø.
ä) a, < ct; for each i € {1,.. ., p},andthereis k e{1,.",p} suchthat

(14) ht < a*.

If SA(r - a) = Ø,thentheassertion(i)istrue. lf SA(t = d) + Ø,then,

because X is a nonernpty finite set, it follows that ^SO(t = a) * Ø . Let

.xo e ,SO(l = a), We have

(15) f¡(*o) < cr,;, (v) i e {r,..., p\

Then from (12), (14) and (l5) we get that

f¡(*o) . o j, (v) i € {1,..., p} \ {k} andf¡(xo) . oo

That implies that

s(.ro) *lal,-

p

s(;o¡ = |
)

f¡(xo)+.ft,,;o) <f ct, =lcrl. Hence

' ,=tj=l
j*k

Inthefollowing, we joinforeachc¿ e Zthe setV(a) definedby

p

(16) 'V(a)= 
|r[oi,oiJ'

Obvious we have: ' '

Letr¡trln3.If a eT, P e l and ct < B,then SA(t = cr.) Ç SA(t = p¡.
This lemma has two irnportant consequences,

CoRoLLaRv 4. If P eT and SA(t =þ)=Ø,then SA(t - ct) = Ø for
each a €V(þ).

Let B e T and x e SA(t = B). We denote by U(f (x), B) the set

(t7)
p

u("f(x),Þ) = ;rlfi?),þ ¡l

I

CoRoLLARY 5.lf P eT and x0 e So(t = þ),then x0 eSO(t = a) fot'

euch a e U(f (xo),p) ,

Proof. Let c¿ e U(f (x0),p). Then we get cr, < p and applying lemma 3 it

follows SA(t = a) c SA(t = p) . That implies that
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Slep4.If cr¿ > u¡,thenput Ç,*r: = T*(t - c(),itlcrease/zwithlandgoto

step 5. If a* = u¡,thetgo to steP 5'

Step i. lt tt J p, tlien go to step 6. If k + p, then put k 
": 

k + 1 ancl retum to step

4.
step 6. If Í < h,thenput i: : i + 1 and retum to step l. If t: /¿, then the

algoritlim stoPs.

Lplr¡tr¡¡.T.IfXisabouldecJsel'alldj>0,thenthepoítll's!,'þrre{1,...,7}
are nrin-eficíettt solul.ions for problenl \/-t71in(f ; /)'

rie {1,..,, å} such
Then, in view of
It follows that yr

Lpvvn 8. IfX ís a bounded set and j : 0, then the problem v-min(f x) lrus

no t mí n- eff.ci.ent s o IuÍ i o tts.

seXis a finite set, the problem P(t: t))
2 and 3 it follows thati > 0, Therefore
.Íf SA(t: tl): Ø ,fhen, in view of step

orithm is stopped. Hence, we have.i: 0 if
feasible solution, that is the systetn

f(') <tl=bt

(24) fr(r)<r'o=bo
x eX

is incousistent. From (12) we get tliat if 'r;eX' then

.foþ)<b¡,,foreach fr e {1,...,P}.

That i¡rplies that the system (2a) is inconsistent because X:Ø' Therefo"re,

nín-EF(f, X): Ø*

THE6REM 9. If z is an efficient solution foy v-nin(f, X), then tltere is I e { 1'

..., h\ such that z e lxil'

Proof. Because for each i e {1, ..., /i} we have /t e T,Ç l', we get thatSA(t

: ti) - Ø tf and only if x: Ø. Hence, in tlie case x + Ø, the stop of the algorithrn

irnplies a: a.

Let zbe a1 efficie¡t solution for v-rnin(f X),ln this case, in view of lenrma

6,wegetthatj+0. hiviewof theorem l thereis B e Iosuchthatzis optimal solutiorl

forp(:p)ands(z):lpl,Fronilemma6itresultsthatthereisre {1,...,/r}suclrthat

7132

(2t) Ur, =,
i= (l

Let t e 7, Two cases arepossible.

i) For each i e {1, ",,p} we have ti > oi. Then t, e[u¡,b¡),
(V) j e {1,.., p} .Itfollowsthat I e ToQ = a).

ii)Thereis i e {1,...,p} suchthatr¡ <a¡.Let

(22) k = maxf € {1,,..,p}: tj. o;}

We slrall prove that t e T¡, .

For each j e {1, ,. ,, p} we call be in one and only one of the three cases:

a) j e {1,,.,, k-1} andthenevidently t¡ <¡a¡,b¡) i

b)i: k and then to e la¡,a¡J
c) j e {k + 1,,,., p} and then, fron(22) itfollows that t¡ 2 o j.

Hence t e T¡(t - ø). Because / is arbitrary choosen in I, we getthat
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p

p

i=0

From (2i) and (23) it follows (20),-
Using the conclusion of lemma 6 we give an algorithn for finding all

equivalence classes for a vector optirnization problem with integer variables.

(23) rqUr,(t=a)

DESCRIPTION OF T}IE AIGORITHM

Step 0. Put i: : l, h: = l,j: = 0, Tr: : T,

Step l, For each k e {1,..,, p) put

uk = ntiÍ{tk:t = (1r,,..,t0) e4},vt = max{/r: t = (t¡..,,t0) eTi)

aridtake ¡r = (vy.,,,uo),
Step 2.If SA(t: ti) = Ø, then go to step 5,

If SA(r: ti) + Ø, then choose x¡ e SO(r = /) and

o. = (ft(r'),., ., foîi )) .

Step 3.Increasef with l, put yi - ri and k : = 1.

pnt
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We haye 7 = l-2,3J x l-2,3). Tlte conesponding parametric prograrìlrìring

problem is

(30)

step 5

nrin s(.x1, x) = 3x? + 3xl - 2x1- 2x2

- 2x, +3xl < t,

3xl -Zxr<t,
0<xi<1
0<-r2<1

(x1, x2) el2

rvith f e Z.

Step0, Put i : l, h = l, i : 0, Tt: l-2,31 x l-2,3)'
Step t, We have ¿r f -ï , ur1 -i, , vt:.? , ut 3' Y:.t'!" 1' 

:.!3:1) 
--.

Stáp Z.An optimal'solution"for the piobleni P(l : (¡'g)) is -rr = (0,0). We take

cc = (0,0),' 
3úp z.We takei : 7, lt: (0,0) and k= 1'

srcp a.Becauseä, : 0'<-2' :ì'tþ weput Tr: l-2'l) x [0'3]' increase å with l
and go to steP 5'

Step 5. Because k= I < 2, increase ft with I and retum to step 4'

ñåp+'Becauseuz:0>-2,weputIr:l-z'3lxl-2'-l)'increase¿withl

j
¡ with l and we go to steP l '

-l , v":3, attd r'2: (-1,3)'
e Prob'lem P(t : t2) is ¡:2: (1,0)' We

take o : (-2,3)'
St.p L We takei :2 , )?: (1,0), fr: I '

Step a. Because cr, : -2 : ut, we-go to step 5'

Stip 5 Since /r : i t 2, we take k:2 and we go to step4'

S rcp a.B ecause ú z 
: 3 ) lt 2, w e lr¿rke T o 

: l-2' -ll x l0'2)' h : 4 and we go to

etak

Step 5.

Step 6.

Step 7.

Step 2
d=(3,
Step 3.

Step 4.

Step 5.

Step 4.

Step 5.

Since k = 2, we go to steP 6.

Because í :2 < 4: /t, rve increase i with l and retum to step 1'

We take üt: -2, uz= -Z , vt:3-, 
'Z: l aud fr-= (¡' -l): 1\

¡r3 = (0,i; it un'optimal'solutfon for problern P(t : li)' We

-2).
We takeT = 3, f : (0,1) and fr : 1'

Because d,) u,,we put Tt=l-2,2]xl-2, -1] and fi:5'
We increase ¿ wittr I and ietunl to step 4'

We increase k with 1.

Because k:2,wego to steP 6.

8
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.f¡(z'') < þ¡, i e {7, "', P)

s(:r'') = s(z) =lP¡'

Fronr (26) and (27) it results

f¡(z) = f¡(x'), for eachj e {1, "', P\

þeTL,.arrdpÉTL,foreaclrr€{1,...,å}witlis>r.Let./betlreoptirrralsolution
ior the problem pQ: rr) taking in the step 2. From corollary 5, the set u(/(x''), [)
has the prop erty tliat ;r i is also an optimal solution for proble'-t

P(t : r) for all t <U(f (x''), / ''). B ecause

(n I
T, = (I(T''.r')Ul U*t eTo:t.4 ) 

I- \'P=t*t )

andp ø dforeachs>r,itfollowsthatB e U(fli),-f')' 
-' 

Sinc"ã z is a¡opti'râl solution for problem P(, :p) and s(z):lpl, we get that

(25) f ¡(z) = Þ;, for eacb j e {7' "'' P)'

From .r' e SO(l = t) for some r e U(t' .-x'), we have

l

I

i

I

Hence z elx''f ,*

TtrgOneV 10. If X ís a bouttded sel, then the nutnber of equi.valettce classes

is finite.

Proof.IfXis abounded set, then SZ = Xl I" is a finite set. Because tbr

sonre efficient solutions x for v-min (f, x) we have.r ex, it is evident that the

number of equivalence classes is finite.*

NLIN4ERICAL EXAMPLE

To illustrate the algorithm we consider the following vectorial optimization

problem:

v - min f (xt,x) = (-2x1+ 3xl, 3xl - 2xr)

0 <.r:¡ < l
0<x2<l
(x1,x2) e12

(26)

and

(27)

(28)

(2e)
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APPROXIMATION AND NUMERICAL RESULTS
FOR PHASE FIELD SYSTEM BY A FRACTIONAL STEP

SCHEME

cosTrcA MoRo$ANU

(Iaçi)

I. INTRODUCTION

We consider the phase field system

(l.l) rst =E2nq+*ø-d)+zu, in er =(0,r) xo,

(r .z) (". **) ,= 
k,u , in er ,

subject to the Dirichlet boundary conditions and initial conditions

(1.3)

(1.4)

el¡=ølr=0, in ¡=(o,r) xñ2,
q(0, r) = go ("), ,40, *) = uo(*) , on ôç) ,

where O is a bounded domain in R with smooth boundary ôO, and g, u, r,\, I and
kareas in [9], Il].

Setting

(l.s) ty=u+ ,9,
system (l,l)-(1.4) takes the form

(1.6) yt-kLy+E¡rp=g,

(r 7) *,-lo*.+(,- +)r. j*'-?r=0,
Y r-q x =0,(1.8)
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Step 5. Since ¡f : 3 < lt = 5, we put i: 4 and we retgm to step l.
Step l. We take u.t= -2 ,.u2= 0 , vt: 2 , v2: 2 and Lo= el, Z).
Step 2. Because SA(t: to) :Ø, we go to step 6.
Step 5. Since i = 4 < h : 5, weincrease íwith l and werefum to step l.
Step L We take ut= J, uz= -2, vt= 2, v2= -l and 15= (2, -I),
Step 2, Sirrce Sl(t : t5) : Ø, we go to steþ 5.
Step 5. Because rl= 5 = å, the algorithm stops.

. The equiva^lence classes of efficient solutions for vectorial problem (29) are:
Þrl: [(0, o)],Lf): [(1,0)], Lll = [(o,l)].
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