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I. INTRODUCTION

We consider the phase field system

(l.l) rst =E2nq+*ø-d)+zu, in er =(0,r) xo,

(r .z) (". **) ,= 
k,u , in er ,

subject to the Dirichlet boundary conditions and initial conditions

(1.3)

(1.4)

el¡=ølr=0, in ¡=(o,r) xñ2,
q(0, r) = go ("), ,40, *) = uo(*) , on ôç) ,

where O is a bounded domain in R with smooth boundary ôO, and g, u, r,\, I and
kareas in [9], Il].

Setting

(l.s) ty=u+ ,9,
system (l,l)-(1.4) takes the form

(1.6) yt-kLy+E¡rp=g,

(r 7) *,-lo*.+(,- +)r. j*'-?r=0,
Y r-q x =0,(1.8)
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Step 5. Since ¡f : 3 < lt = 5, we put i: 4 and we retgm to step l.
Step l. We take u.t= -2 ,.u2= 0 , vt: 2 , v2: 2 and Lo= el, Z).
Step 2. Because SA(t: to) :Ø, we go to step 6.
Step 5. Since i = 4 < h : 5, weincrease íwith l and werefum to step l.
Step L We take ut= J, uz= -2, vt= 2, v2= -l and 15= (2, -I),
Step 2, Sirrce Sl(t : t5) : Ø, we go to steþ 5.
Step 5. Because rl= 5 = å, the algorithm stops.

. The equiva^lence classes of efficient solutions for vectorial problem (29) are:
Þrl: [(0, o)],Lf): [(1,0)], Lll = [(o,l)].
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(1.9) y(0, r) = ;'o('';) = zo(-r)* jti'o('")' 9(0't) = ço(t)'

Let X = I](A)x f2(O), ThenXis a real Banach space with respect to the

nonn ll'll tiefinecl bY

lli;)ll= 
ltvlt¿,rn + tt,ptt.,rn,

Define the operator 'l: D(A) c X -+ X by
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(1.t2) z', (r) +r[,'"11i'l = o, in [;e, (; + t)e],
L \ / 

['"(t)J
(1,13) z,(te)=qi(t)' ¡i=0,1,"', M -l'

wlrere 0<e <,..< Me =T is a partition of the time-inten'al [O,f], <pi(ie) is the

right li¡rit of g" at ¡le. We assulne the following conveution: <pi(O) - *0, y (0)= /..

Recall that J:x -+ x* is the duality rnappittg of the space x (see, for

instance, [2]) and that AcX xX is:

accretive,if for everypair f.rr,y,] ,lrr,yr)eA ,there exist t' e -f(,t1-.x2)

such that

(Ð < lt - l2'ra )) o'

or, equivalentlY,

(tÐ ll', -'rll=ll', - xr+x(tr- vr)ll, (v)rt 0, lx,,v,f eA, i =1,2,

m-accretíve, if it is accretive and R(I+A):X,
a -accretive, if A + o,I is accretive, where c': e IR,

a41x-accretíve, if A + cll is m-accretive,

wlrere <.,.) is the pairing betweenXandX. (the dual space of $,i'is the identity

operator inX, R(A) is the range ofl.
Another convenient way to define the accretiveness is obtailied using [',']. -

the directional derivative of the norm

[",y], =li'Ah4M , x,v ex ,

i.e,, (ii) can be equivalently written as

(ti ') lx1- xz,tt- yrfrr-0, (V) lx,,y,)eA, i =1,2'

(see also lZ), J5l, I I 6]). Recall that if Xis a real Hilbert space then [t,],], =1 x, ! ]

Yx,y e X (see [16], Remark 1'4.1)'

It is well k¡own that, under certai¡ hypotheses on l. the Cauchy problern

2 J
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-ksy + o|o*

).]
^(;)= ¿zl

-' aq+-xÏ

D(A) =
ã¿(o)n11'z(o)

ã¿(o)nã'?(o)

and tlre operator B:D(B) c X -+ X

'[i) = 
[,",,-'l' -i,)'

I

D(B) ={(;) . x;(2ar)-t<p'-lr. r'(,r)}

Thus, systeui (1.6)-(1 .7) can be rewritten in the fomr

(e åtä).,(;).,(;):'
For others setti¡gs into tlie abstract framework of the phase-field equations

(1. 1)-(i,4) see, e.9., 16), ll4).' 
The idea behind the Lie-Trotter scheme (kuown as the method of fractiorral

step in numerical approxirnation of PDE's) is to decompose the original probleur

into several sitnpler problems.
. Here we associate to system (s) the following approximating scheme

(r.lo) [r',(r)l' lY"(')l

r;"ì;il.,,l.;'ì;i,J 
= '' tn lie' (i + r)"]'

(1.11) 9"(it) = z"((f + l)e), i = 0'1, "',M - 1,

v'(r)+ Av(t)> o, / > o

v(o): vo
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Therefore, we 'ù/ill replace the operator ,B with another one having all the

prope,rties required by Theorern 2.1 and we will show that the approximate solu-
(Y, 

1

tion | 
- ' 

I corresponding to this new operator is in fact an approxirnate solution
\ae /

corresponding to B (see Remark 3.1, below). Namely, we consider the opet'ator.B,.

defined by (see also Figure l)

î,

r3

Fig. I

-r 1 fr(^)

-f 3

a,.: Ê(a) x r2(o) --> Ê(a) x z-(o) c. Û(a) x Û(a) ,

0

B,
!e

Qt (zor)-1g,. (q, (")) - | t"$)

where

q3(') ,

*t'3 ,

--3-r ,

l,a,(")i . ',
B"(q,) = g, ) *,",

9" 1 -t',

Substituting in (,S) and in (2.12) B(
l.

by B,
y,(t)

,p, (¡)
we obtain

(s') ô
:-
ôî

v

). ^( 'r).' (;)=',q

y,(t)

,p, (¡) [;e, (i + t)e](2.r) z',(t)+ 8,. 0, in

4
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has a generalizetl solution v e C(lo'*)'X) given by the exponeutial fomrula

v(r)=liml ,*Lo\ , (v)r>0.' \-./ f+æf t.t )

foreveryuo.n('a)(aclassicalresultofCrantlall-Ligget,see,e'c.,17)),
Tlrisistlresenseirrwlriclrlvewilltreattlreproblens(1.6)-(1.9)arrd

(1.10)-(1,13).

2.CON\/ERGENCEOFTH[,APPROXII\IATESCHEI\ÍE

Let us recall the following result due to Barbu and Iannelli ([5])'

THEoREM 2.1. Ler' )'be a real Battctch space' let C be a closed subset ofY

ancl K = C)D(A) l:e a cont'e¡ subseÍ of Y such tltat

(Hl) A is a-rtcueÍíve attd n(t +U)= n('e) ' (V)f e (O'Às);

(HZ) B is a cottfittuotts o)-accretive operaÍor on C such tlmÍ

R(/ + ÀB) r c, (v)i' e(0,À,,);

iH3) .R(/ +l'(A+ \)= r , (I +)'A)-1 K c' K' (t +)"n)-1x c K;

(H4) For 
"v",y lx,yf e A ' Íhere elrsls {'x¡'} cY such that

Hrlli{', -'-Ah
) ,il

lT¿", = '' x¡ 0

Then, for everY YoeK, v'e have

ti'¿r"(r) = yQ), (V)r > o,

and the linù|. is múfonn on bounded l intervals'

Here,by¡,(t),welravedenoteiltlregeneralizedsolutiontotheCauclryproblerrr:

ft'Q)+ Av(t)+ aY(ù'0, I €(o'r)

\;,(o)= r'o

and by "y"(l) tlie solution of the corresponding approximative scheme'

Tlrisresultisrrotapplicabletotheproblen(1.10)-(1.13)becausetvecantrot
lind a subset C as in (HZi an¿ such that the operator B be conti'uous on C'
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We a.ssociate to system (S') the approxinating schelne (1'10), (1.11), (2'i)
and (1,13).

Norv we prove

PRoposltloN2.l.If kt2 <I6Ez lt and t>ll2a then,lheoperat'orsA,8,.

and Y = C = K : Ú(A)x Û(a) satisfit all the lrypotlrcses of Tlteorem 2.1.

We sliall prove first the following lemma.

LrvVe 2.1. If kt2 <16\2 I t and t > 1l 2a then A is ot-accreÍive attd satís-

f es the range conditíon

(2.2) nQ +u)= n(,t), (v)i. e (o,r.o)

(,[;),,,) - +[,-*) m;,"r - -*(,- *)(ur,,"¡ *lelo1,,¡)',

i.e.

(,[;).+(,- Ð0,).0
Hence A is o>-acqetive, with o, = i(, +)
Other results witli respect to the operator A, put into other abstract frame-

work, can be found in [14],

It is clear that for *." 
[l) 

e û@) x L2(o) = D(A) the system

y-xksy=t-Yo*eú(a),

6 F¡actional Step Scherne

^22.T
As= s eÊ(a),

1431

Proof. Using the definitiori (il') we must show that, for every

linear and -Iis u'ivaluetl, i.e., ,(ä)= (ä) = ,,

[,(;) [;)], "

v eX,(Ais
q

l+l
f (,

Using Green fonnula and Caucþ-Schwarz's inequality, we get (Xis real

Hilbert space) has a unique solution e n(,\ for À small (see [1], l4), Ul; O is supposed to
v
I
I
)

-rcav + !!, o,"2

ïo*.i(,-+)-
(;)

be, as in Theorem 4.1, pp. 131, [4]), Thus (2.2) is true,

The proof of Proposition 2. 1. By Proposition 3.9 pp. I I 0 ([2]), we have that
A+B,.is m-accretive arid surjective, Taking into account Lemnra 2.7 andbecause-r4

is single v¿lued and the semigroup e-At is differentiable on D(A) (see [3]), we
renrark that all the hypotheses of Theoretn2.I are fulfilled and therefore the proof
of Proposition 2..1 is complete.

Retnark2.l. lf we can choose r such U-t lle" (")llr,1o¡ < r , a,e. .x e e) then

= tllvyll'o*) - +(vy,vç),,(n ) 
. 

+llvqll?,r,r 
. 

* (, +)lÞ111,1,, =

> klly,ll2L,@) - +llvvll,,rnl ¡vq¡lr"r * {llr*ll',,(n) * 
+ (, - +)llqlll,r,r

Since kl2 .1682 I ¡ then k2l2 l4-4k82 lt<0 and then

rllv.i,ll|,n, - !1lrrll,,r"¡ llo4l,1n ). +lF*lllr"r = o

Tlrus,because l>712a,
and the solution of the approxirnat; problem (S')+(2.1 ) is in fact the solution of the

approximate problern (Ð' + ( 1. l2).

y.(r)

.p" (¿)
B,

)=

y,(,)

,p" (t)
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ct=\2 lrlf , c2=¿l2at-lel2-2e.c1 -1, ca=t.c1 ,

cq=2elr, c5=lælh2 , c6=-2.cs-1,

h = -kl¿ / 2h2 , cB = -cj l,2, cs = -c4 / 4a,

(3,1)and(3.2)canberewrittenfortheleveloftirne i,i=l,M-l,inmatrixfo.,4¡r

Att Ã,,

4,)t
9i,j
l¡,¡ ). [.'* 

(", qi¡)
:)(

9i,¡

!i,¡
(3.3) =j

Azt

with l-,, ,4r,4r,-A22, of (N - Ð " 
(N - l) dimension, given by

c2 cl 0

0

C1

c2

c4

0

0 0

0
Ar

ca c2 c7 C4

0ca c4

Cg c7 0

,4_/122 -
c7

cg

C6

c5

c5 0

4
c7

c5

0 0c7

a¡d d = (dt;d) = (-g,,r, - g¡,2,..,,- g¡.¡v-ri - !í,t, - !¡,2,..,,- li,u-t)

Let u, =(rt,y) denote the vector-solution for level of time ¡, i.e.

,, = (g,,r, gi,2,,..,g¡,¡v-ti !¡,t, li,2,...,li,N-t).

System (3.3) takes the form

(3.4) Ãtte+Azy+s(q) =dt
A21g+ Arry - d2

wlrere s(q) = dias(ce'r9|),='r.

Thus we have to solve the nonlinear system

Costicã Moroçatru 8
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3.NUMERICAL RESULTS

We conside r n: I and O : [0, c] c R*, For the space interval we use the grid

with equidistant nodes

0 < xo <.r'¡ (...( x¡r-t ( xN = c.

Yi,.¡

rtt,¡

v
Denote by the approxirnated rnatrix for , where

q

yi,.¡= Y(t¡,x.¡)

rt¡,.i=e(r,,xr)

, i=l,M ,

--:-!-

, i=l,M ,

j =L,N,

j =1,N.

le¡,j

rt",,.¡

!e
As well, we denote by the approxirnative matrix for where

Qe

!E¡,.¡ = *(t,,x.,¡ i = l,M ,

i = I, lul ,

j = l,N,

j = I,N'ge¡,i = O"(t¡,x.,),

Using a standard irnplicit scheme, (1'6)-(1.7) are discretized as

(3.1) 9i+r,.¡ - 9,,.¡ -\'eÎ
9¡+ t - 29¡* * 9¡+ -l

h2
+

.+(,- lìt?L-

*)r,",,+fiví+.i-f,!,*r,i = o, i = o,M -r ,

!¡+t,.¡ - !¡,.i - n. !¡+t,i+t -2lt+t,i + )'¡+t,.i-t *, ^'T-
j =l,N -I ,

(3.2)

kl 9¡+t,i+t -29i+t,.i* Qi+t,.¡-t - ,.,-t n- - i=0,M-1, j=l,N-l ,

and

g¡,0 =9i,N =0, li,o = li,N =0,

90,.i =oo(;r,) z lo,i =!o(x¡)=0,

where It:x,*r-x,
Setting

i=7,M,
j = l,N ,
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T
a

a

a
Jr(ri,ùe)
fr(ft+t) e)

A
(t'tr)e âr

î
= l/'m¡¡t€ (¿)

¿€

a

a
a

0 cx

Fig.2

and, the lumerical algorithm to calculate it, can be obtained by the following

sequence

"!1\,, 
= Çe t,¡, ¡ = 

-1, 
¡¡ - 1,

J
for k= 1 stepl by l until itrnax do

,!:i,! = "Í:),,, -c("Í11,,)t c'(t),,t), i =-t,N -r,

ir 
[>i;'(,JÍi] 

- ,Í:",)')u < eps and k < ir'ax þlse) STOP

J (true)

- -(r+t) ,-l,NL, goto sol,zi+t,¡-¿i+7,¡ tJ-
next k

sol: J

W¡,i=zi+1,¡,i=t,Ñ-t,
J

Solve the linear systern (3.7)

J

F+r,¡
9ti+t,;

, j=l.N-1,

l0146 Costicä Moroçanu

F(rr')= g'

Using the Newton iterative method to solve it, we have

(3 .5)

where

,(.r+r) - r,r,(r) - r(ru{i)) t r'(y/(i)),

F(w\ =(vnw-+LzY! 
s(qi)- d''1,

\ / 
[ lzrq + A22y- d2 )

F'(w) =
,t , + diagþ_. cs '<Ol,¡),=r,¡¡a 1,

Azt Azz

Usmg an irnplicit scheme and the Newton iterative mettrg{ we obtain from (2'1)

z(i+t)((i+ 1)e) = "Lì(i+ 
r)e)- c("9{{t* Ð')) r c'(,[Ðççi+ r)e)) ,

(3 ,6)
z!((i+ 1)e)= ef (;e),

where

G(z)=fis,.Q)+ z - e!þe)-?y"(¡,).

Using the very same way of discretization and irnplicit scheme, the approximative

version of ( 1 . 1 0) is given bY

(3.7)
Att

4'
0

Ãr,

w¡,i
Fi,i

d¿

and

e€i,o = g€¡,N = 0, )rei,o = F¡,w = 0, i =7,M,

9€o,j = z"(o)=ej(o) =,po(r;), )Eo,j = ro(r¡)*f,*o,,, i =0,N ,

with de = (-,æi,r , - (QE¡,z ,,,.,- QEí,N-¡ , - )E¡,t, - F¡,2 ,',,,- Fi,,u-t) '

For fixed i (t > 0), the computation of the approximate solution by fractional
step method can be illustrated as irr Figure 2
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Y€ ¡,i

i= 0 
-i- Á

i=11 ---
i = 17 """"'
tl *z *3 x4 x50

*ó xz x6 b t1ot11 x1z'13xt1 xt5 x1o c x

Fig. 4

(2")-t(w-q')* 2u=0,

(see also [10] or [12]).

We observe ttrat rnax;l<oo(".,)l = 11 and thereþ if we choose r=t**¡l,lo(r¡)l*z

*ren g,(q,(r,))=eo("¡)', i =o,.nr. and then u [^f''ì'l=r["1"-;'''"' "' 
[ro1'r)J 

= "[rrþ,)J'

In Table I there are given some nulllerical tests executed on a PC 386SX
computelwith math coprocessor.

Table l

The CPU-time spent by fractional The CPU-time spent by iterative
step rnethod Newton rnethod (3.5)

I 83hund l"l0hund

MN

17 t7

2 5" I I hund 7" 42bund

-t 8" 89 hund Il"26hund 27 37

Il"37hund 15" 92 hund 37 31

5 14" 94 hund 20" 05 hund 47 37

t2
t48 Costìcã Moroçanu

u,here iltttux isthe nutrber of itelatiorls, prescribed, eps is the accuracy desired and

,,{J,, ir.rn"ctively zi*t.¡)denote the approximated solution fo. ,[t)((i+f)e)

(respectively t"((í+ l)e) ), Yx ¡, i = l,N- l.
Fot the ntttnerical tests we consider:

T=15., c=100, E=.5, u=\4,1=3., k=.9, f I 0-

kt2 <1612 lr and t>2a).

The initial value ço(x) is chosen such that (see Figure 3 for i:0)

fie r,J

r

=0
=6
=11

=17

r,1 *2 t3 *4 t5

'6 ' j t8 t9 t1o tfl *12 *13 t14 *15 
'16

cx

-r

Fig. 3

go(xo)=0, qo(xrv)=0,

=-0.55+(7- t)lto, j =t,lw I z),9o ì'
)

( -,;, ) = I I' J tN t2)+t N Ia 0

and the initial value uo(.x) is the solution of stationary equation 9,:Atp:O, i.e. the

solution of tire following equation (see Figure 4 for i:0)
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For M: N:17, Figures 3 and 4 sliow the te solution
1€, :

(F-¡,i
wliile

Remarlr 3.1 , i) Because maxi.r Içsi.i
<r, then

l,òr ;

(Ei,i J,=,,' .i=I.J¡L

is the approxl-

Figures 5 and 6 show the approximate solution
V;¡

9¿,i

r

mate solution for the oPerator,B.

ii) Let us point out that that the choosing of the Value r is limited only by tbe

arithmetic of the compLlter (the epsilon-machine).

=0
i=6
i= 11 ---
i= 17 """"
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