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I. iNTRODUCTION

The aim of the present paper is to establish two existence theorems based on
fixed point techniques and a Filippov type theorem for the rrúld solutions of quasi-
linear differential inclusion

(CP)
dr(t)

dt
e z(t,x(t))x(z)+ F(r,r'(r)), a.e. t u I = [0, Tl,T > 0,

x(o) = o

Here A(t,u,) is a linear operator in a Banach space xand it depends on / e l ancl
w e X,l2&l.

Otlrer results on quasi-linear differential inclusions are proved in 120-231.
A deep rnotivatiou of the usefulness cfthe differential inclusions in the study

of control problems may be found in [10], [2], Il l].
If operator A depends on f and ru, the differential inclusion in (CP) is saicl to

be quasi-línectr, if A depei.tls only on ¡, the differential inclusion is said tobe senti-
linear, andif A tlepends neither on / nor sn ¡r, the differential inclusiol is said to be
línear, l4), 1281, [3 4J.

h [11] Frunkowskaproves, among otherresults, a set-valued Groliwall lemrna
(Filippov type theorem), when the differential inclusion is linear, Abeingtlie in-
finitesimal genelator of a strongly continuous semigroup s(Ð e L(x, x), / > 0, of
bounded linear operators froruXto Xand F is a set-r,alued map frorn 1x Xilito the
closed noneurltfy subsets ofX.

Tolstonogov,in[37), mainly in [38], str-rdies sinilarproblems to those i1[l l],
u'hen I is the infinitesimal geuetator of a C,,-serrigroup or an nr-clissipative operator,

The existence theorenrs u4rich will be introduced here have been obtainecl
by the first author in [20].



r54 Marian Muregan, Crrnlelia Mureçan

Interesting rcsults are introduced by Qi JiZhu in his recentpaper [30] in
connection with the case where the differential inclusion has the form
d;(¿)/d(¡r)e F(t, x(t)). This approach goes back to Filippov's papers [8], [9]. When mul-

tifunction F' satisfies a Kamke condition sinrilar results may be found in 1371, [29].
In [28] Pazy studies also the existence of a mild solution of tlie following

homogeneous Cauchy problem

where I is a topological space, then the assertion that F is measurable means that
,F is measurable when )'is assigned with the o-algebra Ø of the B orel subsets of L
If F : M xY -+ P(fi and if the rneasurability of F is definetl in tenns of the product

o-algebra ¡lØß on M x Y generated by tlie sets A x B,where A e,¡land B e ß,
tlienFissaidtobeproduct-measurable.If F:M xY -> ,P(X) andforeachnrultif.urction

G:M-+C(Y) the multitunction F6:M -> 4X), defined by Fr(l){Jr*.4¡¡F(l¡) is

nreasurable, tlien F is said tobe super-positionally measurable.
Letl be a fixed interval, I : l0,Tl, T >0, andX be a Banach space. Denote

by C(1, X ) the Banach space of continuous functions from l to X with the nonn

givenby ll"ll = tup,.7llt1r¡ll *A by 9l(t,X) the Banach space of Bochner inte-

grable (classes of) tunctions from lto xwith rhe nonn given uv llrll, = I ll " 
(r) 

llor
set 9 t(r): = g'Q,R*), [7],

A set-valued f,urction G: I -+ P(X) is said tobe L-Lípschi.tz ott K c 1 if for

all x,y e K, G(x) c C(y) + tllx - lllB, wheretrdenotes tlieclosedunitballinX
A set-valued function G:I-+2x is said tobe íntegt"abl.e bounded if there

exists ltt e 91(t) such tliat G(t) c. n{t)n a.e, on 1,

lf F: I x X -+ C(X) is a multitunction, then bV .Sf,: = SL(.)'= ttr(,,çl) * a
we denote the set of integrable selections of F(., r(.)), r : I -+ X. A sufficient

condition that Sf , ,, ., # Ø is that F has a measurable selection and that F(', ¡('))¡('''(')J
is integrable bounded.

A multifunction .F: X -+ Y, X and )'being topological spaces, is said to be

upper setníconl.inuoLts ot't a poínt x6 e X if for every neighborhood Z of F(:r,,)

there exists aneighborhood Uof .xo such that .F(U) cV.it:X -+Y said to be

upper setni.continuoøs (u,sc,) on X if it is upper semicontinuous olt every põint
x6 e X. Amultifunction F: X --> Y is said tobe lov,er setnícontinuousif F4(I)
is open inXwhenever V c )' is open.

Let I bethe interval I : f0, Tl, T > 0 fìxed, and X a Banach space. A fanily
of bounded linear operators Q/(t, s), on X, 0 < s < I S T , depending on two para-
meters is said to be an evolutton syslem, [28], if the following two conditious are

tulfilled:
(l) %(s,s) =1, e/t,s)øt(r,s)=%Q,t) for 0<s(r(r<T;
(2) (r,s) -+ %(t,s) is strongly continuous for 0 < r'< I < I, where by

strongcontinuityismeautthat limr.,, Qt(t,s)x = -¡,- forall x eX
We use the following assumptions:
(Xr) X is a separable Banach space;

(Xr) Xsatisfìes (Xl) uttd, nloreover. it is reflexive;
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(cPo) +.A?,u(t))=0, tet,
u(o) = o

He shows, using the contraction mapping principle, that under cefain conditions
inspired by the "þperbolic" case the initial value problem (CPs) has a rnild solu-

tion on an interval [o,f'], 0 < T'< T ,

Sanekata, in [3a]. proves several results in connection rvith the following
non-homogeneous quasi-linear initial value problem

(CP,)

du(t)

d¡
+ A(t,uþ)) = f(t,"(t¡¡, t e I,

u(o) = a

using two nonreflexive Balrach spaces Y and X, )' being continuously and densely

embedded in X. Tlie nethod used in [34] to establish the main results concerning
the existence of rnild or strong solutions is based on a difference approximation
technique of (CP¡).

h [17] Kobayashi and Sanekata prove similar results to those in[34), but in
order to establish the main result the contraction mapping principle is used.

Anguraj and Balachandran, in [1], are concerlled with the existence of a
solution of (CP), but in case whenX: R". To get the desired result they used the
Bolurenblust-Karlin fixed-point theorem, [33] or [36].

Let Z be a linear topological space. We will use the following notation:

r (z) = {,t c z l,t + ø}, c (z) = {,e e r (z)l,ncl o s e d}, c co(z) = {.t e c(z)l,tconvex},
KCo(Z) = {,a e f(Z)lA cornpact and convex}.

Let Mbe a measurable space with a o-algebra ,,'1, and X a separable metrizable

space, a nrultifunction, [6], F:M -+ P(X) .F is said to be measut'able (u,eakl¡,

nteasurable) if F-l(E):={l 
= 
Ulf(tfiU +ø} is measurable for each closed

(open) subset E of X.lfFhas closed values and the o-algebra./ isconplete, Fis
measurable if and only if ,F is weakly measurable. This result together with other
equivalences rnay be found in [14] or [41], If F: Y -+ P(X) is a multiftrnctiol,
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(A) For every tt e C(I ,,1) the family of linear operators {'l(t'u)lt e t}

generatesauniquestronglycontinuousevolutionsystem 
q/r(l,t), 0 < s < t <T;

(Ut) lf u e C(l, X), the evolution system qt,(r's), 0 < s < ¿ < I satisfies

(i)tlrereexistsa c1 > 0 wittr lløa(r,t¡ll< ", for 0 < s ( I ( I,urrifomrlyi'ø;

(ii) there exists a cz > 0 such that for any u,v e C(l,X) and àn! v't e X

we have

llqt,(,,s)w - Qt (t,s),"11 < ",ll'il lllþf"l- v(t)llot;

(U) lf u eC(I,X) and 0 < s < t ST,thenÚt/,(t,s),isaco'rpactoperator,i.e'

it transforms bounded sets in relatively cômpact sets. In this case, (cf' [28] p' 48),

(J,,(t, s) is continuous in the unifonn operatorial topology'

(%) If /,f + ô e.I, ô > 0,then lim6-6 q4,Q + ô,1) = l,unifonrilyinuandÍ.

Remark.lf operator I does not depend s1 vr, but it depelds on f, then the

assumption (l) reads as follows: {l(r)lt e I} generates a unique strongly continu-

ous evolutionsysten oìt(t,s),0< s< t <T.Inthiscasewe takecr:0 (in(ii)

from (U1 )).
In connectio¡ with the multifunction Fwe will use the following assumptious:

(Fr) F:I x X -+ c(X) and for aîy x e X, F(',:r) is measurable;

(Fr) F:I x X -> CCo(X) andforany x e X, F(',,) is rneasurable;

(\) r satisfies (F,) and for any t. e I , F(t,.): X -+ C(X) is lower semi-con-

tinuous fromXin C(,Y) antt it is u,sc, fromXin C(*-Ð, where w -Xis Xendowed

with the weak topologY;

(F+) F satisfies (F,), it is product-measurable and for all t e I,

F(t,.):X -+ c(X) is u.sc.;

(F5) F satisfies (Fl ) an{ moreovet it is (r)-Lipschi@ i.e. exists .fr e 91(t,n*,)
suclrthatforalmost allt eI andforall -r, I e X,O(f(t,x),F(t',i,,)) < k(r)ll-t-yll,
D b eing the Haus dorfÊP ornp eiu metric'

(Fò F is integrable bounded by a 1 nction tn € 91Q ,n*) , that is for all

x e C(i, X) and t e I wehave F(t,,,r(l)) c nrQ)A ,.8 is tlie closed unit ball inX.

(Fr) ttre function I r-+ o(0,,n'(l,o)) is integrable on 1.

By an inclusion of evolution we mean an inclusion of the following fomr

qq . ,aþ,x(t))x(t)+ r(r,-r(r)), a.e. t e L
dl \ \// \/
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Hereafter \rye are interested to study the mi.ld soluÍ.ions of (CP), i,e. the con-
tinuous functions having the followilig represerrtation

tt(t) = a/,(t,O)a * l%{,,s)¡(s)os, t e r, f . st,

Renørk, The evolution inclusions have been investigated in a series of papers,
e.g. 128), [34], [I],1261.

2.1. EXISTENCE RESULTS

From the form of the mild solution it is clear that first of all we have to check
that the set of integrable selections is non-ernpty.

2.1, LEMMA. If one of thefollov,i.ttg t¡r,o conditíons is satisfied
(i) (X), (Fì and (F6);
(iÐ (x), (\) and (F6),

tlrcn for each x e C(l , X), S1r, + Ø.

Proof.If the condition (i) is satisfied, frorn (X1) and (^F) it follows that F is

superpositionally rneasurable, [40], [42],Hence for each x eC(I,X) the rnulti-

function defined by I r> f(t,xQ\ is measurable. Now applying the Kuratowski,

Ryll-Nardzewski selection theorem, [18], it follows that there exists a measurable
selection. Taking into account (Fo) we get that the selection is (Bochner) integrable.

If we consider (ii), from (X2) arid (F¡), using [25] theorem 3,4, we ger that F
is super-positionally measurable, Froln here we continue as above. I

Remark.In [30] the problern of non-emptyness of the set of integrable selec-
tions is solved by considering it as an assumpti ott, (A3), p.218,

We use two fixed poirrt theorems. One is called as the Bochnenblust-Karlirí
fìxed point theorem in [1], [33] p.74,ll5) p.160 or as the HinTrnelberg fixed point
theorem in [36]. The other is a nultivalued version of the Banach fixed poirit
theorem.

2.2. THEoREM. Let K be a nonetnpty, closed and convex subset of u locally
convex spqgs\ Lel. y: K -+ CCo(K) be an upper senti-continuous rnulrifunctiol
suclt tltat y(r<) rs a compact sel. Theny has afixed poi.ttl.

2.3. TUeonEM [3]. Let Y be a non-empty and closed subset of a Banaclt
space X and lel F:Y -+ C(Y) be a multifunctíon tt,ith the pt"operty that there ex-
istsaconstant c e(0,1) sucttthatforany x,y eY andanyue F(x)thereexísts
v e F(y) vthiclt satisfies lhe þllov,íng inequality

4
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y,(t)=%,(t,0)r*f et,(t,r).f,,(r)dr, / e 1, n e r{.

siñe F is intcgrable bounded, {f,1" .N} is a bounded setin gt(r,x). Frorn

pefis theorem, theorem2,1l.2 F3l, and (X)itfollows rharrheset {.1,(r)ln e N }

is seQuetlfially weak courpact, I e 1 , From proposition I 2 t3 B] wo have that the set

{ f,,(t)|,, e iv} is metrizablc rolatively weak compa ct in gt(l 
, x). It means that

¡;assing 
to a subsequence and keeping the notation, if necessarÐ (f,,),,ç¡ con-

\reïges weahly to an elemen|. f e 9'(r , x). It remainetl to scc if ,r u si. . Frorn

Irlazur lernttta, 139] p.199, or [32] there exists a sequellce (gr),,.", rr'"orru.*
6e¡rbinations ofelements Trn {{,}r.p , wlúch corìverges shangly to -f . g t(l 

, X) .

Itísclearthat gr(t) eF(t,x(t)), t e .I and,moreover, g,, uSà, rr e N. Sin".
(gr)rnx corlvergcs strongly to J' e v|(t,x) ancl Fhas closecl values, we have

that f(t) e F(t,x(r)) a.e.1anci hence "f . sI,
Foreaeh ¿ e lthe nap h +> 

),,e/^(t.,s)ir(s)ds frorn, gt(r,x) inxis lincar

and coutimrous (in fact Lipschitz, fi'om ( U, li and, frour theorem IV.T .4 in [35], it
rerrrains continuous as arnap fìom w - g'Q,x) in rr, -x Flence, for each r e {
dresequenc* (y,(t)),.* convergesto.¡,(t)in v,-x.Frornhypothesiswehavet¡at

/,, -) y unifonnly, which implies that y e V(¡) . Èl

2.5.I-EMl¡vlx.If tlteasswnptiortsf"omlenuna2.l and (u,,) aresatisfie,d,then

,V(M) c Mt.

Proof. we show that for each ¡: e M and eaclt y e v(:,r) the csti¡ration

llr4l= øholds. Ineleed

llv(,)ll = llua,Ðllll'll. I"ll*,Q,,;|llr(")l,r"'s ll,llc, +lli,{1,c1 = b, t e r

2.(t. Lptøwt. under rlte o,ssuntpriono- of remnta2.l aucl ((Jr) and çtr, ¿, tl)
map a r + rlr(:r) f"om M to CC¡(M) ir^ urtiþnnly upper semi-confittuoys irt t-cs.¡,tecf to
Í'I a u,s d o jJ:" ï' o ntp e i u m ef r i c.

Proof. clhoose an ar"bitrary e > 0. wc want to find an n > 0 such that il.
u,\t e- M wíth llu ".1,ll",rt , then cl(ry(a), V(u)) < r-; , rhat is, for each .¡, c, V(ø)
thelo oxisl.s z e y(v) with ll,v - ,ll . , .

Ií u: y then V(ru) = y(v) and d(ry(z), V(u)) =, 0 < e .
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ll,-"ll =.1|"-r,ll
Tlten F has ufixed ¡toittt in Y,

Adnrit(X, ) an¿ (A).LetMbe¡Jefirrcdby M: {" . c(t,X)lx(o) = "}.Obviously, M is anon-empfy convex ancl closeri subset of the Banach space CA, X)
Consider the multifunction y: M + p(M) clefined by

(2'1) v(x)= 
{r.*lrt,l=61/,(t.0)u+ I,u,Q.ùr(s)cls, r er,f eSt.}. ..,')

If the assumptions of lelnura 2.7 are satisfied, the multifunction y is properly

defined, rliat is y(,r)+ Ø , for eacrr ; eM . Denote by b: (llrll+ ll,,,llr) c, (nt in
(F'J) and let Mobe the set defined by

Mu = M0{" . c(r, x)lll,rll < r-l}.

Let Mu (l) be the t-section of the set yr(M¡)

ut(t)= ir(r)lr . v("), x e M6].
We consider one lnore assumption

(Mr) rf A depe'ds on 14, we suppose that for each t e I, Mo(ù is relatively
cornpact inX

Remark. lfl does not depend or r,, then we prove by le''na 2.6 trtat Moe)
is relatively co'rpact, he'ce the assumption (Mt) i; r,,rn""Lrrury,

In what follows we study some properlies of the multifunðtio¡ y, useful in
appllzing theorems 2.2 and2.3.

2.4. Lø¡¡l*ttd. suppose thefoilov,irg assunqtÍtions are salis-fied: (x2), (A), (ut),
(F2), (Fò, (F') or (F). Thenfor eactt x e M, V(") u CCo(C(t, X))

Proof. under the above assurnptions, taking into account lem¡ra z.l, for
eaclr'r eM' slr, * Ø atdhence y(,r) + Ø.Tì'teconvexityofthesetl(.r)follorvs
fronr the assuurptions (X), (A) and from the liriearity of the Bochrrer irrtegral. All
we lrave to do is to show that 1r(.r) is a closed set i' c(1, x),that is r¡r(.,r:) e c(c(t , x)) .

Foritweconsiderasequence (1,,,),,.* c V(x) convergentintlieunifonntopology
to an elernent y. e C(I . X) . We sliow that J, € \/(r:) , it means that there exists an
elernent .f . S'o, such that

y(t) = q/,0.0)ct* 
| ot,q,,s)¡(s)ar., t e r.

Now, if y,, e y(-r), there exists l, e Sf such that



Supposeu+v,Letp>0bearbitrary.tr.](v(u),v(u)).e,tlrenforeach

y e r¡r(z) thereexists z e ry(v) suchthat lly-41<e'If y e v(ø) thereexists

f . SI, such that

y(t) = et,(t,o)a. JiUU;)/(s)ds, 
t e I'

Write ku(l) = k(t) + ¡r ' We have the assurnption (F')

n(n(t,u), F(t,v)) < t(r)llu - ull' tu(r)lþ - vll'

It follows that there exists g e Sf such that

llrt'l- s(')ll t r,'(r)lþ(r)- "(')ll' 
a'e' ou 'I
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Let us write ca = "rr(ll,ll* ll,'41,) 
* 

",ll/'ull, 
. rhen

llY - 'll< callø - vll'

Ifc, : 0, thenq > 0 is artitrary.If cr>0, thenwemaycotlsider 0 < n < e I ca.

Thenif llr-rll <n,itfollowsttratlll -41.e .ltiscleartliatr'¡doesnotdepend

onu or t. From the urethocl of fintlirig ofy antl z we have ttrat d(V(.r,),,y(v)) <

< 
"311, 

- vll @

2.7. Tunonrrtt.If rhefollov,ittg assumptions (X), (A), (U), (F2), (Fr-) are

sati.sfed and if 0 . ,, . l, Íl'ten there exist.s ct ntild solution of the probl.em (CP) in l+'Íu.

Proof. We consider the urap Y r: M a + C(M b) defined by Vr = Vlø,

and then we use theorem 2,3, !

2,8, t pvtr¡¡. . (Jnder the assutttpÍions (X), (A), (Fs-6),(U') and (U3)' V(M) 1r.

a fanùly of equi cortÍ i.t'ttto us tn ap s.

Proof. To prove thaty(lt{) is a farnily of equicontinuous rnaps it is enougli to

showthatforanyr>0thereexists p>0suchthatforevery t, t + õ e I, 0. ô . p,

x e M and 1, e y(,,r) the following inequality takes place

lþ(' * a) - y(r)ll< e

We have

98
Marian Mureçan

160

Let us take

We have

FIence

z(t) = a4(t,o)u * loou'(,,s)g(s) 
dr', tel

ì
I

I
I

lt;

lly(,) - ,(,)ll = llo4,þ,0)o - oa(t,o)all* l,ll%(''')/(") - 
q'4(t'")g(s)ll 

'r"' 
t e I

Taking into account (U,) we have the estitnation

ll%,(,p)o - '4(t,o)all< "rll.|f ll't"l - "(")ll 
as < crllallrll' - 

"ll

On the other side we have

lloU¡, ùfG) - %,(,,,)g(")ll =llq,(,,")/(') - 
ottoU,")/(Ðll *

nlloa|,,)/(,) - o¿t (t,,)g(,)ll < .,llr(,) - s('ll* 
"llr(')lll.ll(')- 

v(t)ll ot <

= 
.,llr(') - s(')ll * øllr(')ll'll" - ull

llv(,* ô) - /(r)ll =ll%(, + ð,0)a -'u,(t,o)"ll+

.llf 
.' út/,(t +ô, s)r(s)d" - f %,(t +"y(")*ll 

=

=lll*,Q + ð, r) - trlu,(t,Q)11+

.ll|f*,t + ô,,) - t,fw,(t,,)/(")*ll * l.' ll%(,+ a, s)¡(s)llas,

and since a linear ancl continuous operator cotrttnutes with the integral we have

further

'lll*.f,+ð,,)- 
r"l][lp<1r,0)'41.1llaQ,,)r@ll *]. l,.ullr,,Q 

+o,s)¡(s)llcs

From the hypothesis and fron theorem g p. 49 [7], (by which the last integral is as

small as we like provided ð is sufficiently srnall) there results our lemma. ffi
lly(,) - ,(,)ll < ",ll4lrll,- 

ull *',[ llr{') - g('¡|lù' + c2rllntll'llu - ull <

. l"t(ll'll * ll'41,) 
* 

",llo-ll,]il'- "ll' 
t e I
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Retnark. Similar evaluations appear in [11] and [38]'

2.9. LB¡¡u¡ lll). Let U:l -> C(X) be a measurable set-valued ntap and

gi I -+ X , k: I + R* be nteasuralsle single-valued ntaps' Assunte that

w(t) = u(r)f-r{s(r) + kQ)n} + Ø, a'e' on L

Then there exists a measurable selection f'om W ott I '

Proof.gQ)+tdt)B:B(SQ),tdt)),i'e',theclosedballcentereding(l)with
radius /(¿).By theorern IIL4l and proposition III.13 in [5] the multifunction

i - nf iír¡. ¡ri¡)) rt^ measurable graph' Now' by theorem III'40 in [5] the niul-

tifunctìåì 
'i 

-'Wç¡ has measurable graph, and by theorem 3'5 i' [14]' it is a

measurable closed valued multifuilction. Then it has a measurable selection' E

2.l0.Letr¡ve..Ifttteassumptiotts(X),(A),(Ur),(Fr), (Fu)and(Mr)or(X'r)'

then the ser M¡(t) is relatively compact ín X' for each t e I'

Proof.IfAdeperrdsollì4/'thenbytheassurrrptiori(M1)itfollowsthattlre
lernmais true. Suppose, futher, thatA does not depend on rt' alrd we follow the

way in [27], Then

u u(t) c Qt(t,o)a * fow(,,s)r(s) 
ds,

where P(l = {x e x 
| il'll 

. 
'up{lr(r, ")ltll"ll 

t b} Bv (Fe) rve have that

p(s) = m(s)B,with /??, e I 1(1, R*), iar and by (Ur) that q/U, s)P(s) is convex

and conrpac t in x, sirice P(s) is measurable, (lemma 2.9 with g = 0, lc : nt), il

follorvs that the map s r+ Ql(t,s)l(s),s e [0, l], is measurable' too' By the

enrbedding theorem of Rådströrn, [31], [16] or [12] theorem 3.6 (Z) arrd theoretr'

4.5 (2.) we get that Ir*U,s)f(s)ds is convex and cot'pacti'-X. Fronr here it

follows tl'úffi isiompactinx. E

2,1 1. TIIEoREM. Su¡tpose lhefollot+'ing assumptions are satisf ed

(i) (x2)' (A)' (U)' (U)' (F2)' (Fs.6) ;

(ii) (M,) or (Ur);
(iii) (¡-3) or (F)

Tlten there "iistt 
o mild solution in Moof the (CP) problem'

Proof.Consider in theorem 2'2, K = Mb e CCo(C(l ' 
X)) and y definett

by(2.l).Fromlem'ra2.1 wehavethat V('") * Ø,for each x e M6' andfror'

lenrmas 2.4 arÅ2.5 it follows that ry(M ) . V(M) c Mu. Moteover, it is valid

ttrat r(.x) e Cc{M),foreach x e M6, So,wehavecheckedthat yr. M6 -+ CA\M')

By le¡rma 2,8 it follows that y(Mo) is a faniily of equicontinuous maps, and

by lemnra 2.10 itfollows that MuQ) (t-section) is relatively conpact inX, for each

r e .I. Hence, based on the Ascoli-Arzelà, Í2)p.13, we have that i@r) is com-

pact in C(1, X),

From y(,r) c v(M) it follows ttrat y(x) = y(x) c V(Mù for each

x e Mu, such that y(-x) e KCo(M). Taking into account that y is upper serni-

continuous in respect to the HausdofÊPompeiu metric and it has compact values,

based on an observation in [2] p. 45, we have that y is upper semi-continuous.

In this way we have verified all the requirements of theorem2.2' Heuce the

multifunction y has a fixed point in Mo. This fixed point is a mild solution of
tlie problem (CP). I

2.12. THEoREN4. Consíder f ,s.91(t,X),X=ll¡ -g:llt and ô =ll'to -voll

such thaÍ. the assuntptions of theorem l2.lll arefulfiIled with f and g instead of F .

Denote by x and y two mi.Id solutions of the quasi-lineat' equations con"esponding

lo t,he cases f, xo , respectively 8, ls . Then the estímation holds '

ll*(,)-y(,)ll < 
"íx+o)e*p1"2(,''in{llx6ll,llr.ll}*-i"{ll/ll,,llrll,})'], 

reL

Proof, Letus denotebY

.x(r) = ot (t,o)xo + 
J' 

u,(t,'),f(") d', t e I,

y(t) = %r(r,o)yo + llr%U,')s(") d", t e I

the two rnilcl solutions' Then

ll'(,)- y(r)ll < llu,(t,o),0 - 
óur(t,o)t,ll. 

IrllEt,,')/(") - qt (t,")g(s)11,tu +

. I rll*,(',")s(") - %r(t,')g(")ll ù'
< c,õ + 

",llyoll fi ll't"l - /(")ll 
ds + c, Jjllrt"l - s(s)llds +
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2.2. FILIPPOV-TYPE THEORE,M

In this sectiou we consider trvo Cauchy problems:

t2 13

ï,,

164

(2,2)

(2.3)

*",fills(")ll l,i ll'l'i- v(t)lþ'a" <

< c,(ô + x)+ ",(ll¡,.,11.||"il,)f ll'f"l- /")llo".

Using Bellman letmna, [19] p,353, we get the inequality

ll,(r)-y(')ll = 
c,(õ +1¡.*p1.,(llr,ll *ll"ll,),], t et.

From here there results the desired estimation. F

ConoLLaRv , (Jnder the assutttptions of the above theorem v'e have

ll, - yllrs.*r < c,(ô * x)."p[,r(miri{lþrsll,lly.ll} *,ni,'{ll/ll,,llrll,})t]

COROL¡ARy , Under f.he assutttpt,ions of the above llrcorem and if, nloreover,

ô = X = 0, then x : ),, hence the ntild sol.ution of an initial value quasi-linear

equatiott í.s unique.

Proof. From proposition 2,3 [24] we have that G is product-measurable. By

tlreorern 1 in [a0] there results tha¡ G is super-positionally measurable.

The above result may be obtained froln theorernz,2 itt [30], too,

2.I4. LErq]Me [llJ ,Let U:l -+ c(x) l:e a measurahle nrultifuttctíon attd

u:I -+ X beameasurablentap.TlrcntltefuncÍion t -+ d(u(t),U(r)) ;s nteasurable.

2.l5.LEMMa [11], Let G and z be as in let'tuna2,l0 attd h e I t(1,X)'

Tltat,ifGsarisfesFr)andatdt\Lipschitzcondition,theftnctiant -+ O(l(r), C(t,"(t))),

is irtlegrable ott I.

Proof. From lemmas2.l3 attd2,l4 rve have that our function is tneasurable.

It is also bounded by an integrable one since

a(rr(r), c(t, z(t))) 
= ll(,)ll 

+ a(0, c(r,o)) + a(c(r'o), c(r,,(r))) <

< ¡lt')ll + o(0, G(r,o)) + ft(r)llz(r)ll

2.16. L¡l,rtr,t e. Suppose l,hat under the assutttptiotts (X1), (A) and (U) eaclt quasi-

línear Cauchy problenr

ft,(t) = A(t,x,,(t)x,,(t)+ f,,Q), u'e' on I
i
1",(o) = o,

n e N, has a ntíld solution

",,(t) = Qt,,(t,o)a. þ,.(r,s)¡(s)¿", t e I'

Su¡t¡;ose, also, that I.here exisÍ x eC(l,X) andf e 9r(I,X) such that
C(I a atxd .f,, -+ f in 9l(l,X) ardtharilteta {f}U{.4,},,.n to

# . A(t,x(t))x(t)+ F(r, x(t)), a.e. t e I,

.x(o) =a=xot

and

# = e(t,y(t))t(t) * g(r), g e et(I,x), u,e, t e I,

¡,(O) = yo.

(Sr) Suppose that problern (2,3) has a mild solution

v(t) = our(r,o)n * l,ur(t,s)g(s)dr, 
t e I'

We show that if the initial values and the nonlinear parts are suffìciently
close, then problem (2.2) has a milcl solutionx whose distranee toy does not exceed

a certzitt value.

2.13, Lpr,tla/\ [11], Let G: I x X -+ C(X) be measurable in thefirst vari-

able and cottt.ittuous in lhe second variable and z e C(I, X) , then Ihe set-valued

nrap t -+ C(r,z(r)) r:s measural:le.

integrable boutded by afunctíotx nx e g 'U,X) . Then

-x(r) = Ql ,(t'})a + j' ot ,çr,s)7(s) as, t e L

Proof. we show that 
ll',(r) 

- %,(t,o)a - fo*,(,.')/(")"ll cottverges to 0

provided n -+ +æ, uniformly in l. We have

I

I
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ll',,(,) - Q1,(t,o)a - fn*,r'")/(')*ll t
lt

tllry,,(¡,0)- u,(t,o)ll. T,ll* (r,s)¡,(s) - oil'(r,')r(")ll'r' 
=

< 
"rll"lll., ll',,t"1 - "(")1".l., llor,,ç,,")1,(,) - 

qtr,,(î,')r(")lla'' *

*!rll*,.(r' s)/(s) - ot/'(t'')r('|ltu 
=

< 
",ll,ll,fi ll',,i,)- 'G)llo" 

* "'J' ll¡,G)- /(')lla'' *

-.,1,, 
ll /(") lll, ll',,(') - "(')lldt<rs 

I

= (",11'll n ll'll,)lj il",,{") - '(")llc,' 
* ,'J' 

ll ¡,(') - /(s) ll'[rs 
<

t (øll"ll* ll"4l,) rll*, - 'll+ "'lll' - /ll'

Rentarlc.C)onvergenceresultsasstatedabovenraybefoundin[38]'Æl
we co'side, p.oãir,rr, (2.2) and(2.3) unrler the assumptions (x, ), (l), (F5)

and (d). write õ = ll"o - voll, p= 
"(ll"oll.ll'll'), 

k,(t): /c(r)+ e' "'0'
K(t)= lrlo*t"(s)]as , E(t)-- exp('<(r))' t e I ' Moreover' 'uve ad'rit the

assumption (Sr ) and tet v(r) = a(s(r), r(', y())'t e 1 ' Based on lermna 2'75 we

havethat y . 91 andthenconsider nQ) =',[u * l{r{'l.')*']' t e I'

2.17. THpOn YVt. suppose thefollowi.ng assutttptiotts are satisf ed: (x)' (A),

(ur), (F_5), (F6), @1) and (s)' Then problem (2,2) lrus a tnild solutiott x e c(1, x)

such thctt

(2 4) ll,(,) - y(,)ll . ,(lnQ)= ",[arir¡ 
* n|)lo(v(,) * ')a.,']. 

I ' r'

andfor almost everY t e I

(zs) llft'l-r(,)ll . v(r)+ e+n(t)k"Q)nQ)'

Proof' The nrethod (as in [8]' [10], [11] t38]) cottsists ilr constluctirrg two

con'ergent secluences (.r,, ),,=, c. c(l ,X) and (1,,),,r, c I t(l ,x) such that x'

the liniit of ("r),,r, in tlie unifonn topology froni C(l ð ' 
it the rnild soltttion of

tlre pr.oblern (2.2) antl rt satisfies (24), f, the limit of the sequence (.[,,)n.t i¡
gl \Q,X). satisfìcs (2 5) aud appears iu the forurula of x'' 

i-etns see tìre hrst two steps of this inrluctive procecltlrc. Con.-iclcr the nulti-
linction given by

t r: nt,(r):= p(,,r,(r))n{s(r) n (r(r) + .)a} + ø, ¡ e I

Frorntheclefinition oltlrttresultsthatitistneasurable.irrteglablebc,l'tllclecland
closecl v¿rluccl, l'[ence it lras an integrab]c selection J\ .:l tU,X) . Thcn

ll,t,(,1 - r(r)ll . y(r)+ e l)crrnc,x, as

..r(¡) -'( (r.0)r¡, . l,',,olrr\,s)/(s)cls. 
t e I,

ancl rve get that

ll,,(,) -,,(,)ll . .,[u * f {rt"l. ")*] =,,(t)

Consider tlic nrttltiftlttction givcn by

r r-> t'/r(r):= F(t,"'(r))n{/'(r)+ rr"(r)llx'(r) - ¡'(r)llr} + Ø, t e I '

Weslrow thatWr(t)+ Øl'or each I u7 . tf:r,(l):),(t), thenF(1,r,):F(1,,),(l)).

lrerrce/,(l) e F(r,r:,(r)). Suppose rr(r) + 1,(l), From the following ineqLraiitics

¿(Á(')'F(r r')) 

:i;i:J',,,;l:;:,]ì:,Jlïi;i"' 
r(r 

"'(r)) -<

we irrfer th¿rt thcre exists z e F(t,;r1(l)) such that

z e f,(r) r r,(r)ll,r'(r) - r,(,)llB,

trr.rci so I,,t/r(t) + Ø l-{cnce lbr c¿rcli t. e I, Wr(t) + Ø , By ler-nua 2.13 the multi-

function í.'-> n(r,,r',(r)) is rneasulnble, Í < I,theñrnctiou r+ lc"(l)11""1(t) - /t)ll
is sur¡nr¿rble on,I. By lerllrna 2.9 u,e have that multifllnctroll / Ð t'Vr'Q), t e I
aclrnits a rneasttr¿rble selectiotr rvhich is also srturlnable, honce J', e l| t(t 

, X) .

Then therc holcls the estitlatiou

ll¡,fq ¡(')ll < k"Q)n(t)

Dcf,urc .r, as

,r(ò = 
j11,,(r.o)rr, + 

J'oQt,,(r,s)¿(s).ls' 
t e L
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We have

ll,,(,) - ,,(,)ll < llu,(,,0¡o - wr(t,o)'ll* Trll%Jr, 
s)¿(s) - o/t,,(t,")¡(')lltu '

. "rlpilf il',(") - 
y(")lld, * Tollou,,(,,")/r(") 

- %,,(t,")f (")lla" "

*lrll%,(',")f (") - %r(''')¡(')ll tu 
=

= ,ll,ll,J,ll',(") - v(")lla" n 
",loll ,a(") - .t(") lld" n

*,,l,ll¡,(ùllj" ll',1"1 - v(")lltrsdr <

" frlu'r-c,k"(s)]llx'(,) 
- v(")llo' t [[, + c,/c"(s)]n(s)ds

If the last integral is increasetl to n(l)K(r) (this is allowed since the functiou n(¿) is

positive ancl increasing), then we get

ll,,(,)- "'(')ll = 
n(t)r<(t)

aucl 
ll', - vll,rrr,", < n(r)[r + i<(r)]

Now, let us take n e hl , rl ) 2 ancl sì,lppose we havc de tennined the sequeuces

(r,),.,.,, c. cQ,x) and (.f)s¡<,, c I t(l,x) such that

w,(t):= F(r,-r,.'(r))n{,C 
'(r)+ 

lr'(r)ll-x,-,(r) -;,-r(r)llr}' ¡, e sla','

,,(t) = Q:r,-,(r,0)*o n 
fo*r,-,(r, 

s) 4 (s)as,

ll',,(,) - .,-'(,)ll < rr(r) ï,,9#

ll*,(,) - r'(,)ll =,,(,) 
l1|l 

,

j--0

ll¡t'l - ¡,(')ll < rr, (r)llx,-1(r) - ",-,(r)ll'

ll¡t'l - g(')ll 
= Y(r) + s + 4(t)"(t)Ët'+

j=0 r'

¡ e l and i > 2. we accept that,r;u(/) : l4t), t e -I. Consider tlie following multif,urction

*-> trt,,. r(t): = F(r,r,, 1r)) fì{í(r) + t" (r)llx,, (r) - x,,-,(r) llr},

which admits an integrable selection{*r' Thus rve have

(2.6) ll/,.,(')- f,(t)ll < k"(')ll'i'(t) - ''"-'(t)lÏ '
¡,¡ L,/ .\1J

(z.i) lll,.,(,)- r(')ll < v(') +e + tr,(t)"(')Z[*L
j=o J:

Using the seleotion fn.rtve- construct Ì,+l âS

(2.8) r,,.,.r(r) =Q1,,,(t,0)x,-tfi 0il,,,(t,s)/,*r(s)ds

and it results that

(2,e) 11",.,(t)- ",,(t)ll 
< ,(¡)

nl

(2. 1 o)

Fronr (2.9) (2.5) for all n e lrl rve have

ll.r"n, - r,llc1r,x) . ,,1r¡l{(Ð-l ,

llf ,., - f,,ll, < r(z')llrrll, ll''-"- r --'r" llc(¡,x)'

These inequalities irnply that(''rr)r21 aT 
'1 

(-f,,),,r-, are convergent sequences' ['et

x e c(I,x), respectively f e 91(l,x), be theirlimits. Tlienby lcmma 2"16we

have that f u S)r,, rl'role exactly that x is a mild solution of problem (2 2') which

oorresponds to the selectiorrf Irrorn (2. 10) we get estiuratiou (2'4), and from (2"'7)

it follows (2.5). ?jx

Rentarlc.If the differential iuclusion in (2'2) is semi-linear, then2: 0 ailcl

thus r¡,e get a lesult in [1 I ].

ll',,*,(,)- ,,(,)ll ' ,(,)ä 1"('[
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