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THEOREM I. Lel C be a closed convex subset of a Banach space X. If T is a

mapping of C ittto itself satisfying the inequality

(1) llrx - ryll, 4l* - yll+ rtllrx -'ll * "llrv - vll,

for all x, y in C, u,here0 < a <I, 0 1 c, c < b and a*b+c: l, then T has afixed

point ín C.

Muppings satisffing inequality (1) with a : 1 and b: c :0 are called non-

expan.ivåãnd *".. consideredbyKirk [10]. Mappings with a:0 and b: c= ll2
were considered bY Wong [14].

More recently, Diviccaro et al. [1], Fisher etal.l2l and many others genera-

lized Theorem l in rnany ways, The following theorem was proved in [1]:

THEoREM 2, Let T tnd I be tuto weakly comtnuting mappings of a closed

conyex subset C of a Banach space X ínto i.tself satisfying the inequality

llrx - ryllp < ollrx - ryllo + (r - "¡'"u*{lln - hll',llry - ryll'}

for all x, y ín C, where 0 < a <2-P-1 and p>I. If I ís linear, non-expansíve in C and
'such 

thai I(C) contains T(C), then T and I have a unique comrnonfxed point at

v,lúch T is continuous.
Recall that the mappings T and I are said to be weakly commuting if

llrn - ffxll< ll¡'- r,ll
forall xinC[12).

The next two definitions were given by Jungck [5] (see also [5]-[9]) and

Jungck, Murthy and Cho [6] respectively.
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DprnqlttoN l. Let A attd S bemappirtgs of a Banach spaceX ittto itsel.f. Then

{1,,S} ¡r srtid to be a conrpaÍible pait" if

,l31ll'as+ -slx"ll = o'

u,heneter {.x,,} rs a sequetxce ítt X suclt lhaÍ

lin Axn = lim Sx,, = t

for sonte t itt X.

D¡fntttON 2, Ler A and S bemappittgs of a Banach spaceX ittlc't ítseÌf, Thetl

{A, S} ís said to be a contpatible pair of type (A) if

,ll,:llrr",, - 
r,",ll =,ll,:lls,r", - . 2x,,ll = o,

v,l'tenever {;r} rs a sequence in X suclt |hat

,!lï*o',: ,[n sx': ¡

.fot' sonte I i.n X.
We now giye soll1e propositions to provc our maiu theoretn. 'l'he prooÍ! of

these plopositions follow along the lines of the proofs in [7].

PnoPosl'lloN l. l,et {A, S) be a compatible pair o.f type (A). Thett it Ìs a

contpctfible paír if A or S ls cotttinuous,

PRot,osItlctN 2, Let {A, S} be a compatible pair, Then it ís a c'orupntìble pair

of 1yte (A) if A r¿ttd S are l:oth confinuous.
'lhc following proposition is a direst eonsequellce of Proposition 1 anrl )..

Ppopost'¡oN 3, Lel A and S be conÍinuous nmppittgs. Then \A, S\ is' a cottr-

pcttible paír' of rype (A) if and only if it is a compafible pair.- 
ExampÌe l. Lef X - 10,21 with the ìluclidean nor''.' an<1 let A and S be the

mappings defined by

x e [0,1

" elr,z

x e [o,l

, elt,z

'llreri I and ,S are not continuous at I : L We assert thaf { A, S } is a compatible patr

of type (l) but not a compatible pair.

To see this. suppose that {x,} is a sequence inXand that

lím Ax,,: lim Sx,, = 7'.
n-)ú n-+@
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Fronr the defirrition of A and,S, it follows that f e 11, 2]'sincel : S on [1, 2], we

nruy urppo.e that -r,, -> I and 'r, ( 1 for all rt' Then

A.(,, = 2 - x,, - | frornthoright.

Sr,, = Jt",, - I from the left '

Tlrus, sitrce Í, 1 | for all n '

ASx,,:Axr:2-x,,-+l

and since 2 - ,n ) 1 for all rl,

SAx,,=S(2-x,,)=2'

ConsequentlY,

ll'lsx,,-Sar',,11 +1,

ll,asr,, - t2',,ll = llz - *,, - r,,ll -+ o

lls,t,,- o',,11=llr- e(z- x,,)ll-+ o.

'Ihus {1, S} is a cornpatible pair of type (l) but is not a cornpatible pair.

Example2.LetXbe the set of real numbçrs with the Euclidian uomr and lct
A and S be the mappings defiriecl by

Theli I aud ^! are not continuous at /: 0 . We assert tliat {1, .S} is a compatible pair
but not a compatible pair of typ e (A) .

To see this, consider the sequeuce {xn}, where xr: t12 for all n .

Then

Ax,, = n-2 -) 0, &1, = n-6 -+ 0

and

ll,tsx,, - SAx,,ll= ll,'u - null = o,

Thus {,4, ,S} is a compatible pair.

H, K. 2
3

but

and

x*0,
r=0,
x-40,
.x=0.

Ax

,9Jr
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However,

ll,es'" - r",,ll = lþu - rt'll - -, lls'1", - 'q'*,ll= ll'u - "'ll -) :c '

we therefore conclude that if A attd ^9 
are discontinuous, theu compatible nrap-

pings are uot necessarily cornpatible mappings of fype (l)'
We also need the following proposition to prove our nlaiu theoretn:

PROPOSTTTON 4. Let A and s be mapping of x íttfo itself. If A and S are

compattble mappings of Õ'pe (A) and At: St for some t ín X, tltett

ASt=A2t=S2t=SAt.

PROpOSIilON 5. Let A and s be mappings ofx ittto ítself and let {A, s\ be a

compatible pait" of mappittgs of rype (A)' Suppose that tlrc sequences {Ar,,) attd

{Sxn} converge Ío tfcn' sotne I in X' Thett

(u) 
,ll': ASx,, = 51 ,

íf S is contirtuous at t attd

(b) l.Sl = SAt and Sr = At,

if both A and S are cotttirtuous al l .

we now suppos e That A, B, S and I are mappings from a Banach space x
into itself such that

(1) a(x) c. r(x), n(x) c s(x),

and satisffing a phi rational inequality
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Lptr¿ue l. Suppose that þ is a mapping of [0, x: ) into itself v,hi.clt is

nondecreasínguppersettti-confinuousandþ(t)<t-forallt>0.Thett lin't 0"(r) = g.

We now prove the following letntna:

Lptr¡va 2, Let A, B, S and T be mappings of a Banaclt space X into il.self
satisfying condit.íons (l) and (3). Then the sequenc. {y,) as defined by (3) is a
Cauchy sequence.

Proof. Using (2) and (3) we have

ll'r,, - t',,*,llo n = llA',,, - B',u*,llo-n t

4

alltz,-t - yr,llo + (r - a)max{11.y2,,-r - yr,llo ,llrr, - tr,*rll'}

nrax{(ollrz,, -, - yr,lln + (1 - o)lltr,-, - yr,,lln),llt,z, - tr,*rlln}

llyr,, - y r,*rll > llt r,,-, - yr,,ll,

llvr, - vr,*,ll' = Ö(llvr,, - vr,*rllo) .lltr, - )'z*rllp ,

If

(2) 
ll,a,, - ayllp-q <

,lls' - ryllo *(r - o)n'u*{lls' - A,llo ,llr, - nrll'}

- ryll' + (r - a)llsx - A,lln),llry - nyll'|

then

a contradiction, 'fhus

Similarly we have

and it follows that

for n: 7, 2,

(4)

llt z,, - yr,*,ll' . ö(llyr,-' - rr,llo)

llvr,,*, - tr,*rllo = ö(l|;'r,, - tr,*rll')

lly,, - t,,*rllo < o"(llro - r,ll')

,"u*{(4Þ,

for all x, y irtX, where 0 < a <l, p >-1, q 2 0, P - q > 1 and{ is a mapping of

[0, -) into itself such that þ is non-decreasing, upper semi-continuous and

.þ(Ð.¡ forall¡>0.
Let.r,,be an arbitrary point inx. Then by (1) there exists a point-rr, inxsuch

that Axo: 
'Ir;, 

a¡,] then a point ;u, such that B'',: Sx, and so on' We obtain a

sequence Ø) in Xsuch that

(3) !2n = Tx2,t+, = Ax2¡, l2n+t = Sxzr+z = Bx2r+1

for n: 0,1, Z, .... .

The following lemtna was given by Singh antl Meade [13]

In order to prove that{¡t,} is Cauchy sequence, it is sufficient to show that
{lrr¡ i" a Cauchy sequence. Suppose that þtr,} is not a Cauchy sequence. Then
there is an s > 0 and a sequence of even integers n(/c) defiried inductively with
n(7) = 2 and n(k+l) is the smallest even integer greater than n(k) such that

It follows from Lemna I that

,lTlllr',,-/,,*rll =o
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However,

lles*, - t",,ll = lln6 - ,1811 -+ *, llse*, - n'r,ll= ll,' - ,'ll -+ co.

We tlrerefore conclude tl'nt if A and 
^S 

are discontilluous, theu compatible ma¡r-

pings are not necessarily cornpatible mappings of type (l).
We also need the following proposition to prove our main theoreur:

PnoposntoN 4. Let A and S lse mapping of X int.o ítself. If A and S are
cornpatible mappings of t¡,pe (A) and At: St for some t in X, then

ASt=A2t=S2t=SAt.

PRopostrtoN 5. Let A and S be mappings of X into itself and let {A, S) l:e a
compatible pair of mappíltgs of type (A), Suppose that tlte sequences {Ax,,} and

{Sxn} converge fo tfor sotne I itt X. Then

,u) 
,111 

ASx,, = 57 ,

if S is continuous at t and

(b) ASr. = SAt, and St = At,
if both A atd S are cottlinuous at t .

We now suppose fhat A, B, 
^S 

and ?" are mappings from a Banach space X
into itself such that

(1) ,t(x) c r(x), B(x) c s(x),

and satisffing a phi rational inequality
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Levve l. Suppose that þ is a mappittg of [0, cn ) i,nto itself v,hi.ch is

nondecreasing upper sentí-continuous and þ(t) < t nor ail t > 0. Then 
,!)31*0,,(r) = o.

We now prove the following lemma:

L¡vva 2. Let A, B, S and T l:e mtppings of a Banach space X into ir.self
satísfying condítiotts (1) and (3). Then Íhe sequenc. U,\ as defined by (3) is a
Cauchy sequet'tce.

Proof. Using (2) and (3) we have

4
5

llrr,,- t'2,*rllo 
q 

=llA'r,, - B'r,,*rll'-n t

"lltr,-, - t,r,ll'+ (l - a)'''ax¡lly2,-, - yr,llo ,llrr,, - tr,*rll,}

(olltr,-, - yr,lln + (l - o)lltr,-r - yr,,llu),llt z, - tr,.rll,|

If

then

a contradiction. 'Ihus

Similarly we have

and it follows that

for n: 1,2,

(4)

llr', - y r,*rll r- llt r,-, - yr,ll,

llrr, - yr,*,llo < o(llr,r,,-, - rr,llo)

llvr,, - vr,*,ll' < +(lúr,, - yr,*rllo).lltr, - yru*rll' ,

(2) 
ll.ex - ayllP-q < "lls' - ryll, * Q - o)n,u*{lls" -,t,llo,ll., - rrilrJ I

)
for all x,yin X,wherc0 < a <1, p2l, q 20,p - q> I and { is a mapping of
[0, *) into itself such that (r is non-decreasing, upper selni-continuous and
ö(Ð<¡ forallr>0.

Let .xo be an arbitrary point in X Then by ( I ) there exists a point -rr, in X such
tbatAxr,: I-x, and then a point-1, such that Brr: S.r, and so on. We obtain a
sequence (l) inXsuch that

(3) /2n = Tx2,t+, - Ax2¡, !2n+1 = Sxzr+2 = Bxzr+t

foÍn=0,7,2,,...,
The following lemnra was given by Singh antl Meade [13]:

lltr,*, - vrn*rll' = 0(lþ2, - tr,*,ll')

lly,, - y,,*,llo < o,'(lÞo - yrll,)

It follows from Lernma I that

,,t3lllr',,-/,*rll =s

In order to prove that{¡t,} is Cauchy sequence, it is sufficient to sliow that
{lrr} is a cauchy sequence. suppose that þr,} is not a cauchy sequence. Then
tlrere is an e > 0 and a sequence of even integers r(fr) defined inductively with
n(l):2 and n(k+l) is the smallest even integer greater than n(k) such that
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(s)

so that

(6)

(e)

It follows that

' 'lll,,1r*,1 - l',,rolll <

= lþ',10*,¡ - .r,,10*'¡-,ll + 
ll.r',,1r-*'¡-' - .r,,10*,;-rll n 

llr,,1u*';-, - r',,(o)ll

for k: 1,2, .,.. , it follows that

(i) t-' llrlr.rl - r,1o¡ll = '
By the triangular inequality, we have

lllr,,1o..,r 
-/,,(o)ll-llr,,ro,-r,,10*,¡-,lll=llr,,1o.'r -r,,,10-,-';-,ll

arrd

lllr,ro,'¡-' -,r',,10¡.,11-llr,,io.,¡ -/,,(o)lll=llr,,1o.'; -.u,,10*,¡-' jl*ll:',,10¡*, - ,',,,*,ll

It follou,s from (6) and (7) that

(B) 
,131llr,,,*, - r,,1r.*,¡-,lj = ,*'llr,,,oo,;-, - r,,10;*,ll

Using (5), we have

ll-,',,10*,; 
- 1,,(o)ll = ll-",,1,..'¡ 

- -i',,1r.¡.,11 n 
lþ',,10¡*, 

- /,,(o)ll =

=llt',4n*t) - 4",,1n¡*,ll* 
ll.r,,1o¡*, - /,,(o)ll

Cor¡rnon Fixed Poìnt l9l

Using (6), (7), (9), (10) and the upper semi-continr-rity of $, it follows on letting n
tend to infinity in (11) and (12) that

r t ,il r-q

L0('-')l <r.

a contradiction. Therefo rc. U zrj and so {J,,,) are Cauchy sequeuces in X
We now prove our main theorem.

l'IlEoRENf 2. Let A, B, S ønd T be mappings o.f a Banach space X ínto itself
satisfying conditir¡tts (l) and (2). Suppose lltaî one o.f tlte mappings A, B, S and T is
cr¡tttínuousandtltctt {A,S} ancl {B,T} arecont¡talíblepairofqpe(A).ThenA,B,
S and T have a unique contmonf xed point ín X.

Proof. Define the sequence L1,,,) as above. By Lernma 2,$t,,\is a Caucliy
sequence and has a limit z in XsinceXis a Banach space. Since {Axr,} {Br2,r_l},
{&rr} and {Txr.,,-1} are subsequences of {)r,,}, thcte subscqtteuccs converge to z.

Suppose Sis continuous. Theu

,ll#S' 
r r,, =,Lirn SAx t,, = Su .

Furtlrer, since ft, ^S) 
is a compatible pair of lype (A),we then have orr using Propo-

sition 5 that

,lint 
A,Sxr,,=Su .

Using (2) we have

ll,tsrr,, - Bxzn,ll'-' 
=

H, K. Pathak, V Popa

ll-',,10*,¡ -'u,,to)ll t "'

llr,,1o*,¡-, - -r,10¡ll < 
"

1
6

<ó
rnax

Letting n tencl to infinity we have

if Su + u, a contradic,tion. Thus Sz - ø

Using (2) agaft we havo

ll.tu- sxr,,-1llo-' ,

olls'rr,, - rkr,-,ll' * (t - a)'rax llt"r,, - zsrr,,llo ,ll'1\r,,-, - nrr,-rll'

olls'rr,, - r*r,-rlln r- (t - o)lls'rr,, - ,tsrr,,ll' ,llr'"r,,-, -- nrr,,-,ll'

lls" - "llp-q 
< o( lls, - ullt ø 

= lls, - ull"-n ,
and using (4), we liave

(10)
I xp-q

llu'^o*, - Bt,lr¡*'ll <

oll.r,1r.r;-r - r,,(o)ll' * (l - a) max
ll.v,,1r.*r¡-r - ,,ao*rlllo ,llr,,,o, - .t,,,tur*,11" d¡lu-Ttc2,_1llo *(r- o¡n'u*{jl, - ,tu)lp ,llrxr,_r- B*r,,_,llo}

u]ax ollr,r,*r-, - ,,,G)lln * (r - ')llr,,,k+r)-1 - ,,40)ll' ,llrr*l - ,,,,rol.,llo "''u*{àtl" - 
r*r,-rllo + (t - a)llu - A4lq ,llrxr,-, - Brr,-rlln}
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since S¡; : u. Letting ¡z tend to infrnify we have 3.M Gregui,Jr.,AþtedpoittttheoreminBanachspaces,Boll Un. lr4æ hal.(5)17-A(1980), 193-I98.
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(1986),'r'7r779
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r1 (1988),285-2s8
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10. W. A I(irk, Firctl point Iheorentsfor non-expansit,e mappíngs, Nonlinea¡ Fultc Artal. P¡oc
Syn, Pule Math, Vol. 18 Part I A.M S, (1970), 162-168 .

i t P. P Mrrrthy, Y. J. Cho and B. Fisher, Conpatible nnppings of ¡,pe (t1), at¡rJ cotnntr.tn /ixed point
theorents of Greguí, to appear

12. S Sess4 On q weak comntulatittíly condition of nappings in fred point considerations', Pu,bl.

h¡st. Math, 32 (46) (1982), 149-153.
13. S. P, Singli and B, A lr4eade, On contuonfxed point lheorems, Bull, Austral. lr4atir Soc,

16 (19',77), 49-s3.
14 C. S. Worrg, On a.ftxerl poínt theorcn of contt'atite tPe,P\r,c. Arner Mah. Soc, 57 (19'76),283-284

ll,t" - "llP-q = O (lk - A,4lo-n,= ll" - A,llr-o ,

if Au * u, 'à confradiction, Thus Au: u.
Siirce A(À) c T(X), theìe exists a point y in Xsuch that u: Au : Tt,, We

clainr tliat Bv: yt, for if Bv * u, then using (2) we have

ll" - p,rll'-, = ll¿" - Bvllt-e, ,'

<o "ll"-rvllp +(r- o;,,,u*{jl, - A,4lo"llr, - tr4lr}

"'u*{,ll, - rvllq + (1 - ')ll" - ,aullq ,llrv - ,l11r}

= 0ll, - Prll'-n = ll, - Bullo-',

if B v + u, a contradiction. Thus -Bl, : ¿t.

since {8, r} is a cornpatible pair oftype(A) on x arylusing propositio' 4,
we lrave BTv: Z2y and so

Bu: BTv: T2v: Tu.

Thus B and Zhave a coinciden"" point,. 
,

we clainì that z is in fact a conlmo n fixed point of B and z, using (2) again,
we have

llu - aullP-q = ll¿" - B"llo-, 
=
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a ls" - r/lr, * (1 o)"'u*{ Il¿" - sulle ,llau - r,4f
<0

nlax allsu - rullq + (t - o)llt" - sullq ,llru - r,4f]

= +(1, - r,4f-') =il" - r,llo-n ,

if Tu * u, a contradiction. Thus rz : u: Bu and we have proved that ¿¿ is cornlnorl
fixed point of A, B,,S and ?-

The uniqueness of the courrnon fixed point follows easily on using (2).
Remarlc. Theoreln 2 geteralizes the result of Murthy, Cho aud Fisher [11].
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