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If E c. R , we denote bv ø(Ð the set of the functions/: E-+ R arid for ne N,

n 2 0, we denote by gnthe set of tlie algebrical polynornials of degree not greater

thann.lffeØ(E),ke lN, Æ20 a'd x,e|, (7<i<&+1), x, +x, '(i*7)we denoteby

lxr,...,x¡*1iA the divided difference of order k of the function/on the points 'x,.

We recall that a function / e ø(E) is said to be nongoncave, (noncoDvex

respectively) of order k, k >- -1 on E, if we have:

(1) [t,,...,Ík+z)f]>0, (<o respectively),

foranysystenof distinctpoints t¡ e E, (1< i < k + 2) , Lrparticular, thefunc-

tions that are nonconcave (nonconvex) of order 0 coincide with the functions that

a¡e nondecreasing (noniucreasing) on E.

Bemstein's operators nr:ø(lO,tl) -+ 9, are tlefined by:

(2) Bn(.f ,") = t ¡(k I n)p,o@), where p,*(*) =

l-= 0

t1

,r çv - *)"-kk

¡eø(lO,tl), relN, r)1 and te[O,t]'

In [6] Tiberiu Popoviciu has provei that Bernstein's operators have the re-

niarkable pioperry that if ¡ e ø(lO,il) i, noncon"ave of order ft on [0,1] Uten 4, [,f ]

is nonconcave of order k on [0,1], for any n 2 I and k> -1. hi this paper we

show that Bernstein's operators preserve also the property of the quasicolvexity

of higher order of the functions. The notion of the quasiconvexity of higher order

was introduced by EleDa Popoviciu [4] in the followiug mode.
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DEFINITIoN l4l. Thefunction .f e Ø(ø) is quasicottvex of order k, k > o.

on E if thefollowirtg ínequality

(3) lrr, ..., xk+2i/] < max{[ x1t . , .t xr*ti f), lxt, ' .., *t *t; .ff]

holdsfor every sysl.em of points xt <...< xk+3 of E.

Of course, if E does not contain k+2 (respectively Æ+3) distinct points theu,

any functioris -f € ø(n) nas automatically the above properties of convexity (re-

spectively quasiconvexity) of order fr.

The inequalify in (3) is obviously equivalent with the following one

(4) nta*{[r2, ...,x**úff , - 1",,. ..,xk+2',/]] - 0

In the case where Æ: 0 the inequality in (3) becornes:

(s) f(*r) < "ru*{/(",),"f(rr)}.
hr [7] Tiberiu Popovici has got the following sirnple charactenzation of the

furrctions that satisfy (5). Here, the expression E, < E,wherc Et c iR, .ä, c IR .

lnealls thatwehavex, < x2, for any rl e Et and x, e Er..

THEoREM I.l7l A.function f e Ø(n) , where E ís an arbítraty sul:sei. of
ß., satisfi.es tlte i.nequaliry in (5) for every points x j < xz< x, of E, if and only íf
there are |,wo subset E, and E, such that ErUEz= E, Et < E, and f is

ttottincreasing on E, and nondecreasing on E,
For our puq)ose '¡,e need to generalize this theorem. First we shall be con-

cerned with the direct part of the equivalence. For this we use the follor¡,ing for-
mula for the divided differences given ili [5]: For every system of strictly ordered
points xt 1...< xnt) rn> 2 ,and everyindices 1= it <...<in = r'tr, tx > l, there

are tlre real numbers oj> 0 , (t< j 3nt-n+I), orr0, ar,_n+t>0 such that, for any

furiction/defined on the points ru (1 < i < nr) we have:

I nt-n+l(6) [",,,...,r¡,;ff= 2", 1r,,,..,x¡*,-ti.fl
j=t

In what follows let the natural nunrber fr > 0 and the arbitrary subset E c IR
be fixed, Let us denote by X the set of the all finite systems of points of

For suclr a o and for f e .Ø(E) let us
j S m - Æ - 1), and let us denote by
- I , such that do < 0. If there are not

Levve. Il f e Ø(n) is quasíconvex of order k, lc > 0, on E tlten, Ihe

fo I lou, i ng inequal í tí es ho ld :

d¡to,(tt7<v(o)-t)

(7) du(o) 'o
d¡, 0, (u(") +I< i < m-fr - l),

Proof. We have only to prove the first inequality in (7). Suppose that tliis one

is nottrue and obtaina contradiction. Let i be tlie greatest index 1 < i < v(o) - I

suchthat d¡ r 0.Wehave d¡ <0 foranyindices i < i < u(o) ,ifthereexistsuch
indices. By applytU relation (6) there are the nunrbers a¡ 2 0, (; + t < 7 s v(o)),

a¡*1) 0, ¿u(o) > 0 such that:

r "1 
u(o)

1",*,.. 
.,,xi+k+t,Jv(o)+r+ri fl= Lii .d j 3 a,(o).d,,(o) . 0.

j=i+t

But this inequality together w:lth di > 0 contradict the quasiconvexity of

order k of the function/on the points x¡ 1 x¡a1 (... ( r¡a¿a1 < rr'(o)+À+r see (4).

Lemma is proved. I
We can prove moreover:

THpoR¡tr¿ 2.If f e'f(n) isquaqicottvexoforderk, k >- 0,v'here E c lR

ís an arbitt'aty subsel. of R llrcn, fhere are l¡uo subset E, attd E, possibly one of
thetn being the enrply set, such thrtt ErU Ez = E , Et < E, and f ís rtortconvex of
order k on E, and is nonconcave of order k on Er.

Proof. We suppose that E colrtains at least Æ+3 points, since the contrary

case is obvious, Let a: ittf E, l:: sup E. rvhere the infimum may be - co and the

supremum tnay be + oc .

If o = {", .. ., < rr,} e I let us deuote:

(8) cr(o) =
if v(o) > o

if v(o) = s

Let us consider the set 7 = {ct(o),o e X }, ancl let y: sup l, where y may be

+ co. We take the subset E, in the following mode:

-rv(o) '

a



(e)

and then let Er: E\Er
Let us piov" thal f is nonconvex of o¡der /c on E,. We have only to consider

the case where E, contains at least /r+2 distinct points and let the points of Er: xr<

xk+23 "(o)< T.Letusput õ={r,,...,xt,*z}Uo andletusrepresent õ by

õ = {yr <...< t.}. Denote d¡ ={y¡,...,!¡+k+t)f}, çt< i <m-k-l).Let
pbethatindex such that yo = cr(o).It follows that y¡ e o, for p< i <m.

Therefore do.o andby(7) we have d, < 0, for l< i < p. Therearethe indi-

ces I < il <,,. <ik*z< p such that x, - !i,, (t. 
" 

< k + 2).Bytakinginto

accountformula(6), therearethenumbers oj > 0, (rt< ¡ 3it*z - k -l),suchtlrat:

[x1,..., x**ú-f]= Z"t d¡ <0.
\< j<ik*2-k-l

Hence/is nonconvex of order k on Et.
Let us prove now, that/is nonconcave of order k on Er. We have also to

prove only the case where E, contains atleast k+2 distinct pointt. Itt the points of
Er"x,<"'<
a(o) = 11, where o = {", <...< x**z} and hence y < cr(o). Butthisimplies

that y e A . By (9) and since E, contains k + 2 > 2 distinct points it follows that

Ez = (y,æ)fìø. Hence \> ^f , thatmeans o(o) t y. Contradiction. Then/is
nonconcave oforder konEr. I

Remarks. 1". In [2] we obtain a variant of Theorem 2 in which the

quasiconvexity of order /r is replaced by the more general notion of the
quasiconvexity with respect to an interpolating set of fi¡nctions. However in [2] it
is required that E be an interval.

2o. According to Theorem I the converse of the implication in Theoren 2

holds too, in the case È: 0. But in the general case /r > I that is not true without
supplementary conditions. For example, the function

(ro) ru\={-l' '<orY-t p+sr, J)0,

iscontinous,itisnonconvexoforder2on (--,0] andnonconcaveoforder2on [0,æ), Uut

it is not quasiconvex of order 2, since l-2,-¡O,t;¡]=l/6an¿ [-t,O,l"Z;¡]= -116.
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In a particular case we give the following reciprocal theorem:

THEoREM 3, If f :1 -+ IR is a polynornial.funcliort, where I is att íttl.erval,

and if there are l'he subinlet'vals Ir t Ir' ItUI2= I ' such thatf ís noncottvex or

order k> 0 on L, and nonconcave of order k on l, then f is quasiconvex of order

kon I.

Proof,Il It=Ø or I2--Ø , tben the theorem is obviotts, Hence we consider

I r + Ø + I, arrd let c :sttp 1, = inf/r. Frorn the hypothesis we have ¡(È+t) (.") < 0,

(:re 1,) ana ¡&*Ùçx)>0,(r e 1r). Hence ¡G+z)çc¡>-0. Thereis anumber ô>0

such that:

(11)

5

(i) E, = (--, T)nE ,

(ii) Er = (-*, y)nE ,
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if y eA or Y =beA
if y eA or y <b,

4r98

¡(*+z) ç¿>_0, if l.x-cl <ô

Indeed, the case where the degree of / is not greater than k+2 or ¡G*2) çc)> O

is obvious, In the opposite case we have f(k+2) Q)>0, for any x,tl < x <Í2; x * c ,

wlrere by l, is delroted the greatest root of ¡Q<+z) that is less than c or \= -oo , if
such root does not exist, and l, denotes the least root of 7U'+z) that is greater than

c, 01 t2 = ¡æ if such root does not exist'

Consider now the points of I:xr 1...1x¡¡3 . In order to prove (3) it is enough

to consider only the case where x1<c<)í¡a3 , We choose thepointsy, < ... <.P, of

lwith the following properties: lo There are the iridices 1 : i,' .'.4 /i¡+3: ¡z such

that ),¡,= xp,(l< p<fr+3) and 2" y j*t- !¡ .õ l(k+2),(t< ¡ <m-l) , we denote

c,=ll'¡,...,!¡*r,;f l,(t<¡<m-k). ret r e {2,..''nt} be the least index such that

lr2c.
In what follows we shall use Cauchy's formula, i.e, for a function

g: J -> IR, -/ an interval, that admits the derivate of order p o.n J, and for the

points tt<..,<lp+r of J,thereis €, lt<E<|p+rsuchthat[t,,..', tonr;8f =

= t@11) t pt.
We prove the following relation:

(rz) c¡+ts^a*{"r,",*r}, (t<¡<m-k-z).

If l< i sr-lc-2 itresults lt',,...,!¡+k+t)f]= o andhelrce c',2 c.¡-r-r,

lf r-k-1<i < min{r -\nt-k-2} it results lrr._ 4<õ, U<pli+k+2\
arrd hence, by (l l) and by Cauchy's formula we infei lr,,' .)'¡+k-tzi fl = 

o,

Afterwards there result, [.,rr*,,..'.!¡+k+zi fl.lr,,",.r',*r.n,:.f]. and then:
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wlìere / = !¡+k+t - !¡ > 0 and Q = !¡+k+z - !¡+t > 0. Fromthelastinequality

it obtains the inequality in (12).

Firially,if r< i <m-k-2 itresults ll¡*r,...,!¡+k+2;,f]>o andhence

c¡+t I cy+2. Thus in every cases (12) holds true.

Now takeus aniudex 1< i < rz such that y¡ ê{*r,...,rtr*s} and cou-

sider tlre points tr, (73 i < m - l) definedby: z, = /1,...,2i-7 = ))¡-1,2¡ :
= !i+1,,.,,:m-t = ),,n.If we denote d¡.=1"¡1....2¡+k;,f], (1 I j <_tn - À - 1).

byusing(6)wecanwrite d¡ =),¡c¡ *(1 --ì,¡)'c¡*r, where i", e[O,t],forauy
l< j < m- k - l Thereforefrom(12)andTheorem 1 itdeduces

(13) d¡tsmax{a¡,rt¡*z}, 0<j<m-k-3).
By repeating this procedure of elimination of the points that differ frorn the
points x1, ... ,x¡¡1> we obtain after m-k-3 steps that (3) holds true. The theorem
is proved. lI

Our nain theorem is the folloiving:

THEoREM 4.ll) If ¡ e ø(lO,tl) is quastconvex of order k, k > 0, thenfor

any n > I the polynomialfunction B,,lfl is quasíconvex of order k.

Proof, The following relation was proved in [6],

Because the theorem is obvious for n < Æ+1, we suppose That n> Å. + I . By

virtueoflenlna, oneofthefollowingtlueecasesholdstrue: l" a,<0 (O<i<n-lr-t)

or 2o art 0, (0 --i.<n-k-l) or 3o there is p, 0 < p<n-k-l such that

a¡ 1 0, (O < i < n), 
¿2!¿to"i 

< 0 a'd ai ) 0, (p * t < i < n -/r - 1), 
r*,¡,11,1*_, 

o, t 0.

Iu accordance with a well-knorvn theorem of Descartes the polynomial

tt- k-1
P(y)t = L o,y' can have at most a positive root, Moreover', P can have a posi-

i=0

tit'e root /6 only in the case 3o and in this case we have P(y) < 0 (0 < ! < 16),

P(y) >0, þo < y) since lim P(y) = *cr Hence it is true one of the following

cases: ro (s,(f ,r))(È+1) ¿ì:(" e lo.r]) or zo (a,,(f ,.,-))(¿+1) 2 0, (..r.- e [o,r]),
or 3o tlrere is {0, 0 { -r-6 ( I such that (8,,(f,r¡¡(t+t) t 0,(" e [0,x,,])
and (a,(¡,,Ì))(fr+l) t 0, (r e [,16,1]).

By taking into account Theorem 3 it results that/is quasiconvex on order k
on [0,1]. H
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q

p+q

(n + r)tnt

("-k-l)!nr*t

c,+L'ci+2." p+q

6

(i4) (a,(-f,'))(') - rtnt î[r. i+r l '

þ, -,W àl-,'"";;f ]a'-''(x)' 
x e [o't]

We sliall take r: k+ I in (la), Let us denote:

Ir
t_,,

i+k+r n-k-l
ai ;.f ,(o<¡<n-k-t)

tx

and take ,r e lo,t) and y = *. 
We have

(a,(f ,r))(fr+r) = (l - x)n-k-lt-k-L, .y,
i=0


