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AN INTEGRAL INEQUALITY

i. PEÖARrÓ, r. RASA
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1. Letfand gbe integrable functions on [a, b]such that /n, < f< M.. m ^ < s < M
wlrere m.- M. are real constants. H. Gniss [4] has proveh t¡ut th. folläwinj
iriequalit'y hdl¿s:

(r) lr(¡,r)l = I@, - m,)(u, - *")

where r(f ,ò= A(.fs)- A(.f)t(s), a(n=*l!¡f¿*
The constant l/4 is the best possible.
P. L, ðebyiev [3] has proved thatif f and.g rrave bounded derivatives on

fa,b), then

(2) lr(¡,ùl = tup. l,r'l...rq lg'lLn.bJ Lo,b)

Mean-value theorens for T (f Ð and applications to Korovkin Approxima-
tion Theory are given in [2] where more general positive linear functionals I are
considered; see also Il].

In this paper we present a generalization of Õebysev's result, An alalogous
result is given in [6] (see also [8]),

2'Let c > 0 and À > I be real nurnbers. Letp be an integrable functio¡ on
[øó] such that c < p(x)l Ic for all x < la,b).

o.l:,: .q(f; p) = f f\)r(,x)ax I Ju o!!ür and rff, s; Ð : A(fs; ù -
-t(fi ò A(s;Ð.

Letn2l beaninteger.

THBoR¡v. Letf and g be realfwtctions on fa,bl such that ¡0-t) e Lip rct ,

"(rr-t) 
. Lip¡¡ø,u,h.ereM,N>0and0<c¿< I ctregi.vencottstanl.s.su¡tposethat

l'.''..,.

ì: '.,
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also [7]) has proved

.f(
k) a+ h (k\

= 
(l''

a+ b l<k<n-l <A(q;ø=ffi(3) z 2 (8)
)'q(Q - t, +Q$-q

(lf n:1, one considers that;f{o) :.fand condition (3) does not exist), Tltett v'e ì"(Q - rt +(rr-ø)
ltave Using (5), (7) and the second inequality of (8) we get

2 2

(4) lr(f ,s; òl < (
b-a (e) r(f ,f ; ø =;ffir,, -

b-a 2o.+2n-2 n-1

II I
z cr+i 2 c¿ +,

Proof. First, we observe that Since it is known that

(10) lr(f , t, òl' = r(f ,.f; p)r(s, s; p)

it remains only to combine (10) and (9) for/and g.

CoRoLL¡.RY. Suppose that ¡@-t) e Lip¡al, 1Q'-t) e Lip¡¡l and

r@(+)=",or (+)=o, I <k<,-t rhen

(11) lru,r)lt ut,r,,",|àÏ'.'u

lr(r, r, p)l' = C;=ll: r(ùU a) - ztr ; p))(¡a) - r(+) 
),, l' =

tJ;p@at)t

, ;;r--= I' p(ùlrl) - .t(¡ ; p)l a, f A,jrOl - t(+)l' " =

(l',",o'1''"

= -fu' ('r' r ; r) f r'(' 

lrt'l 
- t (+)1"' The constant Il22' (nl)'z(Zn+l) is tlrc best possible.

Indeed, if

(+-.)' Júe

xe

M

Therefore we have f( n !
x nM

nl

a+b

7.(r,.r;,ù = 
Fñ¡!a¡l¡(t)- 

t(+)l' "(5)
2

a+b
)'

xe

xe
On the other hand, s(,) =

2

a+ b

2

,t

(6)
at-b1_--_

'2 1".¡t"-'tq ù=rl a+bt_-
2

û

I a+b1 f a+b
l'' , )undl z ''

the¡ the equalify in (11) is valid, i.e., the constant cannot be irnproved,

Using (3) and successive integration of (6) on
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1. INTRODUCTION
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The new models of füction and contact, in the last decade, are often based on
füctiorr laws which recogtTize the compliant microstructure of contact interface,and
that were not only more physically realistic than classical theories, but which were
als o mathem atically tract¿ble,

The existence of a solution for quasistatic füctional contact problems with
ltomml compliance law was proved by Anderson [5] using incremental fon¡ula-
tions and, in presence of a tirne regularization, by Klarbring et al.[6] in a different
rnanner. Rabier et al. l7l proved the existence and local (for suffìciently small
friction coefficients) uniqueness of solutions for cases in which sliding cont¿ct
occurs in a prescribed direction.

The present paper is a continuation of the analysis presented in [4], which con-
sists in a ntunerical analysis of a quasistatic contact problem in linear elasticity with
dry ûiction, The problem is intended to model tlie physical sifiation of two elastically
defomring bodies that come into contact with füction obeying the nonnal compliance law,

First we gíve a classical and variational fonnulation of the continuous co¡-
tact probletn. After obtaining the continuous contact problem we derive the result
and obtain an increlnental fomiulation obtained by time discretization of the problem..

Then we consider a discrete variational fonnulation of tlie incrernental pro-
blem using a pe¡turbed Lagrangian functional.

Also, iu the present paper is described a contact finite elelnerit in the three
dimensional case, generalizing the two dimensional case considered by Ju and
Taylor in [3] and by Wriggers and Simo in [8],

2. CLÁSSICAL AND \/ÄRIATIONAL FORN{UL.A,T'IONS OF THE PROBLEI{

Let f)o c AN,G = 7,2, N : 2, 3, the domains occupied by two elastic
bodies that come into contact with friction.

Let us denote by f" the boundary of f)" and let f6o, f1o, I.2o be open ancl

disjoint parts of f" so tliat f " - I.fr Ufl" UI-i with cr. :1, 2.


