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The new models of füction and contact, in the last decade, are often based on
füctiorr laws which recogtTize the compliant microstructure of contact interface,and
that were not only more physically realistic than classical theories, but which were
als o mathem atically tract¿ble,

The existence of a solution for quasistatic füctional contact problems with
ltomml compliance law was proved by Anderson [5] using incremental fon¡ula-
tions and, in presence of a tirne regularization, by Klarbring et al.[6] in a different
rnanner. Rabier et al. l7l proved the existence and local (for suffìciently small
friction coefficients) uniqueness of solutions for cases in which sliding cont¿ct
occurs in a prescribed direction.

The present paper is a continuation of the analysis presented in [4], which con-
sists in a ntunerical analysis of a quasistatic contact problem in linear elasticity with
dry ûiction, The problem is intended to model tlie physical sifiation of two elastically
defomring bodies that come into contact with füction obeying the nonnal compliance law,

First we gíve a classical and variational fonnulation of the continuous co¡-
tact probletn. After obtaining the continuous contact problem we derive the result
and obtain an increlnental fomiulation obtained by time discretization of the problem..

Then we consider a discrete variational fonnulation of tlie incrernental pro-
blem using a pe¡turbed Lagrangian functional.

Also, iu the present paper is described a contact finite elelnerit in the three
dimensional case, generalizing the two dimensional case considered by Ju and
Taylor in [3] and by Wriggers and Simo in [8],

2. CLÁSSICAL AND \/ÄRIATIONAL FORN{UL.A,T'IONS OF THE PROBLEI{

Let f)o c AN,G = 7,2, N : 2, 3, the domains occupied by two elastic
bodies that come into contact with friction.

Let us denote by f" the boundary of f)" and let f6o, f1o, I.2o be open ancl

disjoint parts of f" so tliat f " - I.fr Ufl" UI-i with cr. :1, 2.



Assurne that the bodies o'are subjected to volume forces of densrty

/" =j/i,.':,;;) on o., to surface traciions of de*sity ,.' = (t-î'' "r(') ot'

r.u. and are holtl fixetl on f* . We shall use the followillg notatiorr tbr thc nonrral

,,ìd tung",r,ial courpouents oïthe displacertrcllts and of the stress vector:

uî = uîn).uÏ; = uÏ -'i;u],ol = ol;nln,,'ol, = c¡\n¡- oin]'

where t,i:1....,N. ,r" = (ttf,..',¡?f;,) ;' ttttoutward'onnalu*itvectoro' f" artd

the summation cout'elrtiori is used for i and j'

Find the field of displacernents u" = (ui,...,'tft), fotu time interval [0. T]'

defineds on O. which satisfl the following equations antl conditions:

- the equilibriunr equation

(l) ","1,,('") 
+ Ji" = 0 in Oo x (O'f)

- the constitutive equation
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cr(enø+elszol,t)q ...1 I + 0.071 1", ,rfor o,=@"*1 -lNgr-1
wlrere ( is the initial mean plan distance d:\ g, c, and c, are mechanical constants

expressing the nonlinear distribution of the surface hardness, o and m are statisti-
cal pararneters of the surface profile, representing respectively the RMS surface

roughness and the meau asperity slope.

- the friction aud contact conditions:

2N Pop
208

= a(þ,, an,J a']¡¡\i¡Ern > ,lå1, E = (Eu), ancl e¡'¡,(ir") =

, f ,: thecompoueuts of body force per unit volulne' assutned

wlrenu,l, -rÅ<S+6r(

and when ul, - ul, , g ,

1".(*)l .,7(u!, -,4 - r)""*+ ù) - ú = o

(6)\-/ 
l"t('")l = ',(u), - ul, - E)'"*= l¡' > 0 ùi -'t - -Àor

Where c,,nxn,cr)tnr arematerialconstants depending oninterfaceproperties,

ó* = max(0 , b) , ùi is the tangential velocity of material particles on I-r* and g is

the initial gap between I j ancl 122 measured along the outward normal direction

to r;.
The füction law (6) is a generalization of Coulonb's füction law, which is

recovered if nt,: mr. ln such a c¿ìse, p : crl cnis the usual coefficient of füction.
Law (6) also describes a dependence ofthe friction coefficient on nonnal contact

pressure.
The classical fonnulation of the quasistatic contact problem is as follows:

ProblemPl, Find thedísplacententf eld tf v,hichsatisfe.s (1) - (6) V I e [0, Z],

v,here f" and t" aret.akentimedependent.
It is known (see [9]) that avanational fonnulation of the problern P1 is the

following inequality

Problent P2. Fincl the funcrion u = lut , 
r') , [o, I] + Z s. t,

"(u(t),v - ttQ)) + ¡,,(uQ),v - u(t)) +

+i,(uO,v)-i,(uþ),¿(t))> L(,-ttQ)), v v ev

with the initial condition:

(B) tt(x,O) = u6, ù(x,0) = v,

u")=o'

(2)

n'lrere af]¡¡, = a'jíu,

õur ôr,,

ôxt, ôxr

co c/
ij affrn k/,( u" I in f)o

1

2

to be sufficiently smooth fuuctions of -t: ('r:r,"'' x");

- the bountlary conditions

u'¡' = o ori fii x (0, I)
(3) orl(u")n¡ = r,9. on r," x (0. r)

- the initial couditions

(4) ti''(x-}) = v!. ù"(x,0) = u7 in Oo at t = 0

u,ith aÍ . ø'f given surooth tunctions of-r::

- the lronnal interface lesporìse

(s) o,(u") = -',,(ul, - u] - ,)"'" * on fi ,. (o' r)

witlr c',, allrJ m,,lllatefial paratlreters (see [2]),

(7)
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The following notatioll and definitiorls were also used:

(e) , ={," [a'(o")]"; uo = o a'e' on r&]

the space of admissibile displacements

a(u,v)= L In"î* "ff(")e[,,(v)dr"(10) a=t,2

tlre virtual work produced by the action of the stress o ,, (u) on the straius eu

(l r) i,,(u,') = !r¡',(u', - ''t - s) 
"! v"c"

-tlrevirttralworkproducedbythenormalcontactpressureonthe
displacettrent v:

(12) i,(',u) -- !r,",("' - u] - )'*+lu¡ - "?l*

-tlrevirtualpowerproducedbythefüctiorralforceonthedisplacementV.

(13) 4u) = 
-Ðrl'" 

f¡"'îd'". 
"ìrJ 

r¡v("¡)a""

- virtual work produced by the external forces'

Here y is the trace operator mapp øv'(o))^ *n]::

rnay be decornposed into n cotnponents yr\v)'

For simplicitv of notation, pectively' We also

obsere that the boundary | 1 m"'m' < 3 if

N:3 antl for I < m,,,,lrif N:2,because, for v¡ e [tt(t)]", y(u) ' l':(ti)]].'
witlr 1 < q < 4 for N -- ;,and with 1. < q for'ðy' : 2' In thecase N : 2 In 

" 
e.t2' 

J:?.3]'

tlrese restrictions on ,r1,,' *r"AÃl"ully come from the embedding theorem (see [2])'

3. INCREI\{ENTAL FOR\{ULATION

Now we derive a titne discretized approxi c problem?2'

Let us "on.i¿.rïpåttiti*- 
ç¡0, tt,' ''"' , t [0'f ]l :l-l-?,t

increrlrental fonnulation, obtaineù by using th ence approxl-

n-iation of the time derivative of u" '

If we set uo =r(to),Luk =uk+\ -uk,Llk =lk*\ -tk,l-! = t('o),

LI-i, =Lk*r-I-Í,k=0,1,...,n-1 and if take ùþt+t¡=LuklLtk then we

obtain, at each time tf, the following quasi-variational inequality:

Luk eV and

o(Lrk ,v - zrr,k)+ ¡,,(uk + Luk ,v - tuk)+ ¡t(uk + Luk ,v)-
(14\ , ' , 

"t 
-t./ r.\ l, ,' ,,\ ' V v eV

\r'il 
-ir(uo + Luk,auk)>- tl! (v - Luk)- r(uk,v - tuk)

where F(ro,v - Luk) = a(uk,v - Luk) - ,j(u - /øo)

The time discretized approximation of the problem P2 is as follows.

ProbletnP3. Find ul ,,',,'u"-t ê V definedbyuo=14o,ltk*t:uk+ Luk,v'lxere

Luk e V í.s the soluÍi.on of inequality (14). Thus for a given load histoty the

quasisÍ.atí.c problem is appr:oxùnated by a sequetTce of incremental problems (1a)'

|hhougtt eiery problem-(!4) is a static one, it requíres appropriate updating of
t.he displacenxents, and the loads after eaclt increntettt'

4. FINÍTE ELEN{ENT APPROXIMATIONS OF THE CONTACT PROBLEIÍ

We consider a discrete variational formulation of the incremental problem
p3, using for the contact area a three nodes contact element for the two dimensional

case (see [3], [8]).'In 
theïhieã dimensional case a four node contact element consisting of three

'master' nodes and one'slave'node, is employed,

In all numerical applications wc derived aperturbed Lagrangianformulation_

for the case of frictionáistick and for the case of frictional slide' For the case of
irictional stick the perturbed Lagrangian functional for bodies in contact has the

following form:

L(u, E r,),, E. ) = ! o(u, u) - r(u) + 21,G,, + 2T G, + >I G 
" -

(15) _ I rrr _ I rrr._ 1 rf r_- 
2r*Ln 

Ln 
Ñ.Lt "l 2fìî-" -"

where z is the vector of nodal displacemenf,>n,2r, Ð, are the vectors of nomral

unJárg""tial nodal contact forces, respectivély, G,, G,, G, are the vectors of
;¡rm;l ãnd tangential 

'odal 
gaps and (ù n, or t, ú)r are the normal and tange'tial

p enalty parameters resp ectively.
The Newto¡-Raphson method was applied to the discrete variational

fomrulatioris that can be defived from these perturbed Lagrangian functionals.
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where n(z) = !o(u,u)- t(u)is the total potential energy of the bodies irr

contact, õttrG,, =(õ,s1,,s,s3,...,8,g'r)' , õuG, = (u,rl,ôus,2,'..'ò,c;')t,

õuG" = (a,,gl,a"s?,...,ô,,gi)t , S: total number of slave nodes in co'tact

s :7,2,..., S, analogous for ô>,r , ôtl , ôX" .

The variational of a typical nodal normal gap 8, e G, take the fonn:

õg, = \Tcn

Sinrilarly, the variation of a typical nodal tangential gap 8të G t, 8, € G 
" 

can

be obtained according to

6g, = t1Tc, Eg" = r1Tc"

Moreover, the residual vector.R, and the tangent stiffness Ç associated ,

with the total potential energy of the cóntacting bodies simply read, result

an(u) = n?À¡ and ð.R, = \r KB

I s .l
(2s) ntl or+I(";"; +oici+"i"{)l=o

L "=t' 'J

and analogous for Eq,(2z)-Qa) where

6,, eÐn, o, eÐ¡, o. € X,.

To applly Newton's iteration scheme, eonsistent linearization of Eq.(25)

and those óonesponding Eq,(23)-(24), at (u, 2u , X, , X. ) is perfbmred and leads

(24) ôx{ *>" *c,)= o

ògn

Arl

3^
ut,, =Z_# \l

J=t

with tlre notation (20) and " 
utn

òu1'

n = (nl, n3, n?, nl, ..., n3), w"

With, tlre corrvention: (u',.'.,r")=(ul, u?, u], ul,'.., "1) Eq (21) become:

212

(1 6)

(1 7)

(1 e)

where

(20)
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| Ln*G,,

o',

-J-2, + G¡
al

6

The nomral vector on defined plane by the nodes 1,2 and 3 and respectively

vectors, defined by directions of the node 1-2 and 1-3 will be:

wlrere xt = Xt * tt1, x2 = X2 * 112, X3 = Xt * 4 signifythe currentpositions of

nraster *a"t; X| X , ,k , ur"reference coordinates aîd ur,'t12, uiale current nodal

displacenreuts ofpoints l,2 and3.

In ad<lition, we define the current 'surfaces coordinates' as following:

a1at
xt-xl
1", - ",1

7

in wlricli x,: X,+ u" deuotes the current position of the slave node s. The nonnal

and tangential laps-g,,, 8¡, !!" lre defined as:

(18) g, =(x, - x1)n, gt =(a, - af)lx2- xl, g, =(a.-"0")14 - x1l,

where al and ol ut" the old surface coordinates at the last time step knou'n'

Nóte that the gap g depends on the slave node s as well as on the master

nodes 1, 2 and 3. rhus, the variation of the gap is obtained according to

g = *g(¡, 
+ü1'1r,, tr1 *Gq, x2*drl2,.r3 +.,r1r)

n(nr, nz, î¡, îr) : ôø(ð2,, Eu2,õ4,õur)

with respect to finite element implementations' explicit matrix expressions

for the Lagrangian rnultiplier formulation and the penalty fonnulation are derived

as follows,
The discrete variational equation associated with (15) take the fonn:

(21) ô,,fl(a) +>1,õ,,G,, +>[õ,,G, + >fô,,q = 0

(22)

(23)

fô T
l,

ôxf

=0

-0
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For the case of frictional slitle the relation lÐo,,1= plX,,l, where p is the

coefficient of friction atld I,u,, is the result force of the I, and X- , forces in the

tangent plane of the contact surface.

Note with p the angle between the sides 12- )\ and -.r-3 -.rt ; \ ¡e obtain

cos p : t.r and li,."l=pú? * s? +zelsllg.l"otp where t : sgn (8, 8,). As a

direct consequelrce of Coulomb's friction law, it results ptlr,,l = lJt't where

, = 
^!s7 

+ s? + 2"lg,l lg.l"o'F tlrerefore Lt =)'tan'!-0)g,t =-psgn(g/ )& ú)g, =rr
ls,l lg,l

= -p-(t)g¡7 1 /" 1 : -l-t-O8lrr
If wervdte a, -ls'l , d, =t4, bt = +, b, = 

ôl'-, 
¡omliniarized

rt"ouou
kinematics (i.e.. by negleting nonlinear terms k,and Æ"), we obtain:

s

Kc=Z(tï*s4),witl,
s=l

s4 = ^(si,ki, -ps,,qiki -psi,diki +cl,rcl, - wtÏ"i,'"i)

sLs2 = a(-vaî"i,r"i - vg,,lrlr"l - ¡tg,birci), aÍtd

.s

R. = Z ^(vs,dir "i + ¡tg,d'"r ci - gi,' 
"i,)¡=l

We give numerical exernples in [4] and I I l], the nurnerical solution is in
good agreement with the Raous [10]. The computations have been carried out
within the environment of the Firrite Element Analysis Progratn (FEAP), see
Zienloewicz [2], using the contact fiuite elernent in 3D, preseuted in this paper.

The critical situations arise in transitions from sliding to adhesion because it
is thelr that the most impoñant changes in the solutioll occur. One simple retnedy
for these difficulties is to decrease the time step until two successive solutions are

not too far apart.

CONCLUSIONS
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where
ssss

At = K p* I (¿; + ki + ki), A, =î,"',, At =lcî ' Ao -- Z"i'
s=l 'ã 

s=l s=l

.S

Bn=- 
| I, cr=-)- t, ,o=-*,, Rr=nu*i(oici+cici+"i"i)

o,, ' (it, cùT s=l

R., = -!r,, +G, , R3
- @tt

is tlre matrix zeto, and

(28)

1
L, + G,, R4 t1

G+r
úJt cùT

(n:,)¡, =# = ffi, Øi)¡'=l = ffi' (rl);' =T

Finally after the discrete formulation a standard

assembly procedure """ï" "ttO 
to add th ch contact

element to the global ö;î tltff"ttt u"¿ obtain:

(26) K U: R

s/s)
where K = Kp*ir'r,R=-l R¡+Iru l't' R, are mechanical global

,,- 1"-í \- ;, )

tangent stiff'ess matrix and residual vector, KL, N are mechanical contact

contributions of co'tact nod s, g = (Lu, LLn, LL¡/X")t, S is the total number of

the slavenodes. A¡id for on = O,: o. = or, uná 6 n = 0)8,,, 6 t: o)gt'o" : clg' result

(21) x, =fotþï¡ri, + giki + sl,k'" + cf,r c', + clr c', + circ{)

'Y=1

c

n. = io, (sì'"i, + sir ci + sir "'")
s=l

a1o'g;
,"p\
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L'objet de la scalarisation d'un problème d'optimisation vectoriellç consiste

à dèfinirun€ application scalaire et monotone sur I'image des objectifs. Exemples
de telles applications peuvent être houvées enhe autres, dans [2J. Nous proposons

ici I'application d'écart d'efficience (e1), qui s'appuie sur le concept d'ordre
d'efficience inhoduitparnor¡s en 1990 dans [4].

Commençons par rappeler quelques notions utilisées dans ce qui suit.

Soit (4 ll ' lD un espace normé réel, et soit d la distance engendrée par sa

norine. Pour tout sous-ens€mble I de E, et x eE, d(x, Ð = inf {d(x, y) : y en
désigne la distance de.r à Í(avec la convention que si y= 

S alors d(x, Ð = æ). Pour

XY c4 l'excès deXsur f est déûni Par e(X, Ð: sup ld(x, Y); x eE (avec la

convention que si X: { alors 
"(X, 

Y) = 0) et la distance (HausdorÐ enhe X et f est

donnée par dH(X, Ð : mær {e(X, Ð; e(Y, X)1.

Soit Cun cône convexe enE(i.e. \' C c C et C + C c C). Notons par

l(C)=Cn-C la partie linéaire de C et considerons les relations binaires

suivantes sur E: x>- y<Ð .r- y eCi r =c y ë x - y eI(C); et x >" ! é
<Ð r - y e C\ (Ci. Si /(C)= {0}, onvaabrégerpar(4 ll' ll, C) e.n.o. l'espace

notmé ordonné par la relation d'ordre 
->" 

induite Par le cône convexe et pointu C.

Four tout sous-ensemble non videl de E,IQA =0 {¡+C: x e A\ : {u e E:

uè"x, V x e A) désigne l'ensemble polaire del, c.à.d. I'ensemble des majorants

de A par rapport à ì et /Max(,llC) = AnlClA représent l'ensemble des points

ideal-maximaux en I par rappofr à 
-à" 

.

Pour chaqup point x ç E la section de A par r est I'ensemble
A, = Al\(x +C) = ty 

e A:l 
->-"x1. Une se.ctionl, est dite propre si x est un point de

I

I


