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SPLINE APPROXIMATION FOR SYSTEM OF TWO THIRD
ORDER ORDINARY DIFFERENTIAL EQUATIONS, II

Z. RAMADAN

(Cairo)

DESCRIPTION OF THE I\{ETHOD

consider the system ofnonlinear ordinary differential equations:

(1) y"' = fr(r,y,r), "y(r0 ) = ys, !' (xo ) = yó, y"(xo)= y(t',

(2) z"' = -f2(x,y,z), z(x6) -- zs, z' (xo) = 2f,, z"(xs) = z'd

wherefr, fre C ([0,1] x R2).

Let Â be the partition

A:0=ïo<Ít<.,.<

where xk+r-xk=h <land k=Q(l)n-1.

. . Let L, and Lrbe thelipschitz constants satisfied by the functions fr@) und

f f ) respectively, i.e,,

(3 ) lfÐ r*, vi, zl) - .f{ù @, vz, ,)l < h{l vt - vzl+l zt - zzl}

and

(4) lt[Ð t*, v1, zt) - .flÐ G, vr, ,)l < h{l )'t - vzl+l zt - zzl} 'I

i
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for all (x, yt, z) and (x, yz, zr) in the domain of definition of/, and frand
all q:0(1) r,

The functions fø) ar'ñ ¡[t) , q: 1(l)r are functions of ¿ y and z only and

they are given from the following algorithm:
set

fr(o) = -ft(x, y, t), -f;o) = fz(x, Y, z)
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and if ¡(ø-t) and f;s-t) are defined, then The following natation will be used along the discussion of the convergence
of those spine approximants:

and

¡(ø) = *ufr:-t' y,+ü)r,-OVoz

f;u) =+.#y,+qt)',
e(x) = l,rr(x) - Sa (x)1,

er =14 -S¡(.,r¿)1,

e(x)=lz(x)- S¡(r,,)1,

er =lzr -S¡(¡¡,)1,

(e)

Then, rve define the spline functiorrs approximating y(x) and z(:$ by So(r)

and Sol¡¡ where fr\¡l = fr(i ) 
l* o,t o-r ("¿ ),+-, (.t¡.)l

and

f;t = fli) [*o,s¿-r (.r¡, ), so-, (."0 )]

wlrereT : 0(l)r and k= 0(1)n-1.
Along this work, we will deal with the general subinterval

1,, = fx¡, xt -t], k = 0(l)rz - 1.

Now, we are going to estinate l-r'¡ - S*1;r:;¡ .

Using (5), (7) the Lipschitz condition (3) and the notation (9), we get

so(¡) = s¿(.r) = sr-r(¡¡,) + si-t(-r¿) (x - xr) + si'-r(x¡)

(5) r
+l ¡u)l{r¡, s¡-1(x¡), so-, (r¿ )l

i=0
and

s"(r) = s¿(r) = sr-r(x¡,) + si-r("r) G - xt) + q'-r¡xo, 
(:'; 

-r't )2 *
2l

(6) *f rlÐu*¡,s¡-1(x¡,), s*-r("¿)l
j=o

wlrere-rr-r I x 3 x¡, k = 0(I)n - 1, s-1(x6) = !s, s\(xo)=y'0, s11(.x¡) = yó,

5-r(ro) = zs, Í-1(xo) = tó and s-1(xs) = z'å.

By construction it is clear that s¡(.r), 
"¿ 

(") . C2¡0,t1 .

ly(') - sr(")l <lyt - s¡-1(-r¡)l+l yi - s--Jxr)ll; - x¿l+

+t y'í - sü-t'"Ðt-#* i lrl'.'r - rt:tlll#f .

(l 0) +lr('*r)(Er) - fr:,ìl <

1 ek + h.L * *. r .nlrÍi*, - f,(,'ìl#,-

*l:,(,*r){€o ) - fr::;rlj.'.-

ERROR ESTIMATIONS AND CON\/ERGENCE

For all x e lx¡r, xk*t), k = O(l)n - 1, the exact solutions of (l) and (2) can be

written, by Taylor's expansion, in the following fonns:

(i) vG)=i*r-xr)i *v('*3)(1ù (x-x,\''*3
7uit 

\ ^' f+3)t \ n'

and

(8) z(x)='ä+r-xt)i.l#o-,r)'*3
wltere €r, ry e(xt, xr*), k = 0(1)r - l

Now,let

u =lty*tt - fr:!ìl

then using the Lipschitz condition (3), we get:
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(1 1)

Also let

then, using (3), we get:

(12)

Z. Rarnadan

U3L1@¡+e¡)

, = lr<,*tt çEù - f{]ll

, is a constant independ ent of h,
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, is a constant independent of /2.
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are constants i nde¡relr-

54

Similarly, we estimate l"'{u.) - SÅ(")1. Thus using (6), (8), the Lipschitz

condition (4), the notation (9), it can be easily shown that:

(17) "'(x) 
< C3he¡ + Crher + ei + ha{ + +r,tçz?*3),lt¡" (r +2)l

v < 
llt'*3) 

(€ o ) - .rf 
.') 

| 
+lfrØ {h, t o,' ù - f{,lìl<

< açy(r+3) ,lt)+ I"(eo + e¡)

. /- _f
where v3 - L2

Ie+_
(r + 2)l

where o1y('+3), å) is the modulus of continuity of the function ,('+3).
From (10-12) and noting that

r-,1 t il.3

(13) Ð"r.r'-h'("-r)<h2e
we can see that:

(14) e(x)< (r+coh2)e1,+coh2eo +n"¡+(.T *Ær(y('*3),h)
2l " (r+3)!

( t I
wlrere Co = Ll e * 

- 

| is a constarrt inclependent of /¡.u ¡[ (r + 3)l)
Similarly, using (6), (8), the Lipschitz condition (4) and the notation (9), we

can see that:

(1s) ¿6)<C1h2e¡ +(;+Cú2)ek +na¡+(a¡'* !!-^ç2Q+3),lt)
Zt ^ (r+3)!

where c, = t2(".."å,) , is a coustant iudependent of /z ancl

ot7z0+3),/z) is the modulus of continuity of the functi on ,?+3) .

We are going to estimate ly'@) - SÅ(x)1. For this purpose we use equa-

tions (5), (7), the Lipschitz conclition (3), the notation (9) and the irrequalities (l 1),

(12) and (13) attd we get:

( I 6) e' (x) < C2lte¡ + C2hex + e' ¡,+|rc'i * 9^^ (r('+3) ,h)LrLLQ+2)l

We now estinate ly"(x) - Sí(r)l and lz"(x) - ¡ü(r)1, Thus, using equa-

tions (5-8), the Lipschitz conditions (3-4) and the notation (9), we get:

e"(x) < Cahe¡ + Col- h'*r
rc¡ + e,i. 

Ë. ,), 
a(y(,+3), h)

""(x) 
< C5he¡ + Crheo + e[ +# rr7z?*3) , h¡

(18)

and

(t e)

where C+ = Lt

dent ofå.

Ie+_
(r+1)! and ¿, = ¡, Ie+_

(r + l)!

where Cz = Lt
Ie+-

(r + 2)l

To cornplete the colrvergence proof, we use the matrix inequality rvhicli is
given in the following definition:

DennqtrloN L Let A:lo,¡1, B : [b¡¡J be ñuo matrices of tlrc same orrÌer, rhen
wesaythatA<B iff

(i) l:oth a,, and b,,are norutegative,

(ii) a, < b,, for all i, j.
Accordi'g to this definition. and if we use the matrix notation:

E(x) = le(x) "(x) e,(x) .,(x) e,,(x) 
",,(x)lrand

Er = (.* ¿k e'¡ ei el ¿í!)'

then, we can write the estimations (14-19) in the foilowing fomr:

(20) E(.r:) I (l + hA)E,, + lt'+ta(Ì)B



I is the identity matrix of order 6 and

a(h) = max{o (Y('*t', h),' P('*3)' h¡¡'

Then, we give the following definition of the matrix nornr'

DEFINITIoN 2' Let T: lt,r) be at7 m x n matrix' lhen v'e define

llrll = ",e.it,ul.

According to this definition, we get:

(2r) ll'ttlll=max{e(¡)''(x)'e'(x)'ë'(x)'e"(x)'""(x))'

Since (20) is valid for all x e|x¡,xkotf , &: 0(l)n_I, then the following

inequalities hold true:

lltt'lll= (t * øll,all)llr.ll ¡ ¡r+t co(ø)llrll

(r + ø ll,rll) llø*ll = 
(r + nllell)'lløo-,ll + h'+ta(h)llnll (t + tr ll'rll)

(r + øllzll)'?lløo-,ll . (r + øll,ell)'ll¿o-,ll+ ø'*rro(ø)llnll(r + nll{l)'

(r + {l,nll)ellø,ll< (r + nll,ell)&.'lltoll + h'+'\a(h)llall(r + nll{Ùo

Adding L.H.S. antl R.H,S. of these inequalities and noting that llfoll = O,

Splile Approximation

ll"t.)l < cuh'a(h)

where c. = 
]l;ll 

("il'rtt - 1), i, u constanr independent or/r,

Then applying (21), we get:

"(*) < c 6h'a (\ = o(n'*"),

¿(r) < c 6h'' ot(\ = o(n'*"),

(22) "'(') < c6ta(\ = o(n'*"),

ã'(r) < c6h''açt) = o(tt'*"),

u"(r) . C6ilo1n¡ = O(n'.")

and

"" 
(t) < cuh' o(h) = o(n''*")

Now, we estimate 
lrøl lù- 'Í!)(t)l *r'.r" q : 3(1)r + 2

Using (3), (5), (7), (9), (11), (12), and (22), we get:

Z. Ramadan 6 231'7
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C,,

cr

c2

c3

c4

cs

co

cr

c2

c3

c4

cs

0

1

2l
0

I
2l
0

l0

B_

(r+3)!
I

(r+3)!
I

(r + 2)l
I

(r + 2)l
I

(r + l)!

where I I

0

0

0

I

0

0

0

0

0

0

0

0

0

I

0

0 I
(r+l)!

lrtu)i,)- "Í')(,)l 
=

r-lI
j=q-,lrf*'- 

rl,lì

(23) *þt*') {E o ) - r{,:ll;:# =

< C, hr 
+3 - ø 

^ 
(tt) = o(t**,*z- ø 

)

where C, is a constant independent of å.

For the case q: r * 3, we use (5), (7), (12) and (22) we get:

lr('*,){,)- "f 
.')1,¡l 

= lr('.'){€) - f{,:)1,

< cr'(/,) = o(0")

wlrere Cr: l*2 LrCu, is a constant independent of /r.
we get:
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In a similar mallner, using (4), (6), (8), (9) and (22), it can be shown that

l rr', (r)- ilo) (") l. rr,r,*'- nro (rr) = o(h"*'*t- ø7

The t¿bulated results, appearing in the following table, are evaluated at the

point.x :0.25.
Table

and

absolute er¡or

l .054 I 7E-04

1 .0 I 94007E-04

0.00t4426667

0.001266629424

0.012435417

0.01,02t'72831

0.06262s4t668

0.0399292169

nurnerical value

1.03392

1.028698843

0.282582'7 5

0 21993258'7s

r.2't 159

0.768s835

t22140

-0.8 I 87 3

analytical value

1.03403

1.028 80078 3

0.2840254167

0.22r1992169

1,28402541',1

0.778800783 1

1.28402s4r'l

-0.778800783 1

v

z

v

z

y"

zt

y"'

znt

l,t'*,)1"¡ - 
sf'*3)1"¡ 

| = 
r,o'1r¡ = o(n")

where Q = 3(l)r+2 arLd Cs, C to are constants independent of å.

Thus, we have proved the following theorem:

THEoREM, Let S/:.) and S¡(x) be the approxi.mate solutiotts to probletn

(1)-(2) given bv equaÍiotts (5-6), and let ft,fre C' ([0,1] x R2)'

Then for all x e lxo, xo*1), k:0(l)n-1, v'e have:

1,,,

l"('

lr"

)1.,,¡- 
'f)1' ) ch''6(h) ,¡ = o(7)2,

ch'o\h) ,¡ = o(l)2,(x -t,s¿ (')l

(')lr1J )
(¡)

J¿' < kh'*3-ja(h)
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where j: 3(1)r+3, c, kandk* areconslanls independentof lt'

NUMERICAL EXAMPLE

Consider the following systen of differential equations:

y"'= y- z +2x*e-',10) = t,y'(0) - 0,1"(O) = t,

z"' = | - z + 2x + e',2(0) = l, t' (0) = 0, z"(O) = t.

The method is tested using this example in the interval [0, l] with step

size h = 0.I where r: 0,

The analytical solution is:

Y(')=ê'-x'
z(x)=e-'+x'


