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I.INTRODUCTION

In this paper for a class of nonlinear multiobjective programming problems

with symrnetrically di fferenti ab l e p s eudo -mo noto ni c obj ecti ve fu ncti ons we pres ent

optinrality conditions of Weber type [2a],- 
We establish also a sufficient optimality condition and a weak duality theo-

rern for a max-min problern involving symmetric pseudo-convex objective func-
tions and symmetric quasi-convex constraints. For this aiur, we transpose some of
tlre results of Weir and Mond l25l to this synmetric pseudo-convex rnax-min
problem.

2. SYI{n{ETRIC (GENER^LTZED) CONVEX FUNCTIONS

In this section we will briefly sunmarize some basic definitions and properties

of syrrmretrically differentiable flmctions. Beyorrd this, some results conceming the

so-called synlletric pseudo and quasi-concave (convex) fi.lictions are considered.

These clastes of functions are generally nonlinear norlconcave and nondiffererrtiable.

For further details we refer to Minch [12]. Various properties of the usual pseudo

a1d quasi-concave (or pseudo and quasi-convex ) differentiable functions liave

beenpresented by Mangasarian [0], Martos [1 l], among others. Interesting results

was obtained in the pseudo-monotonic case, frotlt which we refer a Dantzig-Wolfe

clecomposition method for quasi-rnonotouic programming [15], linearization
proceclures forpseudo-mouotonieprogramming[l),12], [13], [16], optimalityand
àuality properties [9], [ 19], [20], [22] . Some applieatìons of these classes of fi.lictions

in the max¡nin programming are given in [17], [18].
Other extensions of the quasi-convex and pseudo-convex fune tions are given

by Iì. Pini and S. Schaible [25], and S. Komlosi Ul, by using the generalizerl

monotonicity. Also, G. Giorgi, A. Gucrraggio [5], G. Giorgi and E. Molho [7]and
G. Giorgi a¡d S. Mititelu [6], present several observations ol1 generalized invex
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functions and their relationships with other classes of generalized convex fuuc-

tions inclu
Inl| extended some of

the Giorgi eneralized convex

functions.^"^----fì.it 
we recall that for a real function/of oue real variable the symmetric

derivative of f at¡ is defined as:

/'(.r) = l3i(ri' + h) - f (, - n))f zn ,

provided this limit exists (see, e'g' UZl)'
This idea was exteuded by Minch [12] to functions of several variables'

DEFTNITI6N 2.1 (Minch ll2l)Let x be an eletnent in an open domaitt A tn R"

urra tJj:. A --> R.If tirere exists-a linear operatgt/(") froT I' to rR, called the

,yrrrrrr"íri" derivative of f at x, such that for suffrcie¡tly sniall h tn R"

f (, + n) - f (, - h) = 2f '(x)h + u(x, h)llhll,

wlrere u(x,h) is in R and u(x, h) -+ 0 ^ ll /, ll -> 0 , then / is said to be symmetri-

"u¡u 
¿ifì"r"trtiable at -r. If/has a synrmêtriô derivative at each point.r in A, thenf

is symrnetrically differentiable on l.
The notions of symmetric gradient and symmetric derivative are aualo-

gous to those of ordinary gradient and directional derivative, For convenieltce

le shall clenote the symmetric gradient of a symmetrically differentiable flinc-

tionf atxbY f (x)'" 
Minch-[t2] has shown that/is symmetrically differentiable at x, in A, then

the symmetric gradient is of the fomr:

f (x) : (D'f(x; et),...,D'f (x; e')),

wlrere €1, ..., e' is the natural basis for R" and D'flx;lt) denote the syrnme{ric deriva-

tive of f at x (ín A) in the direction å (in -R'), that is :

.. f(, + th) - f(x - th)(2.r) D'f(x:,) =|1'¿tr
Let f :A -+,R and g :A -+,R be symmetrically differentiable fuuctions at

x e A. From Definition 2'l,it follows easily that:

i) f -v S is symrnetrically differentiable at x and

(2.2) (¡ + s)'(¡) = .f'(x) + g'(¡);

ii) if/and g are contiuuous at I and g(.rr) is not equal with zero, then./g is

symmetrically differentiable at -x and

(2.3)

The following definition generalizes the pseudo-convexity concept.

DernqrrroN 2.2 (Minch [12]) Let B be a subset of A and x' d-point in
A. The function/is said to be symmetrically pseudo-couvex or s-pseudo-

convex at.x' (with respect to B) if/is symmetrically differentiable atx'and
for all x in B,f(x') (.x-x') > 0 irnpliesl:r) )/(¡'),

The function/is s-pseudo-convex onA if itis s-pseudo-convex at each poirlt

ofl. The function/is s-pseudo-concave if y'is s-pseudo-convex.

Analogous to the ordinary notion of differentiable quasi-convexity can be

considered the notion of synrmetrically quasi-convex function.

DerrNlrroN 2.3 (Minch ll2l) Let B be a subset of A and:r' a point in l. The

function/is said to be syrnmetrically quasi-convex or s-quasi-convex at .r:', (with
respect to -B) if/is symmetrically differentiable at x' and for all x in B, J(x) < fþ;)
inrplies that/(-r') (.rc-.r') I 0.

The function/is s-quasi-convex onl if it is s-quasi-convex at each point of
l. Also the function/is s-quasi-concave if y'is s-quasi-convex.

Examples: l. The function/: R + R defined by

J@: x, for.x < 1,

JV):1, forx e ll,2l,

JV):x-l,forx>2,
is a s-quasi-convex function but it is tiot s-pseudo-convex,

2. The functionf : .R +,R defined bY

"ft(x) 
: x, for 'r < 1,

fr@):0.5 ('r + l), for-rr e [1,3],

f,(x):x- l,forx)3,
is both s-pseudo-convex and s-quasi-convex but it is not pseudo-convex'

3. The funetionf :R e R definedbY

fr(x) ::r' for; ( 1'

fr(x) : o, for 'r : 1,

fr(-): o'5 ('ru + 1), for-x e (1,31,

fr(x): 'x - 1, for 'r: > 3,

is s-pseudo-collvex but it is not s-quasi-convex'
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Next'itwillbeassumedthats-pseudo-convexity(^ors.çasi-convexity)ata
point is with respect;; th" definitiôn domain of the function'unless otherwise

stated.

DernrrloN 2.4 (Minch ll2)) Let B,be a subsef or A and iet x' b e a point inl'
fn" t¡n"¡ion/is said to Ue s-ptéudo-monoionic (s-quasi-monotonic) at x' (with

,.Sp."t to .B) If is symmetricaliy differentiabfe. at.r' a-nd both s-pseudoconvex and

"-pttu¿o-"on"uu, 
("-q.r*i-convex and s-quasi-concäve)'

Since, if/has an ordinary derivative at.r, then/has a symrnetric derivative at

:u and they are equal, the l'ollowing property holds'

PROpOSIflON 2.1 (Ð tf is pseudo-convexQtseudo- oncave) thenf ß s-pseudo-

co nvqË (s -p s eu do - conc ave\,

(ii)Iffísclifferentíabequasi-convex(quasi-conve)thenfíss-quasi-cotwex
(s-quasi-concave).

(iii)Iffi'spseudo-monotonic(dffirentiablequasí-monoto'níc)thenfis
s -p s eudo' -nio notoiíc þ - quas i-mono ionic)'

It is easy to seà that the 
"onv"ri," 

assertions of tho.se stated ín Propositiott

2. ] are not tt'ue. 
,- - i*t u,e gíie some useful properties of the symmetrícally quasi and pseudo-

convexfunctilns.

PROpOSrrlox 2.2 (Tigan Í221) Let f be a symmetrically dffirentíable and

continuous function. If f ß-a s-quasi-co'nvex function on a conveJc subset B of A,

then f ís quasi-convex on B.

PROpOSttloN 2.3 lf.f ís s-pseudo-convex and conlínuous on a convex subsel'

B of A, thenf i.s quasí'convex on B.

Proof. Let x',¡" be two points in 'B such thatl'x') < .1@)'Suppose there

exists .x* iii the interval (x', x") iuch thatf.r*) >J(¡"). Then' since/is continuous'

there exists

xo = t'x' +(l- t')x",O < t' < l,

such that

/(/) =,''u*{/(t)l' . ['','"]i'

Therefore, by s-pseudo-convexity off because f (x'). f (*0 ) it follows that

('' - 'o),r'('o) 
.0,

so, we have

(2.4)
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Also, the inequality f('") t /("t) irnplies that

(z.s) (x" - x})f '("0): -t'('' - ''")¡"(x0)< o'

But (2.4) contratlicts (2.5)' Therefore/is quasi-convex on 'B' K

C6NJECTUR¡u2,3,I lff is s-pseudo-convex and continuous ot't a cot\e¡' subsel

B of A, thenf is s-quasi-cottvex ott B.

3. IÍULTIOBJECTI\/E SYI\{I\ÍETRIC PSEUDO-T'IONOTONIC
PROGRAIÍN,fING

Letf,.(k e I: {1,2,,,.,p} ) be arbitrary objective frlrrctions defined on the

op"rr rubíJtb of .R,' ancl let Xb" u nonempfy subset of D. Then we consider the

fôllowing rnultiobj ective progranxning problem:

VP.Fi"td

5

$tefa¡l Tigan

(t - r'[x'- x")/'(.ro) < o

4
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(3.1) vlnax(-ft (,),"',f o(t )) ,

subject To x <. X." 
If f, (lc e I\ are e functions then VP is said to be

u ,yro,ir'Jià" p"é"ao ogrant' hi (9' 1), "Vn7ax" meal1s

that efficient points ons to ZP'

DEFTNITIoN 3.1 A pornt:r* e Xis said to be effcient solution for VP if and

only if there cloes not exist another point r:' e X such that :

-fr@')2fr@*), for all keI and

f,Q)>fr'(x*) for at least one lc' e I'

The set of all efficient solutions to VP is denoted bV E(X)'

DBr.nruoN 3.2 A point:r* e Xis said to be weakly efficient solution fot'YÞ

if and only if there does not exist another point -x' e x such that :

fr@') > fr?*)' for all k e L

Clearly, every efficient point for a multiobjective prograrìl ZP is weakly

efficient but not couverselY
As it is done e.g, by Bitran anrJ Magnanti [3] (see, also [24]) we will relate

tlre problem VP undãr túe assumption of symmetric differentiability to a linear

appioxirnation at a poiut ,v0 e X of that probletn, natnely

P(.xo). Find

rt r''a (fr' (rt')-", . . ., .t ("'o)),

subjecttoxeX,
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The fo llc, ri,ing J ilcorellÌ 3. I gives a fully sy'rllmetric lclation betu/ccn l/P ttttl
P(r0). .{ simill r rosult has shown to be truc by \\i ebcr [24], u'ho, hol* cr, rostriitecl

to the clifl'erelrl iiible pscuclo-monotonic crse, antl r',hich ger.ìcralizcrl a rcsult obiained

by Tigan [21] f'or tlie lincar fr¿ctional multiobjectivc plo¿';rarrrring.

'i'l il--c,.rRlrM 3,1 Let.f^(k e I) l,¡r's-lt¡eudo'nlonc¡l',níc rtncl ct,ttlít¡ttous.furrc'li.otts.

A poíttl,.r- e X rs eJiìcientfor the ¡:ynu¡tctric ¡tseudo-t,tonol.oriic j1'otrom l/P i.f uncl

only if x* is effc'ietit j'or P(.r:*).

Proof. Filst,let'lux e XbeefficientlorVP. Then,there isno;' e -{suchthat:

-fr6')>-.fr6u), for all Ic e I and

fo,@') > fo@*) for at least one H e I.
Let us slìpllose there is x' e X, such that

(3,2) fi'Q), f;(;), for all k e I and

(3,3) "fi,G) , fi,(f) for at least one tt e L

But since{ (k e I) is slseudo-con\¡ex and hence it is s-',"rasi-convex, it
results froni (3.2) and (3.3) that

fr@') >'fr@*), for all k e I and

fr,@') > fr(xr) for at least one ll e I'
But thjs contradicts the fact that.x* is an efficient solution for P(_x*).
Conversely, let:ú' e Xbe efficient for P(:r*), Then there is no x' in Xsuch tliat

(3.4) fi'(r') = fo ("-), for ail k e I aruJ

(3.5) -fi,G) , .ff'(f) for at least ctnc tt e L

By s-pseudo-concavity of fo(/c e 1), frorn (3,4) iuL.l (3.1í), n,c conclutle tÌat
there is no x' in Xsuch that

-fr@')2f|6*), for all lc e I and

-fr,(x') >.fr,(x*) for at least one ll e I ,

i,e. .r* is efficierrt for VP. EA

TIIEOREM 3.2 Let fr(k e Ð be s-pseudo-monotoníc and contínuotts.func-
tiotts. A poi.ttf x* e X Ìs v,ealcly fficient for the syntrnetric psrzudo-monofonic
tnulliol)jective program VP íf and onþt if x* is v,ealcly fficientfor P(x,').

ProoJ'. The proof of this theorern is similar to that of 'lheorem 3. 1 EI
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4, OPTII{ALITY CONDITIONS FOR SYN{I{ETRIC PSBUDO-CONVEX
i\{INIITAX PROBLEI\{S

In this section, we consider the following minimax problem:
MP. Find

M,in Max{f, ("),. . .,/ (r)}

subject to

g(r) t 0,

wlreref : R" -> R, (i:1,2,,,.,r) and g: R, -+ Rn are symmetric differentiable func-
tions (see, e.g. [11]).

The principal purpose of this section is to establish a sufficient opti¡ralit1,
corrdition for problern MP involving symnretric pseudo-convex objectìve furrc-
tions and syurrnetric quasi-convex constraints, We also define a dual proble'r
to MP and establish a weak duality theorem.To this effect, we transpose so¡re
of tlre results of Weir and Mond [25] to the symmetric pseudo-convex ¡raximi¡
problent MP.

If the general miuimax problem IP ltas a finite optimal \,alue, the¡ it ¡ray
be expressed as following equivalent problem:

EP, Find
rnin q

subject to

f(x) <q 
"

rvhere 
(Ð < o'

-f(x) : (f,(x),..,, f,(x)),, g(x) : (S16), ..., 8,,(x)),,
e: (1,1,...,1) e ,R" and q e R.

The rnain result of this section is:

THEOREM 4.1 Letf,(i: 1,,2,..ar) b.e s-pseudo-convex and g s-quasí-cot,ex. If
t.here exis|. x' e R", q* e R, v* e Rr, u* ç-llrtr, such I.hat..

(4.t ) u. f '' (r.)+ u 
*g. (;*) = 0,

(4.2) 
".(f(r.) -q*")=0,

(4,3) u*g(x*) = o,

(4.4) y* ) 0, v*e=I, u* ) 0,
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vt(fij) -')>0, í :r,2, ..., r

,' -f '(y) + ut g'(y) = g

u's(y) > o

V)0rvte=1, ut> 0, zeR
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tultet"ef-- (fr, ,f,.) 'ttrcl 
e: (1,1, "' l) e !l" l'henx* is at¡ o¡tlimal solutiott'[or

rtroblent MP.' 
In this thcorellr./' tlenotes the s)'tlrnrctric gllcliertt.oftìic function'f

This theorc.r gár"iutir., a sir'iiar res,,rlt Jbtainetl by Weir and Moud [25] in

the case of pseutlo-c;ñ;;ïþtiu. n n"tiotrs and quasi-convex cotrstrai^ts'

ProoJ,,supposethat('r!q*)isnotoffirrralsolutiorrforEP.Tlrenther.eexists
u f.u.iUtá íotutioì (-r:, q) for EP ti'ith q < 4* Thus

{('r)<q<q*' í:1'2'"'r

and hettce

v* /(.r:) < \,*, Ç*. i : 1,2. ..', t'

withatleastouestrictinequality,sirrceby(4'4)'v*isnotthenull\/ector'Hettce'
bv (! 2),

v*-.{(-r:) <t*.f,(x*), i : l, 2, ", r

with at least one strict inequaliry'
Sircel l, urr.,*J,'-ì'*"ttáo-"onvex, thetl' for each í:I'2'"'' r aud t"'0'"'['

is s-pseudo-óonvex and

(-r:--xx)' (v*,/,(rt*)) I 0, í : l' 7' "'' r

with at least one strict inequalify'
Hence

(.x-r;*)' (vx/.1'('x*)) < 0

Then it follows from (4.1 ) that

(4.s) (-^' - ".)'('.'r"("'.)) 
t o

From (4.3), sillce.r- is feasiblc for EP, it results

u*, g,(x) - u*, g,(ra) Io' i:l'2' " ) nx'

But symmetric quasi-converity of g iniplies

(-',:-.r")' (u.,8,''(x^)) 3o ' í:l'2' "'' trr

and hence

(.,r:--r*)' (u-'g'(xx)) < 0,

which contladicts (4.5)'"'--'Tliirsa;;, 
q*)is óptirnalfor EP atrd¡:* is-optinral for.(P'. ffi

In relation to ui,'il;rili is equivalent to EÞ, t'e co'sitler the follorving dr"tal

progl'aln:
DMP.Find
nlax z

subject to

THEoREN,f 4.2 (Weak Dualíty) Let (q,x) be afeasible solutionfor EP and let
(y, v, u, z) be afeasibl.e solutiottfor DMP. If f is s-pseudo-cotrex and, for all

.feasi.ble (q, x, y, v, u, z) thefunction utg ís s-quasi-,convex t,ltett q> 2..

Proof. Suppose q < z. Then

f b;) a t/,

and, therefore

v,(f,(x)-z)<0,

(4.6)

(4.7)

(4.8)

(4.10)

2, ..., I

2, ..., t'

witlr at least one strict inequality, since by (4.10), vis not the null,vector
From (4,6)

v,{(x) < v,f,(!), i:l, 2, ..., t'

with at least one strict inequality.
Since eachf is s-pseudo-convex, it follows

(x-y)' (v,f ib'Ð < o, i:1, 2, ..., r

with at least one strict inequality.
' Therefore

(x-v)' (v' "f (v)) < o

and,frorn (4.7)

(4.11 ) (x-),)' (r' g'(y)) > 0,

From feasibilify of x for pP and frotn (a,B) and (a.9)

u' g(x) - u' g(y) < 0

and since ø'g is s-quasi-convex

(x-v)' (u' s'0)) < o

which contradicts (4.1 l). E
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5. CONCI,USIO\S 77 Tìgan S', A quas'itttottolonic max-nin prctgratnrning problent with lìnked cons'lraints,ltinerant
Semina¡ otl Futtctiolial Equations, Approximation and Convexity, Clu.j-Napoca Uri,,""ity,
1986,279-284.

18, Tigan s., on a quas'intonolotríc nax-¡ttín problent, Analyse Nunré¡. Théor., Approx., 1 (1990),
85-91.

19. Tigan 5,,. On duali¡t.þr getteralized pseudontotlototlic progratnrttíng, Analyse Nurn. Théor.
Approx., 20, I -2 (1991),1 1 1-t 16.

20, Tigan 5., On Kortanek-Et,ans, oplintality conditions..[or s1,¡trnetric pseur]oco¡cat,e prrtgrantrttipg,
Itinerant Set¡inar on Furrctjonal Equations, Approxinration ancl Convexiry, Cli i-N.p,riàUniversiry, 1992.

21 TigarrS.'Surleproblètnedelaprogramntal.iont¡eclot'iellef'aclionnoire,AnalyseNr.r¡ré¡,Théor
Approx., 4, 1 (1975),99-103.

22. Tigan 5.. Linearization proceclure and Kortanek-Ettans optitnalí¡t condilion s,for s.¡,rttrtreh.ic pseulo_
.'oncave progt-anuníng, Analyse Nunl. Théor. Äpprox.. 22, I (1993), l13_120.

23. Tigarr 5., optinalí¡, cond.ilionsþr syntttetric geneì'aÌized 
"our,"* 

prág,.orntning apd applica-
/ior?r', Studii çi Cerc. Mat.,46, 4 (1994),

24 Weber R., PsettdontonoÍo-nic_Multíobiecti't,e Progratntníng, Discnssiol Papers 88203, Institute
of Operations Research, Univ. of Saarlancl, Saarbnreckìn. 19S2.

25. Weir T., Mond 8., SuJJicient oPîituali\t condilions and duolih,for o pseudoconvex ntínitttax
problem, Cahie¡s du CERO, 33, t-2 (199t), t23-t29

F'or ll cil.rsr; (\l' l)iulliobjeìcti\/e progranlr'lliltg pt'otrlcll'ìs \\/ith syllilìletricall¡'
rlifferential¡le pseuCo-rllonotónic objcctive fuucfion.s we prcsellt oplinrality condi-

tions of Weber ffPe,
We genoralize also some results of Weir and Mond [25], *tablishirig a suf-

fìcie¡t optlmality condition ¿ìnd a \\'eak rluality theorem for a tuax-rnitr plobleur
involving syltlm;tric pseudo-col1\r0x objeotive hlnctiolis and sylìlllìcttic qttasi*cou-

vex constl'aillts,
Fi¡ally, we lìote that soure of Weber's t'esults [24] conccnring the lineariza-

tion techniques for lìnding effîcient solutions ofpseudo-norlotollic rnultiobjective
progranxniilg with linear'óonstr¿ints can be extencled to the symtnetrically pseudo-

lllonotonic case,
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