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DIRECT METHODS FOR SOLVING SINGULAR INTEGRAL
EQUATIONS ON CLOSED SMOOTH CONTOUR

IN SPACES ¿E

V, A, ZOLOTAREVSKI

(Chiçinäu)

There is a sufficiently large number of works conceming the foundation of
the direct methods of solving sirrgular integral equations S.I.E,) (see, for exanlple,

[1-3] and references in them). But in this works S.l.E. are considered on the standard

contour (unitary circle with the centre in zero or the segrnent of a straight line or

the real axis; the case of other contours is not enough researched. Note that the

attempt to ground the direct methods for solving S.l.E. usirig the reduction to the

standard cotltour leads, for example, to the loss of the smoothness of coefficients
of equations which changes for the worse estirnation of the rate of convergence of
the method. Moreover, this way complicates essentially the computing scheme of
the method and in the case of lnechanical quadratures method, generally speaking,

rnakes it impossible.
Below we prollose computirig schemes for the collocation and urechanical

quadrature rnethods and give the theoretical foundation in Lebesque spaces Lrfor
S.l.E. given on closetl contour satisfying sorne smooth conditiotrs without reduótion

of these equations to the unitary circle.:ln this case there appears the necessity of .

obtaining ã series of new results frorn the general theory of approximate rnethodl

and approximation theory of cornplex variable function, given closed smooth

contours, by the nonn ofZr.

I. CONÍPUTER SCHEN{ES OF COLLOCATION AND N{ECI{ANICÁL
QUÁ,DRATURE I\{ETHODS

Let f be a slnooth Jordan boundary bounding a sinrply connected domain

containing the point I : 0. Let z : f(w) be a function rvhich maps coufonnly

{l ",lt 1} ontheexteriorof f suchthat y(co) - co, r.y'(co) = 1,.

In the complex space Zo(f) (1 < p < Ø) of functions g(l) with tlre nonn



there / is the length of f, consider the complete S.l.E.

(Mx =)A(r) (P,r) (r) + B(t) (Qx) (t) +
(2) 1¡* 

zn, J 
x(r, r)x(t)dt = [(t). I e f.

f
wlrere A(r), B(t) and K(t, t) (tlie last relative to both variables) are flurctions u,ith
elernents froni C(f),fll) is a function from C(f), P : (I+Ð12, Q: (I-P)l2,1is the
identity and S is the singular (with Cauchy kernel) operators, :r(l) is an unknown
function. It is well known [4] tliat if f is an arbitrary closed smooth corrtour, then
P ard Q are bounded operators in 2,, (f) and hence so is tho operator lt,f .

According to the collocatiori method, the approximate solution of (2) is
seeking for the polynomial
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THEoREM l. Ler thefollov'inI condiriotts l:efulfilled:

l) tlte Rientannfu,ctiort z: yr (u,) is cottÍittuously dffirentiable ín {l '' I t t}

fii,ice and V"(r,r,; satísJies on lv,l = I th. Hölder conditíott tt'itlt sotne exPonent p'

e [0,1) (aftetw,ards v,e shall say tltaÍ. yr belongs lo tlrc cktss c(2,p));

2) thefu,ctions A(r) and B(t) satisfy onl the Hölder conditiott vtith exPonent

a e (0,11;

3) A(t)' B(r') + 0, I e f;

4) ¡nd A(t) . B-t 0) = 0, I e f;

)f(t) and K(t,t) e C(f);

6) dim Ker M = 0;

7)thepoíntstj('Ì=07¡¡o,u'uS7l5|¿¡TxofFejernodesonl:
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(1)

(3)

(6)
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(')0t' tl

1/ p

llsll =
P d

(7) r, = v(n,;), r1,, = eXp #i(i - tt), ¡ = o2u

tlre coefficients of which are unknown complex nunbers o-f;') = u¡, (k = -n,n);
rve find these coefficients from the system of linear algebraic equations (S.L.A.E.)

A(rì>a¡t,\ + B(r j)i.,ot + + i,'o] rc1t,,r)rk,rt =

(4) k=(t k=-tt "'"" k=-n r

Thenþr alln, begttutittgwíth sotne rli (n > n¡) theS'L'A'E' (5) has a uttique

solutiott d t (k - -rt, n) . The approxi¡nate solutíons (3) converge as rt --+ æ blt

the nounn (t) ø the exact soluÍíon of (2) v'ith Ílte rale

(8) ll' -',ll = o(n-o). o(*(r,;))-'- o(''(tt''" ;))

wherer[r,i) ard r,>'(t t,,"¡;:) r"iltecortiruitymodutuses of f ard K(t,r)

(relative to the variable t).

THEOREM 2. Let all t.he condiÍ.iotts of the theorem I beful"filled' Thenfor

n ) n2 > rt1 all the assertiotts of lheoretn I are Irue chainging tltere S'L'A'E' (3)

å1, S.L.¿..E. (6) and addíng ín (8) ttte sutnnattd o(r'(rf ,,",';))

x,,(r)= Zo'í'),0, t e I-,
n

k=-n

= "f(t¡), (i = o,Zn),

wlrere t., (i = 0,2n) is a set of pairwise distinctpoints on f.
If equation (1) is solvetl by the mechanical quadrature rnethod, then rve filicl

tlre coefficients øo (k = -rt,ie) frorn S.L.A.E.

T
k=0

-1 n2n

k=-n ¡=0

A(tt) art! + B(t,)l"otf * I"o lk1,,t,¡t,Âf) =
(5) k=-n

= f (t.¡) (i =o,Ztt),

in wliich the nulnber nf;) are detennined from the relations
Tlreproofoftlretlreorenrisesserrtiallybasedona.'seriesofresultsof

constructive theory of coruplex variable functions, which wlllbe obtained below

for tlre ct rves of the class C(Z; ft) (estiniation of

llonn o tic n of derivation of iuterpolating Lagrange

polyno u, a,o.) as well as on some theoretlrs about

the bel ofconvergency ol1 unbounded projectors'

2. AUXILIARY SENTENCES

/,o{ Q,.,-,),,fIL-r,'= f {;y. r.r
LLt t L¿ ^y=1¡ ts - Ir 

k=-tt
s#t
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2.|'LetUnbctheopetatoÏwhiclrllÌapsallyfurrctiong(|)eC(f)ontoits
interpolating Lagrange polynomial:

2n

(U,Ð(/) = t g!ì/¡(r), I e r
"¿=(t

onpoints I j (.1 = 0,b); functions /¡(t) are detennined in (6)'

THEOREN4 3. Let I e C(2, ¡:") anct {r ¡\i," or" corttpuÍer) acordíttg to (7). Then

(9) llu,'llr-r,<n\(P)',t< p<*'

TupoRelr¡ 4. For everyfuncÍion g(t) e C(f) the inequctlittt

(ro) llu,,r- sll < ll l -u,,ll"-r,8,,(8,r),

holds, where [,,(g,f) is the besÍ unífortn approxitnatiott of g(t)' t el b)'

polynomirtl of theform (3).r / 
The próof oith.o."m, 3 and 4 is tlone on the basis of a series of stateurents

fi.om the cãnstructive theory of cotnplex Variable functiotls.

2.2.Here theorenrs of belongirtg of elements to the lineal of cout'ergellcy are

established in the case when the tãqr.tt". of projectors by which the approxiurate

method is constructed consists of uubounded (on nonn of the basic space) projectons'

Let Xbea Banach space r'vith the nort' ll' ll' un¿ {P}, n : 7,2, "' a sequerlce

of, generally speaking, unbounded projectors irt X' Suppose that

A',i --> X is a linear bounded operator and that for n > ry the operators-

PrAP:XnlXn,Xr=P,,Xareinversible'Letusdenotebyg(A,N,)thesetof
.íånr.nt, y e Xsüch tTrat, the seqllellce x.,, = (P,,AP,,;-l couverges by the uoun of

Xto some elemeuts x e X , the equality l¡:: y holcls

Tlre set 9(A,P,,)(c Inil) is called the lineal ot corl\/ergellce of I on the

system of projectors P,,.

THEoREM 5. Let thefollot¡'íttg condítíotts befulf Iled:

l) operator A:X -+ X ís inversible and A-1: X -+ X ;

2)for n) nz operaî.ors P,,AP,,'.X,,è X,, areinversiJ:leattd

P,,AP,,) -r ll

ll,.

3)BarruchspaceZiscortÍinuoslyentbeckledítt X:Z c X ancl ll il' '"ll ll'
and Z is i.nvaríanl relalive to A

4) P,,:Z -+ x orallp,,llr-x <ry(< -)i 4,: X -+ X arewtbounded;

Ð llA - P,,AP,,ll,,, < t",8,,, 
})]\é,, = o, (6,, , o).

Thenfor evetY Y e Z and everY 1t,, e X,,

lln', - (p,,Ap,)-t4,rll, 
= llr-'ll{t,r 

*,r)lly - y,,ll, +,o,7,rs,,1þ,11,}

Iffor evety 1t e Z exist.s 1i, e x,,, Ihen:

(r0') ll, - rill" = ,1,:l llv - ¡,11. { 8,,(v) '"u ,lï} 
8,,(¡') = 0

then Z c 9(.e,P,,) and YY eZ

llot, - 
(P,,AP,,)-' 4,yll- s t aE,,(¡,) *,rt,llvll, .

THESREM 6. Let condi.tions I)-5) of theoretn 5 befulfll.ed. If operator B

satisfes Ihe cottditiotts
6) operator A = A + B ìs ínversi.ble;

n lllr,,n,)-'P, - nuftll, ='ru,', ,f!'lð,, = o,

r.henfor n> n1() nç,) operator P,,ÀP,, isinversibleinx,,and

^¡llg,zr"1-'ll, '/i 
< æ;

Ð s(A, P,) = s(Ã,P,,);

(tz) c)llr-',,- (n,.tn,)-'t,,11, = 
,',ll¡..,'an,)-' P,,,' - 

'-'.,'ll, 
+ 

';ioô,,llj'll, 
'

Let AnQt:1,2,..'); P,,X + P,,X and suppose that for n ) n4, Arateinversible'

Denote Ay Ø(,1,{,) the set of vectors y e X having two properties:

1) tlre seque nce y',t P,,y collverges by the nonn ofXto solne eletneut.r: (e ,!;

2) tlte equaliry Ax: Y is true.

In the case of 4, = P,,Æ,, the definition of g(A,N,) coincides with the

definition of lineal of convergency 9(A, P,,) .

Solvability and convergence of the a¡rProximate method, coltsttucted by a

system of operators which are not ¡rrojectors, is established by:

llr
( ¡t, < oo-
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THUoREM 7 . Let condítíons l) -5) of theorem 5 befulJ'illcd ;rtd let tlte operator

Ar: P,,X -+ P,,X salís'fv inequali.t¡t

(tz) lle,un, - ,1)',ll-< 
'i,n,,ll 

,,]|1,, ,, e P,,x.

where ,litltl,, = 0. Then for n2 n, the operaÍors y','.P,,X -, P,,X are

i.nversi.ble and

^¡llt;'11",,' 
,',,;

b)for evety y e Z and evety yu e X, the inequality:

lln- 
t, - ¿; t y,ll, 

= þitz + t'ri 2 + tit bt tt i zn,,)lly - rr, I I - +

+,'0, i rll l,ll 
" 
n,, + r, ét,llyll 

",

tet C9)çt), C!')(r) be the polynornial functions of the best unifon¡
aplrroximation of functions C- (t), C*l(l) respectively, Then for sufficiently large

n c!)1t¡ + 0, t e I- andbystabilityofindexforthefunctions c!')(r) theindices

are equal to zero. Therefore for such n the operator

RÍ\ = U,,lr Ct't + 7ClùfU,,

is inversible inx,,and 
ll{^l',)-'ll, = o(t),

Using now theorems 3, 4 it is easy to find tliat

llof " - 
Rf"ll",, = o(tro ), rvhere RÍ2) =tJ,JPC- + QC+tlu,t,

Then by Banach theo¡em for sufficient large n ) n, operator 4Ír) fu inversible in

tx,t,andll{*,r,,) 'll, 
,= 

o(t)

Using now theorems 5, 6, we get tliat if conditions l), 5)-7) are fulfilled, the¡

operator R, and together with it also Mn for sufficiently large n ) ftt is inversible

in X,andllMrlll,,,= O (l).
So the solvability of S.L,A.E, (4) is established.
The estimation of tlie rate of convergence follows frorn (11). Theorem l is

proved,
Let us prove now theorem 2. s.L.A.E. (5) is equivalent to the following

operator equations

(15) (F,,x, =)(I,[PC- + QC*t + QC-P + fC*tg + A,,Jx,, = U,fi,
where Á, is an operator defined by the fonnula

a,Í,, = c;t(ùB-1(tr*llu;¡rx1,,r)l:r,,(t)dt, r e r;
f

ftT) = c;lç¡a-lç)"f a) .

Let us veriff the fulfilment of conditions of theorentT, putting there

X = Lr(f), I < p < @, z = C(f), P,t = U*

A = V + K, + Kz, A,, = Fr(= U,,(V + K, + L,,)U,,).

holds
Iffor evety ¡; e Z tlte left hattd side ítt (10') exists and

lin 8,,(Y) = 0, then Z c 9(A,P,,).

Tlie prooß of theorems 5, 6 and 7 are not difficult, they are obtained by the

well-known methods of functional analysis.

3, THB FOUNDATION OF CO]\{PUTER SCHEJ\{D

The S.L.A.E. (3) is equivalent to the operator equation

(14) (M,x, =)U,Mx,, - U,,,-.

considered as an equation in the sçtaceX, of polynomial of the fonn (3) witli nomr
(1). By conditions 2) - 4) the function B t(t)A(t) adrnits the canonic factorization

A-1çt¡,11r¡ = C*(t)C_(t) . CT' ePHo, C:l(t) eQHo+ {const}, Obviously, (1a) is

equivalent to the operator equation

(R,,xu =){J,,lrc- * QC*t + ec-p + rc*le + c;t B-tTfx,, =

= u,lc;t (t) a-t çt¡ ¡ çt¡f ,

I is tlre integral operator with the kernel K(t, r) .
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Conditions I )-5) of theorcrll 5 have been verifieil when theoren 1 was proved

So veriffcondition (12) andrelation lim r1,, = Q. Let 2,,(t) ef,.Then
2) for cvery fuuction g(r) e tC(f)l are flilfilled the inequality

lì-)@

(V + K, + K)-' I - f,,tU,,sll

*"0#llgll" * ",;,(
yoo.'.lle,,¿p,,-An)r,,llo=lllu,,g'+K.,+Kr)u,,-(1,,(v+Kr+o,,u,,)],,llo=

p
I (cr- t cz\,,) . Er(S;f) + crllgll"n;

(1 6)
I

+ c6.-o)
t1

K(t,t);!
1X

¡r I

I
t

1

J

t'l

= llu,,(r, - L,)t,,ll, = U,
2ni

K(r. r)2,,(r)r1"r -
f 3) tc(f)l - ØçF,,,tJ,,¡.

Putting g(t) : fr(t) in ( 16) and taking into acount that

(V + K, + K)-t fi = -r(l), F,,t(J,,f, = x,,

and l(l) . lt'(a)] by Jakson theorem rve obtainerl the demandetl estir¡ation.
Theorem 2 is proved.

1
1

U)lt K (t, t )]..r-,, ( t )dr
Ì,

uu
2n J i {.,",,, r) - u}iKrr, t)l},,,tr rdt}

r.J p

Usìng theorell 3 '*,e get

y,g) .,,,( p) 

ll* ¡ 
+t," e, x) - u ; tt K (t, r)t] 2,,t., r,|i
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hence by Holder inequality for integrals we find

y tt) < rq( p) L 
"zll 

t,r(r, t ) - u jlr K (t,r)] 
ll,, 11,,, ll,,

From here and from Jakson theoreln we obtain

ïÍ') < c(l + nt.r(ÐS|l,@K(t,t);f ) < c(l+ mrtlrillr'(
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y{,). 1

I'l

From the definition of yÍl) and the last estimatior orìe can see that conditiort

(12) and 
,131t,, 

: 0 are tulfilled and

l,=0'16(')'1 In)In,,
Thus it is proved that all conditions of theorem 7 are fulfìlled. Then by this

theoren and inequality (13) the following are true:

l) beginning with numbers n) ill operator F, =U,,(V + K1+ 4,,)U,, is

inversilrle in lX,,larr¿ llq;'il=o(r); so equation (15) and S.L.A,E. (5) together

rvith it are uniquely solvable;


