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1. THE FORMULATION OF THE PROBLEM

a) Differential problem. Consider the plane Oxy and the bounded domain
O = {(x, y) € R2‘_x0 < 0 <90, 0,8y £ yw(x)}, where y = y, (%) is the given

equation of the CB boundary ,fig 1. [tis assumed that DA and CB boundaries are
solid walls and that the ideal incompressible fluid between them irrotationally

flows in the positive x direction with the velocity V(A‘-,y)'—(Vx,Vy), On

DC and AB boundaries the velocity vector is constant and parallel to Ox axis.
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With these assumptions, the stream function  satisfies Laplace's equation on €2, Ay=0.
The boundary conditions on the solid walls are y(x, 0) =y, = 0 and y(x,y, (x))=
=y, (x) = ¢, where g is a positive constant. It is known from the definition of the

stream function that ¥, (—x,,»)=(0y/Cy) __ =const=ky and using the
: ~" %o
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relation y(—x,. 0) = 0, we obtain that y(-x,,»)=4k;jy and similarly,

w(x,y) = ki1 The flow rate in the x direction being constant, we have 2]

J‘J'w('-"ﬂi ()ﬂ‘l’(_xo,y)dy —J- g OW( Xy y)d‘ =4
) By 0 5)

)

Hence v satisfies the boundary conditions

(1) \l/i’)‘ >V :i—,OSySyw
( i ) yw (‘_"__1?0 )

Then the transformation

) w(x,y) =B~ v(x,)

V(%)

is made in equation Ay = 0. The problem reduces to solving the following bound-
ary value problem with homogeneous Dirichlet boundary conditions :

2
3) Av(x,y)= (IJ’E%TUI(;—) s (4,9) €Q
) V(A‘.,O) =0, (3 yw( )) =0, V(_xoay> =0, V(.\T(),y) =0

b) Equivalent variational problem. The boundary value problem can now be
written in the form of operatorial equation, i.e.

(5) Av=1,

42 1 o2 8
=gy, :—A:— —
[f“ Vi @,2]

where we consider that the function f; belongs to the Hilbert space H=L,(Q)and
the operator A, : D(4,) € H — H has the definition domain

veCiQ )ﬂC(ﬁ), AyveH, v=0 on G_Q}, D(A(,)H:H

D(4)= {V eH

Remark 1. The linear operator 4, is symmetric and positive definite on IX4,), [5]:
(A, v) = [ FuIvdQ = (1, 4y),(Apv,v) 2 0, (Ayv,v)= 0 v=0;

) ]
Ja?>0 such that (Ayv,v)2o’(vv), a?=———
Cr()

where C(€2) is the constant in the Friedrichs inequality and (., .) denotes the scalar
product in L,(€2).

3 Kantorovich-Ritz Method 25

The energetic space H 4 of the operator A, can be identified with the Sobolev

space H}(€2) endowed with energetic norm and energetic scalar product, respec-

tively [6]:
H, =Hy(Q )={veH|v=0 on &Q(in the trace sense)

i, = [ v (wv),, = [yuvvaa

— Accotding to the properties from Remark 1 and using the theorem of the
minimum of the energy functional F(v) on H, , the operatorial equation (5) is

equivalent to the following variational problem [6] :

(6) Fy(v)— minimum  on D(Fy)=H,
where
0 ()=}, =2 o) = [ (71" -24w)o0

Remark 2. The solution veH 4 of problem (6), which exists and is unique,

is the generalized solution of problem (3)-(4) and has the form

o

V= Z(fo,wk i
k=1

if {wk}:_] is an orthonormal and complete system of functions in the energetic

space H, .

2. KANTOROVICH METHOD o

This method is based on obtaining an approximate solution Vy € H, ofthe
form [4], [3] :

(3) MESOE Za‘ )b (x.)

which is of N-order apploxuuatlon for V. Herc a,, k=1, 2, ..., N, are unknown
functions on [—x, x,] and ¢, k= ..V, are known ﬁmctlons on Q belonging

to H,, ,ortoD(4g) if the considered problem can be formulated in D(4,)). These
functions have to be chosen so that conditions (4) for v, be valid.
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According to the Kantorovich procedure:

a) The trial functions ¢,, k=1, 2, ..., N, are chosen from a complete

(nonorthonormal) system of functions {0 k}w and satisfy the conditions b, (x,»)=0

-on €, excluding the lines x = £x,. Then the trial functions can be chosen in
the form

©) oe(x )=y -y () k=12,..,N

b) The functions a, satisfy the following system of ordinary differential equa-
tions, [1] :

Vu(x)
(10) J-O (AOVN_fO)d)i(xay)dy:Oa 1.21925'-'=N
and the conditions
(11) ak(—xo):ak(xo)zo, k=12,..,N

obtained from the stationary condition of the functional F 00N vy, written as

s [ @ (ovy Y (ovy )
Fy(vy)= f_xo jo [(?x’l) +(—O—;] ~2fyvy |dybdy=
EJt._:oG(x’al(x)’---,aN(JC),a'l(x),...,a'N(x.))dx’

1.e. from the Euler-Lagrange equations
o5 =0 with g (-x,)=a,(x)=0, k=1LN

By substituting 4,,, ViysJo and ¢, with their expressions and performing some
calculations, the dlfferentlal problem (10)-(11) becomes

(12) Z{am( )d2 +2B1k()‘) +v,k(l)ak(x)]—'(») i=l,

k=1 dy?

13 i
& ak(—x(,):ak(x(,)zo, k=LLN
where
Py x) l+k+3( )
¢i X, X, d
(%,2) 94 (x,y)dy = (E+ T+ 1)+ k+2)(i+ & +3)

oty (x) ZJ

0

I+k+2

B ()= [, () By - = (' (x

)
i+k+1)i+k+2)
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vo(3) Yl 2y (%) 2ik yiE(x)
T ik (X'):J. ¢1’A¢kdy a7 D -1
0 i+k+2 (H—k l)(H /c)J i+k+1

,,\’y,(-\'\) yw( )y W "y X ]Y
';-(-r)fJno fo(-\',y)<b,-(x=y)dy=*“[ (l+2)<1.+3)

3. THE CALCULATION OF THE FIRST-ORDER KANTOROVICII
APPROXIMATION

a) The boundary value problem. Consider that the upper solid surface is a
flat plate and the equation of the line CB is
yo(x)=ogx+B, xe€ [—x(,,xo]
In this case the boundary value problem (12)-(13) becomes

Q|G+ df day, \ ik(i+k-2)!
B JHk3 (LN 2k | S+l Y=
{(1 {~k+3)' dX‘( w ) dx ] (i+k+1) P x)e(x)

(1.+<2))(1.+(3)) I—I,N; ap(—xq)=a,(xy)=0, k=L,N

If we choose N =1 (i.e. i=k= 1) and we write x = x7, y, (%) = w(1) = ax,/+
+ By, a(x) = u(1), t € (=1,1) = [, we obtain the following ordinary differential
equation and the boundary conditions:

(14) Au= ——j;(ws(t)g[iJ + 10x3w (Du(t) = Sgw(t)w? (1), re(-1,1)

dt
(15) u(-1)=0, »(1)=0
This problem can be written in the operatorial form
(16) Au=f,
with

A:D(A)cLy(1)— Ly(I)
D(4)={ueLy(DfueC*(NNC(T), dueLy(1)u(-1)=u(1)=0}

A)=5qwlip ()

Taking into account that the operator 4 is linear, symmetric and positive

definite on D(4) and its energetic space H, = H}(I) is endowed with the ener-

getic norm ||H‘1 (and the energetic scalar product (., .), ), [6] ,
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||uHA " u)A Jll<\'v5u'2+10x§w3142)dz

it follows that the operatorial equation (i.c. the boundary value problem (14)-(15))
is equivalent to the variational problem

(17) F(u) hu”A—IOqJ w(zpw'?(1)u(f)dr > minimum on A 4

b) Ritz algorithm. With given trial functions ¢, 7). k:ﬂ [{(Pk f/\f~1 is a com-
plete base in H, ], we construct the subspace HY = span{¢,,...,p,} and we
choose for the solution % of (17) the Ritz approximate solution u, € HE;’) ,[5]in

the form
n

(18) u,(t) = D cxpp(t), ¢ eR’

k=1

The unknown coefficients ¢, , &k = fn are obtained using the Ritz procedure by
solving the linear system of algebraic equations (Ritz system)

n
(19) ZKjka =b; , j=Ln
k=1
where

Ky = (0, 08) 0 by = 50w (w,0,),

n

(Aun—f’(pj)[q(l)z(): Ck(A(Pk’(Pj)LZ(I)—(fa(Pj)

k=1

L(1)
Remark 3. Since H = L,(I) is a separable space and H is also separable,

there will also exist complete systems of functions {(pl,}c:zl in H .
- The trial functions are chosen to be of the for:.

(pk(t) = isinkm, 1 E[—l,l], k=1Ln

where » is a given natural number ; ¢, € H,.
The coefficients of the Ritz system (19) are

1 10x2
2K :J_l[w5(t)+ .03«2 w%t)}cos(j—k)ntdz-%

Jkm

J

1L 10x s
»” [} — 0 )3 [ ] Al j =3
+J‘_1{M (1) 'k7t2“ (f):lcos(‘/+k)nldr, Jk=Ln
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In order to calculate these coefficients and the right hand side of (19), the follow-
ing exact formulas are successively obtained

78) = Il w3(t) cos mnt df =
=]

m

L, l)m

= ( — {(\4,5)'(1) = (WS)' (-1) - 21 : [(1«;5)'"(1) « (\4)5)"'(—1)]} =

mene m-n

(“1)"1 KoXg 240B B2 4 6 (a(’xOT m=12n
= quax? ool e ol itz b
m? i B m*\ m

19 = j_ll\4’3(t) cosmnt dt = ( 21)"’ [(w ) (1) - (W) (- )] =

(_l)m At 2 Aar s
= 12[3(,( - 0) , m=12n
T

ni

(]((,S) = Il ws(t) dt; s=3;s5= 5]
-1

)’2 -1 AN g X 3 —
b, = Sqv J w(t)sin jnt dt = ( .)2 10gm (—0—)‘&) 5 Jj=Ln
J jTC —1 J : T

¢) Numerical application. By assuming that x, = 1,(le.x=1), 0y = e
5 it i
0 4’ 1.C. yw(‘x> I -_4

above expressions, we have

Ky, =%{ 19 +15) io fit5 —123))}:0.810466

19,0, 5 (;0_0
K22=5[1§° -1 +5n—2(1(, ) )] 0450106

(x = 3)) ,n =3, ¢q=1 and taking info account the

1 10 3
K= _185) el +9?(1§,3) & )ﬂ = 0381254
1[ 5(,63 3
K, =11( ) s . (11( L >)] ~0069901
Kis =_;. D41 %(If) : L(f)ﬂ: 0020117
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A, ==0.015831; b,=0.003957; b, =—0.001759

if we consider only six decimal digits,
The solution of the Ritz system (19) for =3 1s

¢; = 0.018195; ¢,= 0.005465 ; c; = — 0.012711

and then the third order Ritz approximate solution u,(x) ( Za,(x)) has the form

1 , L IC
(20) a(x)= i ¢, Sin wx + Ecz sin 2ax + §c3 sin 3mx

The approximation of the stream function given by Kantorovich-Ritz method is

@1 v, (x,p) = {y—b = al(x)[y = yw(x)}}.v

d) Test. Error. The explicit approximate equations y = f{x,k) of the stream
lines (obtained from  (x,y) = & k =const., k£ € [0,1]) in the Kantorovich-Ritz
approximation are found by solving

(22) a(x)y? - ,:ﬁ +a(x)y, (x)}y +k=0

yW

Table 1.

x a(x) e[x,i] e(x,l) e{xEJ
g 2 4
-0.75 0.00535 0.00083 0.00110 0.00083
-0.50 0.00576 0.00072 0.00096 0.00072
~-0.25 0.00361 0.00037 0.00048 0.00037
0.25 | -0.00361 | -0.00021 | —0.00029 | —0.00022
050 | —0.00576 | —0.00026 | -0.00035 | —0.00026
0.75 | -0.00535 | -0.00017 | —0.00024 | -0.00017

taking into account that 0 < y < Y, %)

On the other hand, the exact equations of the stream lines are straight lines
y = g(x,k), where g(x,k) = 2(3 - x).

The approximate stream function (21) obtained by Kantorovich-Ritz method
is tested in Table 1 which contains the values a,(x) from (20) and also the errors
e(x, k)= flx, k) — g(x, k) with respect to a stream line (by considering
k = T k= o k = Z) for several values of x € [-1,1]. One can observe that

these errors are small and consequently, the exact stream function in the case of
two plane walls is well approximated by v, given in (21).
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4. CONCLUSIONS

It was shown that the Kantorovich-Ritz method can be successfully applied
for the incompressible potential fluid flow between two walls. In order to calculate
the approximation of the stream function we obtained :

1°. A mathematical model (3)-(4) for the stream function y of a steady state
two-dimensional flow in a bounded domain; .

2°. Two-points boundary value problem (12)-(13) for a system of N ordinary

differential equations with respect to the variable coefficients a,(x), k = 1, N of

the Kantorovich method (for the N-order approximation) considering the trial func-
tions of the form (9); . iy . .

3°, For the first order Kantorovich approximation on a doma.m with two
plane solid walls, the Ritz variational method is applied auq the thz algebraic
system is constructed by choosing trigonometric trial functions (in the n-order
Ritz approximation); ] . :

4°. In the numerical application we effectively found the R}tz solution (20),
the approximate stream function (21) and the approximate equation of the stream
lines (22), in order to test the exactity of the Kantorovich-Ritz approximate method
(Table 1).
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