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l.THE FORI\{ULATION OF THE PROBLEI\I

a) Differentíal problem. Consider the plarie Oxy and the bourrded douraiu

9 = {(x,¡,) e R2l-.xo (.x < Jr:1¡,0 < y< y*(ù}, where !: )',,,(x) is the given

equation of the CB boundary.fig l ' It is assuured tltal DA àr1'J cB bouudaries are

solid walls and that the ideal incornpressible fluid between them irrotationally

flows in tlre positive.r: direction witlt the velocity V(',y)-(V,,Vr) ' On

-DC and Ats bo¡nJaries the velocity vector is constant and parallel to Ox axis,
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Fig 1

With these assumptions, the sheam fuuction y satisfies Laplace's equation on f), 4150.

The boundary conditions on the solid walls are ìvo;, 0) : ,l/o : 0 and 1r(.r;y,,(.r)):
: ry,,,(-x) : q, wheÍe 4 is a positive constant. It is known from the defillition of the

streám functiou tltat L ^i-tu,l) = (Ôyt I ôy),=,,o = coust,= /co and using the

(r2)
V =0

llj=n¡Y

V(-xo o)



relation V(-.rr 0) : 0, tve obtain thar r¡r(-r:o ,¡') = k¡ y and sinrilarly'

V(."0,.1,)=/rtîl'. The f-low rate in the.r ¿irection being coustaut' we hav" [2]

J,i 
"''"';t-r','.v)d'r' = l] 

"'"';T(x"'.,')tr'r' : q

Hence ry satisfies the bountlary conditions

(l) lr(+,ro..v) =-+ ,. 0 <.¡'1.v,,
)"'' l'a'ì:rl /

Then the transfomration

(2) l'('r.r') =:*- t'(*.Y)
J,,u (.ì:J

is made in equation Ar¡r : 0. The problem reduces to solving the fbllowing bourid-

ary value p.óbl"m with homogeueous Didchlet boundary coliclitiorrs :

(3) Âv(-r,.¡,) =qy+-+, (x,.¡')e o
tlr:, ),,,, (.TJ

(4) v('r,,())= 6. v(x,y,'(:'))= 0, l'(-xo,l')= 0, t'('r',,. v)= 0

b) Equivalent variafíonal problem, The boundary value problem can nol be

written in the fonn of operatorial ecluation' i'e.

(5) 4v = fo
(
1.f,,=-nr*-+ ,, 4t=-a=-+- :i,l
\. " **' .Y,,,('r')' " ôr:' E" )

wlrere we consider that the function{,b:longs to the Hilbeft space H -- Lr(Q) and

tlre operator Ao: D(Ar,) c H -> H has the definition tlomain

n(4,)={u. alt,ec'?(o)nc(o), uoueH, t'=o on ôf¿}, n¿r¡o =¡t

Retncrlc l. The linear opemtor Aris symnetric arld positive definite on {1,,)' [5]:

(,lou,v)= l,rvr.vuao =(u,,1,,¡,),(,\,v,v)> 0, (Aov,v)= 0<+ v = 0;

lc¿2 > 0 such that (,qur,r)> u2(v,v), o"2
co(o)

where CF(O) is the constant in the Friedrichs inequality artd (., .) denotes the scalar

product in Ir(O).
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Tlre energetic space H n of the operatorlo can be identified with tlie Sobolev

space .F/,](O) e'dowetl rvith energetic uonn and euergetic scalar product' respec-

tively [6]:
H,4,"=H¿(O)={veHl|v=0 on ôO(in the tr¿rce tente)}

||"il; = l"lo"l'co; (,,u)o = Jv''vu'to

- Accordi¡g to the properties from Retnark 1 and using the theorem of the

rnininrurn of tl-re eltergy fulrctional Fr,(v) on H oo , the o¡reratorial equation (5) is

equivalent to the follorvirig variational problern [6] :

(6) fo(u)- tniniurttur or1 D(Fr) = H.no
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ro(u) = ll"ll; - 2(.f0,,)= [(lo'l' - z¡,v)ao

Remarlc2, The solution I e H .^ of probler-n (6), whicli exists and is uuique,

is the generalized solntion of problem (3)-(4) aud has the fomr

I =i(.fo,rrr)r,r
k=l

if {tuo}i_, is an orthouomral aud cornplete systeur of functions in the energetic

space llro.

where

(7)

2. Ií\¡NTORO\/ICI'I ùIETHOD

This nethocl is based on obtaining atl approxinrate solutiou v'\, € H 0,, of tl'te

fonn [4], [3] : 
À

(8) vn,(-t,;') = [a*(l")þo('t,Y)
k=l

rvhiclr is of N-orderapproxiuration for i. I{erc ar,k:-1,2. ..., 
^/. 

are ullkrlowtr

functions ou [-r:¡,, x.1 ãña þ0, k: 1,2, "'.N, are known fi'lttctiolrs on o belonging

to H .qo , or to D(Ar,) if the considered problem can be fomrulated in D(A r,). These

functions have to be cboseu so that conditiorts (4) for v" be Valid.
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(13)

where
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According to the Kantorovich procedure:

a) The trial functions 0r, k:1,2, ..., N, are chosell from a complete

(nonorthononnal)systemoffurictions {0*}i=, andsatisfytheconditionsôr(x,y):0
on ôo, excluding the lines J = tro. Then the trial functions can be chosen in
the fonn

(e) þu6,ù=lt- n!)lro, n=t,z,...,N

b) The functious a, satisff the following system of ordinary differe¡tial equa-
tions, [] :

(ro) ll''''{n,ur-.fr)þ,(*,y)dy=0, i=t,2,...,N

and the conditions

(ll) oo(-ro)=ao(xr)=0, k=1,2,,,.,N

obtained frorn the stationary condition of the functional F,,on rr" rvritten as

", 
(.r ) .v",(-r,).y"n,(.r') zit, :,{l'eo'(r)

$;Â<þ¡d¡r= i-rlc+Z (;+lr-t)(i+t) i+lc+I

r (.") = -1,; 
"').f, (.",y)0, (.r:, y)g,= [),,n, 

(..')J,",,, (.r)- zy'], (r,)

(;+z)(i+:)

3.'IIIB CTILCULT\TIO¡* OF TfIIi IìIRST-CIìDIìR K-\r*TORO\¡ICI'I
APPROXTITAl'IOh*

a) The botndarlt value pt'oblerr. Consic'ler that tlie urpper solicl sur'1àcc is a

l1ät plate and the equatiou of the line CB is

.1,,,,(r)= cLo.x *p6. -r e [-.r,,,,.",,]

In this case the boundary r¡alue problen (12)-(13) beconres

,, (*)l=
fu,1çinft*z)!ctr[/.' 

t-'' ,t, ) '"' \^/" 
J

=q+9P4. ¡=ty';,to(-r,,)=uo(r,,,)=0, /r=t*v' (i +2)(i+3) "'

If we chooseN: I (i.e. í: lc: l) and u,e rvrite-r: ,0t,)r,,,(¡:): rt,(l¡: srÈo/*
+ þ0, ar(x): u(r),1 e (-1,1): ¿ we obtain the follorving ordinary diffèrential
equation and the boundary conditions:

[,,',',#)

This problern call be rvritten in the operatorial fomr

(16) Au = .f ,

witli
A:D(A)cLr(t)-+ rrQ)

DQr) = {u 
e r r( )lu ec ? (r)l c( 7), A u e L r( I ). u( - r ) = a( r) = o}

.f Q)=5q"'(t)t,''(t)
Taking into account that the operator I is linear, symmctric and positivc

cletinite onD(A) and its energetic space .È1., = H¿(1) is encloled with thc encr

getic norm ll'11., iu"¿ the energetic scalar product (., ,)/ ), [6] ,

'rt¿(")

(141 Au=-d
d¡

(15)

I;

( 
^')

o,o!)= f "(')0,(, ,y)þo(*,y)dy =

4(r,r)= l;" ï
ônw

a¡(-xo)= ao(."n)=0, k=lN

"'"'l(
ôx

2 2

2yäo.t(r)
(t+tc+r)(i+n+z)(i

- 2f<tv ¡¡ dy dr:

+k+3)

= I^,,o(', o1(x), "', a ¡¡ (x), a' 1 (x),.. ., a'" (")) ù,
i,e. from the Euler-Lagrange equations

dôG ôG

d, ô4- ôak=0 with oo?*o)= ao(x')=0' k =r'Ñ

. .BI substituting A0, vN.,-[()a-rrd {owith trreir expressions and perfomri¡g so¡re
calculations, the differentiá'l piobleriiltO;_1f l) becomes r

(12) 
åþ. 6)þ*rB*(,')#* y,¡(x)aoe)]=,,,",, i=uv

+ 10,r,,1N,3(r)uQ) = Sqv,(t)ut2 þ), r e (-t, t)

u(-t) = 0, z(t) = o
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the fomr

(1 8)

where

llull2u=@,u) u= J' ,(rrtu'' 
*lo.rfrir,3r2 )dr

it follows that the operatorial equation (i.c. the boundary r'alue problem (1a)-(15))

is equivalent to the variational problem

(r7) r(u)=llull'u-roql,"(r) xt2(t)u(t)dt-+ miniurum on H.4

b) Ritz algori thm.With givcn trial functions g*./). ¿ = l¿ t{çr iL, it a con.ì-

plete base it H1), rve construct the subspace H\') = span{<p', . . . , ,P, } ¿rucl tve

clroose for the solution i of (17) tlie Ritz approxitnate soltttiou r,, e H()'), [5] in

ì' order to calculate these coçfficients antl the right hand sicle of (19), the f'olloil'-

ir.g exact foltnulas are successively obtainccl

1Íi) = fl, ,"t1,¡cos ¡rrcr d/ =

= #i{'') (r) - (ìv5)'(-r) - J.r¡f(','')"'(t) - ("'s¡"'(-t)]i =
m¿nt l' 

/ " \ /' lll'I(.'L'

=+[+)'-,n.[ne + a]xt- #[ry)'], *=,r,,

Iil) = f , 
*,, (,) cos nx.rct o, = ffi1('u3 )' 

(1) - (,r')' (-1)] =

= 
(-tì"' ,rp,,(.gnrn)', ,, = v,

I1l" \ 7E )

(t[', - f,",'(r)ar; s = 3;" = s)

b, =4[',,,,(,) sinirto,=ffron'(T) , i=1,,,jxJ-rJ'\ltr,

c) Numerical application' By assuming that r0 : 1, (i'e' 'r; 
: l) ' üo = - 1 '

P, = ; , (i'e' y,,,(x) = :(t -:) ) ,':3, q:1 ancl taking inro accouut the

above expressions, we bave

",, 
= j[rá,,

u,,(ù =f
k=r

Tlre unknown coeffìcients cu , k = l,tt are obtained using the Ritz procedure by

solving the linear system of algebraic equations (Ritz system)

(19) fx,o"o=b.¡ , j=r,,

ct9Á ) c¿ e Rl

k=l

Kit =(w¡,lv.o')u, lri = 5qut2(u',*.,)r.l

Rentark 3, Since H: L2(Ð is a separable space and Hu is also separable,

there will also exist cornplete systems of fuuctions {çr}i=, in Hu.

- The trial functions are chosen to be of the ibri.

ç*(r) =1rinknt. te [-r,l] . k=lt'
^\ / kT,

where n is a giveu natural number i eo e Hn.
The coefficients of the Ritz system (19) are

2K ¡t =f',fr'1,¡*1!'d ",'(r)-l"or(7 
- k)nt dt+

'-tL lt{n' J

* |.' [",r(,)-10"1,,,11,;lcos(.i +k)rurd t, i.k =r,nJ-'L \/ jtrn= "J

(trl

l{u",, 
- f , e ) t (t )= 

o = I r*(Aq r, w ) a1, ¡ 
- (f , * t) r,,,, 

) +{[r['l - tt') l] = o 8r0466
7¡'\ /)

.*(,P -'f')]= o45o1o6

+ r\Ð

- rtÐK""=!LL2

#('á"-'1")] =o38t2s4

4(,1')- r{,,1.l = -o,o6eeol
7['\ /)

#(,;"1")l=oozottl

K3
1

t2

Ittn= 
2

['Á"

['á',

[,Í"

+

+

++

*l\ s)

IP

+rfs) *#(tÍ"-tl").1 = -0 062141
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i', .= --0.015831; bz:0.003957 ; 4:-0.001i59
if we consider only six decimal digits,

The solution of the Ritz systern (19) for r,:3 is

c, :0,018195; c2:0.005465 , cz: - 0 rttr'tt t
and then the third order Ritz approximate solution ur(x) ( =a,(-r)) has the fonn

(20) o,(*)= 1f ., ,i,r ,r.x + + c, sin 2;r.r: * I 
",. 

,i,.' :nrl
Ir\ 2 ! 3-r - 

)
The approximation of the stream function given by Kantorovich-futz method is

(21) v"(x,y)= {+ - o,(òlt,- r,,,(')]}.u
l"Y"'(;J ''|'

d) TesL Error. Tlre explicit appro rimate equations ), : f(.r,k) of the stream
lines (obtained fron v,@,1): k, k:const., k e 10,11) in the Kantorovicli-Ritz
approximation are found by solving

(22) at tl I
(*)Y' - L;n 

+ a,(x)v',,(x))t + r' = o

Table l

It was shorvn that the Kantorovich-Ritz method can be successfi'tlly applie<J

for the inconpressible potential fluid flow bettveeu two walls, In order to calculate

' the approximation of the stream functiou we obtained :-È. 
n rnathe¡ratical rnoclel (3)-(4) for the strearn functiou ry of a steady state

two-dirnensional florv in a bounded domain;
2o. T'u,o1-roints boundary value probleni (12)-(13) for a system ofNordinary

clifferential equatious with respect to the varìable coefficients ar(x), k = 1,N of

the Kantorovich method (fol'tlie ÀLorder approximation) considering the trìal func-

tions of the form (9);
3o. For the first order I(antorovich approxímation on a domain with trvo

plale solicl rvalls, the Ritz variational tnethod is applied aricl the Ritz algebraic

.syste¡r is constructed by choosing trigonolnett-ic trial functions (in the ¡l-order

Ritz approximation);
4õ. In the numerical application we effectively found the Ritz solution (20).

the approxirnate streanr function (21) and the approxirnate equation of the streaur

li¡es^(22), i¡ order to test the exactify of the Kantorovich-Ritz approxiurate methocl

(Table 1).
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4. CONCLUSIONS
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takirig into account that 0 < y ! y,,(x).

Olr the otherhand, the.exact equations of the strearn lines are straight lines

y: s(x,k),where s(r,k) = 4(, - ").4 t /'

The approximate stream function (21) obtained by Kantorovich-Ritz method
is tested in Table I rvhich contains the values a1(:r) froni (20) and also the errors
e(x, (): f(x,,k) - g{x,/r) with respect to a streanr line (by consitJering
k=!.lr=L.k=34 2. a ) 

for several values of .r e [-l,l]. One can obserye that

these errors are small and consequently, the exact stream functiori in the case of
two plane walls is u,ell approxiu-rated by yo given in(21).
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