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l.INTRODUCTION

Given a norllinear fllnction F: R' + R:2, in order to approximate a sohrtion
of the equation

F(.r):0,

the classical Newton method is usually applied:

. ìr/.-,,t: xt- F'(xo)J F(x¡), lc:0,1, ..., J0 e [ì.u given,

or, equivalently,

F' (x¡) so: -F(x¡), where rÀ: nk+ r -.\-.
But iir many cases it tunis out that the above linear svsterns are not solved

exactly, so, in order to study the convergence and the convergellce order of the
method, an erTor tenn must be taken into account.

In the paper [3] thero are considered the inexact Newton methods:

F' (xo) rt: - F (x)'r ro.

Local convergelìce of these methods is studicd ancl also l1c)orrssâi] and snifi-
cient conditiorrs orr the magnifude of 1 are imposcd fol a ccrt¿lin coll\)rjl'golìcc
order to be achieved.

ht the present paper we shall show how these results crin be easiiy extontletl
to the chord inethod, which has a theoretically higher efficiency inclex tlian the
Newton rnethotl, silrce at each step for forming the lilicar systcur, only the vahres
crf F at :ro ancl xk_t are needed. Unfortunately lhe chord method is irot very safe for
all practical cases sirlce, for example, a too fast convet'gence of olte cotnponcnt in
the sequence (Ç may lead to overflow elrors or division by zero.

DsrrxtrloN l.l [4] Iíle call thefrst order divided diJJ'erence o.[ Ì; on tlie
dÌsîínct poitxts x, y e W, denoled by lx,y; Fl, a linear operalor belongirtg to gJ ([\'')
and sat,i,sfting
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1) 1x,1,;4r. - r): Fbù - F(") ;

2) tí F i,s Frë, hct di.fferentiable ar z e lI,, tltett 
,liï,|r, ),: Fl = F,(r) . E

^ It is knowu [l] that there are several ways to choose the linearìy inde'e'de'tfìrst order divided difîerences for given F, r, j,, depe ncling o,, tlre Jin.le,rsion n e N.
FolexarnPleif .r:(,r,)¡: t,u.),:b,),=r,re Iìr,with x¡*),p i= 1,, thcurve

can take

Levv¡, 2,2 If F ís dífferentiable at x*, thenfor any ! > 0 there exisls e > 0

such that

ll.frl- F('.)- r'(.r.)(r -'.)l < rllr - '-ll ,

,f l|"-x'll <". tr
The lernmas are immediate consequences of Definition l.l, respectively of

the definition of F'(.r*).

THEoREM 2.3 Suppose that n* <1 <q <l for all k e N and write

re exists e> 0 such that íf xn x, e B(x',e)

' ;, At,Iï i: :,i:;:;:, ;: 
r) g ív en b Y

(z.r) ll'0.,-.'.ll-.nll+-".11.,k>0,

u,here llyll- = llo'('-)rll
Proof, From the definition of ¡l we get

ittrtt =llvll.=pllvll ' ror arr veR"'

Since r'¡ 3 q ,fhereexistsy> 0 sufficientlysmallthat

(r + ypXl(t + rp) + zYv) < q.

Now, by Lemmas 2.1 and2,2, choose e > 0 sufficiently small that

ll[',.u 
11- r'('.)ll < r

ll[',r, 
r]-' - .'('-)-'ll . t

ll.trl - r('-)- r'('.)(r -'.)1. vllv - "-ll,

f¡\.t,1. . .., 
.1' ¡, x ¡4>,.,, xn F,(l'r, . , ., ))¡-1, x ¡, ..., x,, )

Y¡-X;
The chord method is given by the iteration

rr+l = .rt¡ - [.,'¡-1 ,r¡;rl-1r(ro), k = 1,2,,,., rs,11 € Il/, given,

and ít has the corl\¡ergerlce order 1 + 6 . The i¡exact chord .ret¡ocl studied is
2

(l'1) fx¡-, x¡;F]so = -F(rt) * ro , k = 1,2,..,, jr,,,.r, € R,, giye¡.

the residual i; satisffing lþ.rllille(^,Ðll= n*, rvhere ll li ir " 
given 

'omr in R,,.
we shall stlppose hereafter tliat the function.F obeys the following conclifious:Cl) There exists an -ì* € R,, such that F (x*) : ó;
CZ) F is coltirruously Fréchet differentiabl e'at ,í;
C3) F' (.r:*) is nonsingular.

2.LOCAI, CON\¡ERGENCB OF INEXACT CHORD R{EI'HODS

As in the case of inexact Newton methods, when tbe forcing sequellce (r.ì,.) isunifomrly less tha, ol1e, an attraction theorem can b- stated, i.e. for any sr,iffi_cie'tly good i,itially guesses -r:,,ard -r,, the sequellce (-r.1., co'verges to -r*.
Lrvl're 2.r If the condítiors cr)-c3) hord, thettfor atly y > 0 there exísîs

r > 0 such that íf x,),<B(x*,e)={r.*,lllr_",-li= e} rhnn fx,y;Fl rs
rtortsittgular and

lt.-
I) 

ii[.', ),;F]- t ('-)li 
= r,

(2.2)

ror llx - '-ll = 
p2e and ll, - "-ll 

3 p2.

We prove (2.1) bY induction'
For k:0,by (2.2) we get

i.e, (2.1) hold.

(2.3)

(2.4)

(2.s)

,, 
llt"' 

v;Fl1- F (".) <v.tr ill"'-'.11. 
.ll', -'.ll . f,ll"' -'.ll = fill" -'.11.,



36 Emil Cãtinaç
4 5 Inexact Secant Metl¡ods 3'7

SO

(,r

and

Supposi'g now that it holds for i: 0, l, ,,., k _ l, itfollows that

il* - ".ll = ull"o - 
".11. = *rll*o- "-il. < r,2økll,o_ ,.ll . p2,,

that (2.3)-(2.5) hold for x : xo , and, y . )c, .

By Lernma 2'l we have näw froni (l.i) that xo*rexists. Moreover, since

r'(,r-)(:,¿*1 - "-) = (i * r,(r-)(lro_,, ,t; Fl, _ .,þ-)-r)).
* (fro-,,xt ; Fl- r'(.r-)(" o - ,.) - (16o)- F[r-) - r,(.r-)(.r¿ _ 

".))

LBvrr¡¡ 3,213)Let a= ,'*"{il. ("-)ll* i,rr}, u,here U = ll.'(".)-'ll
Then the þllov,in I r nequal iries hol d :

*lt, -'.ll = llo(r)ll . "¡, - "-¡,

¡",llt - ,.ll 'u¡¡"íentty 
smctll. E

THgoRev 3.3 Assume that the sequence (x¡) given by (1.1) converges to x*
Then xo-) x* superlinearly i"f and only if

llryll =,(ll¡(',)ll), ^ k-+ æ

Proof. Assume that xo->.r* superlinearþ, Since

ro = (r(x¡)- F("-) -,e' ("-)("¡ -'-)) - (lrr,_r,rt ; Fl - F,("-))('o - r-) *

+(r'("-)* (['o-,, xt;Fl- o ('.)))(*o*, -,r-),
taking nonns,

ll,ill = llr1"o) - r('-) - r'(..,-)('* - '-)ll n 
lll'o-,, xt; Fl- o'("-)l

ll"o - ".ll " fl. ("-)ll * l[*-,, xt ; F]- .'('-)l|)ll"o*, - "-ll =

='(rr'" 
l.l,i. !ïî, =ï1,;5f,'"Jiï1'. 

-".r,, =

by Lemmas 2.1,2.2 and3.2

Conversely, assurre trrat llr¿ll = ,(ll"(+lll). a. i" the proof of theorem 2,3,

ll,o*, - ".il . (ll. (".)-'ll.lll*_,, *t;F)-' - o'(,.)-'ll)iÞrtt.

*llf"o-,, xt ; Ff- o'(',-)llll* -',-ll * lln('o) - r("-) - F'("-)(* - 
",-)l|) 

=

= (ll. (,-)-'ll*,(t))(,fl.t"-)D + o(r)ll,o -,-lln,(ll"o -,.||)) =

= ,fl.(,r)ll).,fl" - 
"-lD = ,fl'o -'.l|) as Æ -) æ,

again by Lemnras 2.1,2.2 and 3.2, tr

F(*o) = t'9-ì("1 
_ "-)* (.("r)- F("-) _ r,(*.)(*¡_ ,-)),

taking nonns, using (2.3)_(2,5) and,the choice of y we obt¿in

ii,,o., - "-ll. = (t., il" (".)lllli"-_, ,*r;Ff-, -.,(,-)-'lD.

(lhll.ll[,'o-,,",, ;rl- r,(xr)il ll,o -,-ll*
*llr1"o)- ¡("-)- r,("-)(,0 _ 

"-)lD =

= 
(r * yr,)(n ollrç*o)ll* rll,* - ".ll* ,ll.o _".1|) 

=
< (r + yp)(''ro(lþ. - "-ll. + yll,,o - ".1l) 

+ zyllx¡,- 
"-lD =

< (l + vrrXn(l * vp) + zyp)ll*¡ - ".ll_ = qllro_,.*ll*,
u,hich proves the linear convergence of (Ç. tr

3,RATB OF'CONVERGBNCE OF INBXACT CHORD METHODS

In this section the convergence order. of in"exact chord methods is cha¡acte-rized in temrs of the rate of co'i.rj*".ìiûr...rutiur r..ìãr"ì.ï¿ ofresiduals.
Dppn'trtoN 3'1,[3j Let (x) be a sequence,,rtich converges ,o x*. The,7. tlte sequence (x¡) 

"orrr",:g., 
to x* sûperl¡r"oìù f-"'"-'

llrr,*, - "-ll = o(lr¿ _ 
"-j) as ,r + oo ;

2. the sequence (xo) converges to xo with v,eak order at leasl q (q > l) f
rinr suplþ¿ - r.!l'' rr . r.
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Dprn'¡n¡oN 3.4 t4l Gíven the distínctpoi,ß x, y, z e r!, fhesecond orda. diyided

!f;::;:: 
of F on x, y and z is a tínear operator fr, y,"; 11 

" à:çi, ,-rçJi,fr

t. fx; y, z; Fl(, _ r) = fy, "; 
Fl_[x, y; Fl and

2. f F is ttt,ice dffirentíable at'u e N then

.,lr',t'\,1'''' z ; Fl = ) 
r' çr7' a

^," 
r*,|r*e 

3.5 If there exisÍe> 0 and K> 0 such thatfor all x,ye.B(;-,e)

Tgeonetr¿ 3.9 Assume that rhe sequence (x¡,) given by (l.l) converges to x*,
F' is Höldet" co,l.inuo.us ,,ith expouent poat. x*, where 7+ po =+

If xo-+ x* tuit.h v,eak order aÍ le'st 1 + p<t then ro-> 0 v,itlt u,eak order at
least I + po.

If ro-+ 0 u,itlt u,ealc order at least | * po, F satisf es tlte conditi.ott oJ.Lenu,a

3.5 and there exi.sts fr, e N sfficiertry rarge such thø llx¡,-r-ll="t atzd

lltr., - t.ljs.r t+Po , tt;ítlx c, y givett below b1t the v,eak conyergetlce of ro, then
xo-+ x* u,itlt v,eak order at l.easl, I * po.

- Proof. Lef Lbe the Hölder constant and let cr and Z'be the constants given i'
Lenrnra 3.2 and Leruna 3.8 respectively. Pick e > 0 sufficienlly small that for allx¡ e B(x*,e), there exists [.r, y; n: artd

ll.frlll< "llr 
_ 

"-ll

llt",-",r1-'ll= "
ll.'(r) - . (".)ll < rllt, - ..11,'

il.frl - F("-) - r,(,.)(t-,-)i 
= 

tll, _,.i|'*o, 
.

Such arr e exists by Lemrna 3,2, the continuity and the Hölder conti¡uity ofF' at x* and Lemma 3.8.

^^^ .OÌl*re_th!,xo -).¡* with weak order at least | + po. The'there exist
constarrts 0 <y < 1 and ko> 0 such that

(3.1) 
ll.* - "-li 

. ,(r*ø)* ror k> ks.

Now choose kr2lcosufficiently large that

lþo -"-ll<e for k, kt,

From tlie definition of 1,

ll,ill = ll[,0_,,',r;F]ll.ll",**, -,oli+ ljr("*)ll <

= 
*(ll"o., - ".ll* ll"* - ".lD 

+ 
"jj"o - ".ll

lll,,rt11-. (".)ll=.fl, -,-ll*lÞ - ".ll) þr all x,y eB(x.,e)

Proof. By Definition 3,4 we luve

il[",r,; 11 - .'("-)l =!l[*, t; 11_ ["-,,-; r]l =

ll!,,rt r1-þ. ,*, Fl+fx. ,x;F¡- ¡r-,r-,r11=
= f[., 

-, 

",, 
y; rl0 --" 

* 

) + 
[-v 

*, 
;r, 

*, x; Flþ_, -)i 
= "fl, 

_ rii .
lÞ - ".lD o

l

I

,,,.,Y'# ,Tl::.2"T1:":,:ß;,";;;i:ï::r,,::!",ru"* Lemma hotds, ror exan,pte,

r o . o?ii':l'.y :r,1,, J2 I;,:: î: i í,1,,, ï rl i *. c o n t i n u o u s w í Í h exp o n e n r ¡t

IIr,@-.,(,.)ll= lþ, 
_ ;ll,

.f"r ll, - *.ll ,r¡¡rttentt¡t 5¡7qlt. F

u,r,rt\Y\^r:"lrrrf,J"{F ', ís FIötcter contiruous with etcponertî p af x*, the, there

Ilrf¡- F(*.)- r,(*.)(t-".)l= r,lþ,_*.!1,*, 
,

f", I, - r.ll ,uy¡"ientl1, 5¡7¡sll. p
(r{t*^)-.' + r(r+zo)*) + oy(,*o.)* = (oy*{,* 

p")r + zo)y(r*¿)0,

by (3.1),

lþill= "
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4t

lþ¡li < :..Y('*'')' for k' kt.

The result now follows imrnetliately from the definition of weak order ofconve¡gence,

Conversely, assurlte that lþ?ll + 0 with weak orderat least I * po = +Then there existconstants 0 <y < I and (, > 0 such that

iþ¿lls y{t*'')n fo, o, 0,,.

Suppose also rhar 
ll[r-, ", /;,F]ll < K for x, y e B(x",e).

c = (zo,(zt< + z'))-r, ir (z..(zt< + z,))-r > r

Let

c = (za(zx + L,¡)-./oo , if (za(zx + z,))-1 < r,
and

ll* - "-il < niin{e,cy} for k 2 k1,

and admit that k, > /r,, is sufÍiciently large that
q" 

^,(t+pùhlF1r+po¡,-n,l _ I-y ' .t (-

andcz

< .,y(r*ro)o + o,rllx¡ - ".ll'"^ + 
",rll,r¿_, - "-llll"o - r.ii* ..r,ll*¡- "-ll,** =

- crr(t*,'o)* + .,(,< + t)llx¡ - r.il'*'' + orll",¿_, - ,-llilro - "-ll =
< .,y(l*^ro)n + o(f + L,)ct+roy(l+p.)¡.r-Ár + uKcy|+to)'-n' . nit*to)r-r-,r _

- ar(l+,r,0)o + a(f I L')ct+toy(l+p.)r*r-*r * o*"zrlt*to)r-'-o'

As in the proof of Theoreln 2.3,

ll"o., - ",-jl 
< .rr('*r.)o * n0*n)*.'-" (o(ra + L,)cpo + uKc) =

- n{t*ro\r*'--'(!rFr)n-'-*'[{l+ro)"-'-'] *o(r + L)cp" +
\c

. n{t*n)0.'-'[; . ]) = nr,*,"Y.'-r

since 1 +po satisfies t2: t + l. We get
so tlrat xk) x* with weak order of convergence I +p,, . E

li"r., - x- jl < cyr*r,

for k, kt
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lþt-t-ll tn{r*n)*-o', for k,kr.
From the definitio' of weak.of.con rgence if suffices to prove trratThe proof is by ind,crior. when 

,, 
-ll,-i.- foilow, låniìi,åir.un ption

llx¿, - .r'll< cr and li'r., - x.lls cyt*t,.

ll"u.,-".11=l["0-,,Ìk;F]-rll(il,. ¡i*JJ[."-_,, x¡;F]-.,("-)l 
ll',o 

_",.Jj*

.ll.t",l _ .(".) _ r, (,.)þr _,,.)ll) 
=

= "(lÞrll+ 
,<(1"'r - "-ll* iþr-, - ".lDlþ, - ,.ll * ,,ll,o -".ii,.,.) 

=


