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In 1969, A. Jakimovski and D. Leviatan [4] introduced a Favard-Szasz type

oo

operator, by means of Appell polynomials. One considers g(z) = Z a,z" an
n=0
analytic function in the disk lz| < R, 'R>1, where g(l) # 0.1t is known that the

Appell polynomials p;(x), k = 0 can be defined by
) gl Z
To a function f: [0, o) — R one associates the Jakimovski-Leviatan operator

2) (P.f) e il’k (nx) f ( )

B. Wood [6] has proved that the operator P, is positive in [0,00) if and only if

—ﬁ— >0, n=0,1,... The case g(z) =1 yields the classical operators of Favard-Szasz -
g

) N
SHEE Y (k)
In [4] A. Jakimovski and D. Leviatan have obtained several approximation properties
of these operators. Let us mention some of these.
We will denote by £ the class of functions of exponential type, which have
the property that I f (r)| < e for each t >0 and some finite number 4. Their basic

theorem can be stated as follows: If £ & C[0,0) N E_ then lim (B, [ )(x) = f(x);
H—>0

the convergence being uniform in each compact [0, a].
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The aim of this paper is to study the order of approximation of the function f
by means of the linear positive operator , P.. We need the values of the operator,
P_ for the monomials e, e,, e,, where e (1) = #, i € {0, 1, 2}.

In [2] we found:

~—

® (B =5 + 1530

[l £0), 1 2 rO
() =1+ {1 2£0) LEU,

In order to establish the main results of this paper we need the following:

DEFINITION 1. For #>0 the second modulus of continuity of f € C B[O, o) is

®,(f;1) = shlg)H (o + 2h) = 2f (o + ) + f(o) &

where CB[O, o) is the class of real valued functions defined on [0,%) which are

bounded and uniformly continuous with the norn ” f H c,= S[l(l)p )‘ I (l)‘
x€|0,0

DEFINITION 2. [1]. The Peetre K-functional of function /' € Cj is defined by
K(f30) = inf {If - e, + ;)

where C% = {f € CBlf' ,f'e CB} with the norm “f"cs :”f”Cs +“fI“Cb' +Hf”“cb.
It is known that

4) K(f;t)sAl{mz(f;\/;)+1nin(l,t)

for all 7€[0,00). The constant 4, is independent of ¢ and f.

LEMMA 1. If zeC? [O,oo) and (P ) is a sequence of positive linear operators

with the property Pe,=e,, then

() (P2)x) = z(x) <]l 2 (B =) )() —|| 2B (- %)7)(x)
The proof'is analogous to the proof of theorem 2 [3].

THEOREM 1. If f eC[O,a] , then for any x €[0, a), we have
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(BS)x) = 1(x)| <

- It 1 (] 1
where h = \/_l_+i§_g+;2(_)

n  n? g(l)

%h\|f||+%(3+%)m2(f;h),

Proof: Let f; be the Steklov function attached to the function f. We W111 use a
result given by V. V. Juk [5]: if feC[a b]andhe(O Gl ) then ]lf f,,”< o,(fh)
and ”f;. ”S —0,(f5h). Since (P, )(x)=¢,, we can write

|( nf)(JC)—f(x)‘S (Pn(f_fh))(x) ( fh fh l }fh )‘S

<27 = Sl (B - £il0)

Using relation (5) for the function f), eC2[0 a] it results:

‘(P ﬁl ()C fh | £ ’fhl'ﬂ ’— x |f;, H f— X )(.1’.)

In accordind with a results from [3] and [5], we obtcun

“fh“ < _“fh” += ”fh “ S “f“ _”fh ” = _Hf" 4 h2 (f h)

and so it results that

(B = 7(3) \(uﬁ+¥i—<fm)(< Y +

L N (A 6
By inserting into it 2 = (F},(t - x)z)(x) = \/% v n%i(l‘)g-;—‘l%@ we obtain

(B ) = ) < 2+ 3ol i) + Z0,(/3h)

Now we can write that
’( S () ‘ s _mz(f h)+
2h

2h 3al

2+ 2 o)+ 2aulsin) -
2+ 2osrinf3+]
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and so the theorem is proved.

THEOREM 2. For every function f € C3[0,00) we have
(g
(- s« s ELEDI e oo

Proof. Applying the Taylor expansion to / € Cfg , we have
(PS8 1) = PGB (1= 2)(x) 2 7 N B 1= 7o) where & <(1,x).
By making use of (3), we obtain
! 1 g"()+g'(1)
(o) ste)sbrl, 220 A (2 L EUEO).

———g—— ;! 1g_<1)+_g'<1)<
e

(
el 1801, s £,

g(1 g(1)
g

AWy o2 £,

THEOREM 3. For f €Cp[0,0), we have

(P2 - 1) 5 240 o (70 + 2, (WA, }

"(1)+g'(1 '
where h= \/%(x +§%J , A, being a constant independent of t and f and
4

_1_[x+g"(1)+g'(1)} RV 4o (L

g(1)
g"(1)+g'(1)

1 , if x+ >2n
g(1)

Proof. We will use theorem 2, the Peetre K-functional and relation (4).

For feCy and z €Cj , we can write
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(B X) - 5 < (B ) - (Bi)o) + [(Bia)x) - ()] + [e(x) - S () <
L A e a1

Because the left side of this inequality does not depend on the function z €C3,

it results that:
, e 1 "()+g'(1) <
(Puf)x) - £(x) 2K [f : 5[*+g_g(l)—]}

This completes the proof of this theorem.

REFERENCES

1. Butzer P.L., Berens, H., Semi groups of operators and approximation, Springer, Berlin, 1967.

2. Ciupa Alexandra, On the approximation order of a function by a generalized Favard-Szasz opera-
tor, Buletinul Stiintific Univ.Tehnicd Cluj-Napoca (to appear).

3. Gavrea I, Rasal. Remarks on some quantitative Korovkin-type results, Revue d’analyse numérique
et de théorie de I’approximation, 22, 2,173-176, (1993).

4. Jakimovski A., Leviatan D. Generalized Szasz operators for the approximation in the infinite
interval, Mathematica (Cluj), 34, 97--103, (1969).

5. Juk V. V. Functii klassa Lip 1 i polinomi S. N. Bernsteina, Vesmik Leningradskovo Universiteta,
seria 1, Matematika, Mehanika, Astronomia, 7, 25-30, 1989,

6. Wood B. Generalized Szasz operators for the approximation in the complex domain, SIAM,
I. Appl. Math, 17, 4, 790-801 (1969).

Received 1.X. 1994 Technical University of Cluj-Napoca
Department of Mathematics -
3400 Cluj-Napoca
Romania



