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Taking the initial value.ro = (1, -l
methods we obtain the following results:

.5, -2t-1.5, -1), and aPPlYing the two

Nervûon method ON THE APPROXIMATION BY FAVARD-SZASZ
TYPE OPERATORS¡a

-1.5000000000

-0.90000000000

-1.0125000000

-r,0001524390

-r0000000232
.-t0000000000

x!

-2.0000000000

-080000000000

-1.0250000000

-1.0003048?80

-10000000465

-10000000000

x2

-1.5000000000

-0.9000000000

-1.0125000000

-r.0001524390

-1.0000000232

-1.0000000000

xl,,

ALEXANDRA CIUPA

(Clq-NaPoca)

Chebyshev method In 1969, A. Jakimovski and D. Leviatan [4] introduced a Favard-Szasz type

operator, by 
'reans 

of Appell poly'or'ials. Oue co,siders S(ò = Lor"" an

analytic tuncrion in the disk lrl. n, R > 1, where g(1) + 0. It is f.tio=$n that the

Appellpolynornials p¿(¡) , k> 0 canbe tlefinedby

(1) g(rr)e"' =ioo|)ro

f¡=À
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To a fu'cti o' f:[0,.o) -+ .R one associates the Jakirnovski-Leviatan operator

(2) (n,¡)(,)= ä i,rrO*lr(l)

B. Wooti [6] has provetl that the operatorP,, is positive in [0,æ) if and only if

!+ a 0, 11 = 0, I, . . . Tlie case g(z) : I yielcls the classical operators of Favar.d_Szasz

s(l)

(s,,fX') = e-'rr 
þr!*t(Ð

I' [a] A. Jakimoyski a¡il D. Leviatan have obtaiued sever¿l approxiluation pro¡rerties

of these operators. Let us mentiou sotne of these '

We will de¡ote by ,E the class of functions of exponential type, rvhich have

tlrepropertytlìat l/(r)l < eAt ,foreach| >0andsonrefiuitenumberl, Theirbasic

rlreorenr can be stated as follows: If f e cfo, æ) ) E then 
,111(4'lXt) = /("') ,

lhe convergence being trnifonn in each cotnPact [0, a]'



The aim of this paper is to study the order of approxirnation of the function/
by means of the linear positive operator , Pr, W" need the values of the operator,

Prfor tlre monomials eo, e, e,wltere e,(t): r!, í e {0,1,2\,
In [2] we found:

(P,e)(x) = x

(3) (r,,er)(x)=r* t t'r!?
n 8u), ,(r) 1, ,

(P,,"r)(,)= x2 +llt*zLn)-- -;['-'g(t))' 
"'

In order to establish the main results of this paper we need the following:

DspnqltloN l For¡>0thesecondmodulusofcontinuity of f e Cr[0,.o) is

@z(f :') = 
î:ïllr(" 

+ 2h) - 2f(" + ¿)* /(")11.,

where Cr[0,æ) is the class of real valued functions defined on [0,co) lvhich are

bounded and uniforrnly continuous with the nomr lllll" = .up l¡(")l,, ,,u, 
.t e[0._¡,

DerrNluoN 2, [1], The Peetre K-f,urctional of function f e CB is defined by

r(f ;t) = 
è$r{llr - sll,., *'llsll.;J

wlrere c'u = {f u cnlf' ,.f" . cn} with ttre "o"" ll,rll.; =llfll., *ll/ ll., *ll/"11.,

It is known that

(4) x(f ;t)<,er{rr(¡;ú)*rnin(r,r)ll¡llr, }
for all le [0,æ). The constant Aris independent of t andf.

Lpvtiue l. If z e C210,æ) and (P,, ) rs a s equence of pos í tive l i near operatctrs

v,itlt lhe pt'operty P,,eo = e,, then

It@,,,)(,) - ,6)l= ll,'ilJ(4,( t - ,)')(,) * |lllll(¿,(,-')'X")
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(5)

The proof is analogous to the proof of theorem 2 [3].

THEoREM l. If -f eC[O,a], thenþr any r, el}, a), u,e have

tvhere t,= l!* l- g"(l)+'g'(l)

\ln nz s(t)

Proof.Let f,, be the Steklov function attached to the functiori/ We u,ill use a

result given by V, v. Juk [s]: if f ecla,b)^an.(0,!-!),,n.n llf -¡,ll=1^r(ft,)

-d ll, ll=; #^ r|tå), since (4,,0X')=eo, ie caíwrite

l(¿,¡X") - r(")l =l{r,lr - ro¡¡"¡l + l(r,f, X") - r, ( 
")l 

+ In (') - /(")l <

<zllr - ¡ll+l{r,t)Q)- r,@l

Using relation (5) for the function ¡,, ec2lO,af, it results:

l(r,r,,)(*) - .r,,(ùl= ll¿llJ(",tr - ')')(') +

Favard -Szasz Operators

In accordind with a results from [3] and [5], we obtain:

and so it results that

32
59

(p,r)(,) - .r(,) = I ¡ . ;(, . i),,U;h),

j 
ll,r, ll(r,r' -')') (..')

llr, ll . 1v,,ll. ilr;,ll = 
?"vtt. 

ilr^ll = llvtt. + # ^,(r ; t,)

l(p,, f ,,)(r) - f,,6)l = (irn
3al* 
--;(D4h¿ ,(f;h) (n,(, - ')')(') +

By inseriing into it ,, = @,{u *)){ù = 
l:. i we obtain

l@,¡o)G) - r,,(')l = 
?VW . l i^,(r; t') + 1',ff 

; n)

Now we can write that

l@, ¡)(') - r Øl' 1.',(¡, h) . +l¡ll " + ;^,(r ; n) + 1 
^,(¡ ; r') =

= lllrll*1^,u"ù(t.î)

. 
1 i,,ff; n)(r,(t -')' X")
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and so the theoren is proved.

THEoREM 2. For evayfwtctíon f e C2Bl0,@) we have

l(¿,rlt,)- /(,)l =;[,. t1ä#)m,,, r e [0,-)

Proof,, Applying the Taylor expansion to f e C2B,webave

l(¿,rX¿ - f(.\= l(¿rx') - (p,,'\r),*lçr,"\,) - 'Q)l*14ù- 
^Ðl 

<

=41¡-41,,*;['.t#t)ru, ={v-41,,*+?. 
)

ll"ll..z

Because the left side of this inequality does not deperid on the function z eCzB,

it results that

l(P, rx') /(')l=rt[ tt+(,
g"(t)+g'(t)

))=(p,f)(,)- f(,)= ¡'(x)(P,,(t-')X') *)f"G)(r,1r-")'?)1'¡ where ( e (r,-x). g(t)

By making use of (3), we obtain <2At t; +(
g"(t)+g'(t) g"(l)+g'(

(:.,+ )

o2
g(t) s(t)

l(P,/X') - /(') = ll/1,, ;# I+-l
2" cb

This cornpletes the proof of this theorem.

= ll/l,,;# .)vtt,,)(

=ll/'11..;#.u il.. j[
r+ r g"(t)*g'(l)
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=;['. )(t ,,* r c,)';[
\x+ lllrll.,
)

THEoREM 3. For f eCul\,æ),u,ehave
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where h= l'(
1r,I

x+
g"(t)+ g'(t)

, A, being a conslant independent of t and f and
s(Ð

I

2n
x+

g"(t)+ s'(t)

)
if .r + <2tt

if -r+ >2n
À,,(t)=

g(t)

I

Proof, We will use theorem 2, thePeetre K-functional and relation (4)

For / eCo and z eC2s , we can write


