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l.INTRODUCTION

consider the first-order volteffa integro-differential equation (vID E) :

(1.1) y'(t) = f(,, y(,)) * | rþ,s, y(s))as, t e I:= [0, r],

with initial condition /(0) : /¡¡, Here, the given functious f: I x R + R and

K:S x.R +.R (with,S: : {(t, s):0<s<l< T)), are supposed to be sufficiently

srnooth for the initial-value problem for VIDE (l.l) to have a unique solution

yeC"(Ð, with cr,e N (see[3], [6]).
VIDE-s of the above form will be solved numerically iu certain polynomial

spline spaces, In order to describe these approximating spaces let lI¡¿: 0 = /0 < fl <

<...< tN = I (with t,, = t!,N) ) be a mesh for the given interval ./, and set

oo:= [/0, \], o,,:=lt*tr*t),11 ,:=fn+r-tn, r't - 0,.,.,N- l,

lr = maxla¡(tu*, - tr) ,

Z¡¡ := {t,,'.n = l, ..., N - 1}, Zw = Z¡¡ U {7}

Moreover, let 9o denote the space of (real) polynornials of degree not

exceeding k. We theu define, forgiven integers mand dwith rt>l and d>-1,

Sf)o (z * ) : = fu 
: 
"U)1,.",= 

: un(t) Ç fln+a, n = 0,. .', N - l,

ulj)rç',,¡ = ull\,) for j = 0'1'"'' d and t" e z*j'
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l=0
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(2.r)

where
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to be the space of polynonial splines of degree m+ d whose elelnents possess the

krrots Zn, and are d times continually differentiable on,f. rc d: -1, then the ele-

rìrents "i 
S!,,\ìQ r) niay have jump discontinues at the knots 2".

In rnany papers, the problem of approximating the exact solution of initial-
value problen't for VIDE (l,1), has been solved by collocation rnethod in polyno-

nrial splines spaces s,!l)(2") ana s[])Q*) (r." Í1l,lz), [3]) or in polynomial

splines ,pr"" Sjf,( Z¡¡) $eet6l). hr this paper we shall construct an approximate

solution in the space of polynomial spline functions SÍilr(Z*), rvith m>1 antl

d>0. This approximatiorrø e SliiJoQì will be detennined by collocatiorr

methods. The attainable order of global and local convergence of these methods is

analyzed in detail.

2. COLLOCATTON rN POLYNOI\{rAL SPLINE SPACES Sy),(Z,)

We shall assurne in the following that rnesh sequence (ll"),,r, is quasi-

uniform, that is, there exists a finite constant y independent of N such that:

max1,,¡(/r,) / minn(h,,) < y . æ, for all N e b{.

hr [7] M. Micula and G, Micula proved that an element u . SllJoQ*) has

for all h:0, ,.., N-l arid for all /eo, the following form:

"1,:),U,)
rl

(t - ,,)' *io^,,ç, - r,)o*' ,

(2.2) x(N),= U X,,, with X,t= {t,,,jt=t,, r c,h,, i = I,2,,,,,*}
N-1

n=0

Tire approximate solnti orru e s!ÍJrQì will be detennined irnposing the

conclition that u satisly the VIDE (1.1) on X(N) and the initial condition, i.e,

(2.3) u (,) = f(,,rr(r))+ lnu(r,s, 
r(s))d", for all t e x(w), with u(0) = r0

The ex¿rct collocation equation (2.3) may be written in the fonn

(2.4) ,',,(r,,,)=.f(tn,j,u,t(t,,,j))+ta,t'rc(t.,,,j,:u+vhn;Lrt(r,,+v4,))av +F,(t,,,.,),

j =7,,.,,nt(n=(),'., N - 1),

where

F,,(l:=I til K(t,r, + vÌt,,u,(t¡+ vå,))ctv

Frorn (2.1) we have that on element " . Sf,)oQr) is well defined when we

clenotes the lag term.
For å stnall enought it is easy to show that systen (2.4) has aunique solution

{",,,¡} ¡=r,forall 
tt:0, '..,N- I'

For linear the version of ( 1 . 1 )

(2.s) y'(t) = p(t)y(t)+ q(t)+ I*U,s)y(s)ds , 
t e I, y(0) = yo

the collocation equation assllllles the fonl:
rt-l

u', (, 
^, 
¡) = ft,,, ¡)r,,(t,,,.¡)'r qþ,,, j) + tt,,6l!),lu 

^l 
n f nrç11,)¡",1,

(2.6) r=o

j = 1, ...,nl (, = 0,..., N - 1) ,

where:

t,,+vlt,,)<1v, if i=n

-r-v()clv , if i =0,...,n-7.

We phrase our convergence results for the linear equatiotl (2.6)', a re-

l¡ark on the extension of these results to the geuetal case (1,1) will follow
each of the proofs.

d

u(t)=r,,(t)=Z
r=0 r=l

,9,)10;, =
dr

"(t) -rt')10) ,r=0,1,
d/t'

d
t=0

know the coefficients {"r,r}r=*foralln-0, .,., N-1. In order

coefficients we consider the set of collocation parameters

to detennine these

{"t},=ç,, where

0 < cl <. ..1 c,n < I , and we define the set of collocation points by:
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In most applications the integrals (2,7) occurring in the gxact collocation

y, aud one is forced to resorl to ernploying

approximation' In the following we suppose

by quadrature fomrulas of the fonn:

PrI ^,¡ 
K(t,,¡, t, + d ¡h,)u,(t, + r) ¡h¡)

w ¡,¡ 
K(tr, ¡, t,, + d ¡,¡hn)u,,(t,, + d ¡,r4,)

if f = 0, ...,t't-1,

Q,8) î'y)lu):=

Spline Collocation Methods 81

this solutions have been found, the values of z and â together with their deriva-

tiveson 6nafedetenninedbytheformula(2.1),respectively,bythefonnula(2.II),

3.GLOBAL CONVERGENCE RESULTS

If the given functions¿ q and K are of class nt* d on their dornain of defini-

tion, tlren the VIDE (2.5) has a unique solution y, which is of class nt]-d* I . For a

function rp defìned on 1 we shall denote by rp, the restrictiou of I to the subinten'al

or, for alln:0, 1, ..,, N- 1, and we shall use the following l1o1l11:

(3.1) lltll- '= 
trp{1e,,(r)l :t e o,t ,n = 0,1' " ', N - 1} '

concerning the convergence of the method described above we give the

following theorems:

THESREM 3.l Let p, q and K i.n (2.5) be nt+ d ti.mes cottlinuously dffiren-
tiable on their respective dotnaíns I and s' Then' for evetl' cltoice of the colloca-

tionparatnet"rs {cr} _-_ v,ith 0 < cl < c2 1...1crr 1I andforallquasi.-uni-

form mesh sequences {n"} with sfficiently anall h > 0, v'e have'.

(i) the exact collocati.on equation (2.6) defines a uttique approximaliott

u . S!!)oQr), and î.he resulting errorfunctiotx ei:y-u satisf es:

(3,2) ll.t*lll < ckhn*d+t-k , for all. k = o,r,,,,,tn+ d,
llll-

where Coarefinite constanls independent of h;

(ä) if the quadraturefonnulas (2.8) satisft: -

54

l=1
FoI
l=r

if i=n;

where p6 and p1 are two given positive integers; {cl¡\ , {d¡,¡} are two sets of para-

lrleters satisfying, respectively:

0. dt....< du, < 1 and 0 < d¡,r..... d j,uo < r,, (j =7,...,m);

and u,r, r,r,r., detlote the quadrature weights.
The corresponding error tenn are defined by:

r!,') l",l = +li) l" ) - ¿.ll) 1",1,

j = I,,.,rtn, i = or".rt':, (n = 0,...,N-l)'

Herlce, the fully discretization version of the collocation equation (2.6) is

(2.e)

given by:
n-l

û', (, 
^, 
¡) = tt(t,,,)a, (t n, ¡) + qþ,, j) + h,,6Y ),1û,) 

* \ n,$l )¡A,1,

(2.10) i=o

j = 1,..,,1fr, (n = 0,...,N - Ð'

One can observe that the approximation û e S!Í)o(zì,given by the fully

discretized collocation equations (2,10) will, in general, be different frotu the

approxinration ø e SÍflr(Z*) given by the exact collocation equations (2.6). For

all n:0, .,., N- I and for all t ec nthe approximation û . s!,lJoçzr¡has the forn:

(2.n) ûQ) = u,(t) = i4 4rt - r,,), *iâ,,,,1' -,,)o*' ,

r=O r=1

with:

alLto)'= r(')10¡ , t.= 0,1,...,d.

Equations (2,6) and (2.10) represent, for each n=0,1,.,', N-l a recursive

systenr which will give the unknown, {or,,},.=- , respectively {âr,,} , =*,. Since

(3.3)

and, for j:l , . .., t'tx,

(3,4) li +Q,, + dt,,)d. - i v|,j,r+(t,ì + d¡,/r,) = o(t';),
l=l

whelever the íntegrand is a sfficiently smoothfurtction, thenfor îlte approxima-

tion û . SllJoçZr) defined b),the disuer.ízed collocatiott equaÍion (2.10), r.he

follou,íng relations hol d :

l,lOf,, 
. rh,)&- Ë',*(,, + d,tt,) = o(hi,),
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(3,5)

and

(3.6)

(3.7)

where:

(3.8)

where:

(3.e)
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r=l

6
,7
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il,,*,ll_,= ll",o, 
-r,o,il_ .erhu-k, ror ar Æ = 0,. ,r, ,

llu,',ll_,=llrt*r -r,',ll* .ôoh,-., ror au k=0,,,s,

where s'= min{rb + l,ri} + 1, s = min{r' ,m+ d + l} and eo,Ôo ar.e Jinite
constants independent of h.

Proof, We shall prove itbyinduction using the same technique as in [4] orin [5].

(i) For n:O,I,..., N- I and for all t = t,, * rlq e o,, (r e (0, l]) the exact

solutiony can be developed iri Taylor series:

wlrere, we lrave introduced the abbreviati ons p,,,¡'.=p(t,,+c.,h,,)and k,,,,(.)= K(t.,,,.,,')

Relation (3.9) can be u,ritten:

(3.10) h,l-tD,B,= F,.8,+h,[+dr,+
n-l

i=0
2,,,n,,,,

rvlrere D, e 4rr,,,, F,, e J¿r,r(a+t), E, e ./¿¡a+t)r1a+t¡ ( J/o,y denote the set

of nratrices with a lines and y colurnns) and þn, rr, Q

explicit fonn of the matrices and the vectors results
For ¡z : 0, by (2.1) and (3 . 1 0) we obtain:

(3. 1 1) h{-t Doþo = h6,*d ro .

Frotn the assuurptious of the theorem it results that the vector ro is bounded
and for sufficiently srnall /eo> 0 the lnatrix Do possesses a uniformly bounded in-
verse. Helrce,forp: m+ d+ l wehave:

,,, are the column vectors, The
from (3.9).

n+d
y(ru+rh,,)=Z +r,'ht, + hm+d+I4,(r),

r=1

&(r) = @hI r(''*dnt)(1,, + qh,,)(r- n)"'n'd,1
(3.12)

llpoll, '= I lp'',| = ll';'ll,lþoll t ='1M0 ,

,n

l=l

Taking into account that 1t is a solurion of VIDE (2.5) and u . SllJoe *)
satisfies the exact collocation equatiori (2.6) and employing the expression (3,g)
for e, . we are lcd to:

and frorn (3.8) it results:

(3.13) 
l"o(ro + lùl< ,,,*o*r(rr, * lno(r)l) t co .¡rm+d+t, for all t e fo, r]

Deriving relation (3.8) ktirnes (lc:1,2, ...,nt+d\ and using (3.12) we obtain:

(3'14) 
l"Íro'(rr, 

* ,lro)l . cÍ,0) ' ¡rm+d+l-k, for all r e [0, t].

Suppose now that, for all j:0,1, ..., n-l

(3.15) 
l"!orl,, 

*rr)l=r:o).txnt+d+l-k, r e (0, t], k =0,...,m+d

hold and prove that (3.l5) holds forj: n.
By (3.9), (3.10), (3.15) and the assum¡rtions of the theorem it follows that for

sufficiently srnall hr> 0 the n'ntnx D,, possess a unifomrly bounded inverse,

ll¿,11, = o(h*.0.t), lln,,,ll, =o(l,'"*o*t) (r=0,1,...,,- 1) and ll,;lL isbou'd.

Tlrus, from (3,l0) for p : m* d+ l, we obtain:

i
1=1

So, by (2.1) and (3.7) we have:

d

er(tn+"h,,)=Z
r'= 0

hlþ,,, =

hi,r' +h{\Fr,rron' n ¡nr+d+r 4,(r),

(r)eilt
rl

hÍ*'

hl-'t ø,,,{{a + r)c4+r-t - h,,cj*, pn,j - ,}!:' k,,¡(r,, + rh,,bd+,,h}

= 
,=_+,rt,,-l(-rcit 

+ h,p,,,jcj *,îI:, kn,j(,,, + rn,)r,a,)+

+tt',i*d 
{- 

n', (r',) + p,,¡h,R,(c ,) - ,t I: k,,¡(r,+ 14, )4,(r)dr} +

n-l
?l

*à",J.k,,t(t, + rh,)e,(t, + rt4)ü, i = 1,...,tn,

(3 16) llp,ll,,=

and froln (3.8) it results:

þ,,,t lM,,+M,,h,
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(3.r7) "(t)þn+r4,)l 
a ¿$)¡nt+a+vt< ,

forall r e (0,1] and k=0,1,'',,nt+d.

Evaluations (3.14), (3.15)and (3,17) end the proof of the first assertion by

the theoreur,

(ii) By (2.1) and (2,1 l) it follows that the function e:= lt - û can be u'ritteu

for every rL = 0,1, . . ', N - l, thus:

(3.18) 8,,(t,, * rh,) =É4fd r'trl, + h','f n,,,,ro*'' ,

r=0 r=1

where:
hä'T,,,.:= (o,,, - ã,,,,.)h!,*' .

If we now substract the discretized collocation equation (2.10) from the ex-

act collocation equation (2.6)and weuse relations (2.9) and (3.i8), we are led to:

n-l
(3, l9) h,'.,"-t ñr\, = Êr8, + lt,,;,., +Lo,(A,,,, + h,i),

i=0

wlrere r,,.,,=(rl,t.),lu¡;,...,ËiÏ)lr,]),andtlte'ratrices bn.È,,.é:,,andthevectors

Q,,.¡ havctheìanie sizes as D,F,1,,8,, and Ç,,,¡ fron't(3'10). the differences be-

twee¡ them consisting in the fact that the integrals from (3.9) are replaced with

quadrature fonnulas of the fonn (2,8),

Tlie a6ove expression hæ the same structure as (3, l0). From the slnoothness

h¡,pothesis antl from the assumptions on the order of the quadrature fonnulas (3.3)

and(3.4)wehave: ll't,,ll, = o(hþ) ana 
ll,t,,,ll, = oU,!) rhus,repeatingthereasorl-

ing from the proof of the æsertion (i), it easily results tlut relation (3.5) is true'

Now by (3.2)and(3.5)it results:

llu'-'ll- 
,= 

lþt*t 
- t(o)ll- 

= llu'-'ll- 
. ll''-'ll- s ôrh'-r

for all k:0,1, ..., J, with s = min {s', m+ ù-l} .

C¡ROLLARY 3.2 Let Ílrc assumpti.ons of Theorem3.l hold. If the quadrature

fonnulas (2.8) are of interpolalory l¡tpe, tt'ith þ. = þl = m + d, Ihen lhe ap-

proxintation A . S!!)rçZ r) deJìned by the díscret.ízed cr¡llocation equotion (2. l0)

leads to at't error ê(t) satisfYing:

(3.20)

for lc:0,
wiÍ.h O < ct <.',1 c,,, 11,

himanypapers(see [1], t2l, t3l) thequadrature fornrulasused have Þ6=p¡:r?,

d.:c, arld d,,: c,c, (.i,1 : 1, ..,, nt). The possibility of employing sorne quadrature

fá.,r{utr. of in. iil¡ type in our method would lead to sorne sinrplifications, These

simplificatiolts are useful when they do not spoil the convergence order given by

Theorem 3.l (i), namely s:nt* d+ 1. An answer to this problem is given in the

followirig corollary.

CoRoI-LaRv 3.3. If ín VIDE (2.5), PeC,*d (I),qeC"'*d (I) and K eC'Èd (S)

and if nt) d, Í.ltett tltere exi.sl,s t,he set o.f collocation paromet"r, {"¡} .-r, ,u"tt

that for tlte approxit,atio, A.S!,!oQ r) givett by the rJiscrete collocation equa-

tions (2.I0) in v,hiclr Pq¡:lL1:rtt, dr:c.,and d¡,¡: cf ¡r4'e have"

(3.21) llrt'l -r,nll_ = o(¡m+a.t-r¡,

for k:0,.,., tn+ d (as lù0 v'ith Nh <YT).

Proof.lf ¡to:¡t.r:ttt and m>- d then we choose the set of collocatioll para-

rneters {r,} - to be fbrmed by the lz Gauss points for (0,1)'
t L ) j=l¡¡1

Retnark 3.4. (i) The results of the above theorems fot d:0 andm > I are

similar to the results given in [3], while fot d:n-l and m:l QteÀ) they are

similar to the result from [6].
(ii) The extension of the above arguments to nonlinear VIDE (1' 1) is straighr

fonvard:intheerrorequations(3.10)and(3,19),therolesofp,,randof Æ,,,r1t,+rh,)' '

are takerr, respectively, by ôf(tr+"r1r,,,,,,,¡)lôy md af(tr* c¡|,,ti+rn,,z,O)ley,

with z,,,, and z,(t) denoting suitable intennediate values arising in the application

of the Mean-Value Theorem (see [3], [5]).

A.LOCAL SUPERCON\¡ERGENCE ON Z,V

The notion oflocal superconvergence is used rvhen ou a set ofinterior points

Z¡¡(or 7¡¡) , tlre approxi'rate solution has a convergence order greater tha' the

global convergellce order. From Theoren 3.1 we notice tliat the orrly conditions

Inrpor"d on the collocation parameters {rr} ,=r, 
are that they must be distinct arld

llr'-'ll_ 
=s(yn+d+t-r), (aså\0 a,d Nh<vr),

n*d, anrJÍor evety cltoice of the collocation param"t"" {c¡} ¡=n,

8

^ 
(fr)

æ
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tlrey must belong to (0,1]. The local superconvergence on Zy ts closely connected

with the choice of the collocationparameters (see [3]' [4], [5]) and with the rela-

tion between their number and the number of the coefficients of the approxilnate

solution determined from the smooth conditions.

We will give the following theorem concerning the aspects presented above:

THEOREM 4.1. SuPPose thal.:

(I) t.he gí.venfunctions p, g and Kfront VIDE (2.5) a.re m+P lintes cotttittu-

ously clffirentÌ.able on their respeclive dontaíns I and S (tuhere f,+ 1<p<nt)'
(ll) m>d +2;

(l\I)thecollocatiottparometers {rt},=*, with 0..1 < ...1cnt <7 are

clrcsen suclt Lhal:

Proof. (i) The exact collocation equation (2,6) can be written in the form

(4.6) u'(t)=qQ)+ p(t)u(t)+ | x(r,s)u(s)dr'-ô(r), r e 1,

where õ(l) denotes a suitable function, subsequently called the defect function.
vanishing onX(Àf .

By (a.6) and (2.5) we obtain for the error fuirotion e:: y-u the followingVIDE:

(47) e'(t)=ô(r)+e(r)o(r) +lrQ,s)e(s)ds, re 1 with e(o) =6,

The sohrti on of $.7) can be expressed in the fomr (see Theorem 1 . 3.4. from [3 ]):

(4.8) e(t) =.t?(r,0)e(0)* f n(r,s)o(s)cs : 
I'o^Q,s)a(s)ds,

wlrere R(t,s) represents the resolvent kemel associated with the VIDE (2.5), and
lrence witb VIDE (4.7),

If in (4,8), for l. = t,, eZ¡¡, we replace each integral by the sum of the

interpolatory quadrature fonnula with abscissas {t, + c¡h¡:l = 1,...,m} and the

corresponding remainder tenn E,, r; since õ(t, + c,h,) = 0 , we obtain:

(4,s) n(r,,)=fn,u,,,,,= itlþtr,,,s)ô(s)ds.
i=0 i=0

From (4.1) we have that for lt,,,,l= O(n *n) for h -+ 0 anrl hence froni (4.9)

it results 
l"(r,, )l = O(n *t), evaluation which proves the first assertion of the theo-

rel11.

(ii) The assertion of Theorem 4, I (ii) now follows frorn (3.5) and (4,2). We
mention that relation (4.3) can be straightly proved using the same technique as in
Tlreorern 3.1 from [5],

(iii)By (4.8) we obtain:

(4 r0) e'(t) =a(r)n(r, ,). I*4t,1* = a(¡). fitlP(s)cs,
sirrce,R(1, l):1 (see T 1.3.4 from [3]),

For 0 < ct 1...< c,,, = 1 we have ô(1,)= 0 andby(4.10)for f. = Í.,, eZ,,

it results, in complete analogy to (4.9):

11 Spline Collocation Methods

n-l n-1

i=() í= ()
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(4.1)

,- =Ílltr("-"r)dr=0, fo,' k=0,1,...,p-t;
jJ

Jr+0, vtltse d+7<p<m.

Then, foÌ all quasi-uníform mesh sequences {tr"} v'ft.h sufrtciently sntull

h> 0, we have:

(i) if ueSf,JoØì ¡" the approxitnete solutí.on defined by the exact colloca-

tíon equation (2,6) and y ís the exact. solutiott of VIDE (2,5) then:

(4.2) 
"r|*lt(t,) - ,(t,)l= o(t'" '), (as å\0 ancl Nh < vT);
l,,ezr'

(íí) iJ'rhe quadratureþrmulas (2.8) satisfi (3.3) anrì n.S!,!oQr) is the

approximate solution defned by the discretized collocation equaliott (2.10) tlren:

(4'3) ,iälv7) - î,(ùl= o(h"\ (as /z\0 and Nh < vr),

u,llere a:min {ru*p, s'} ;

(iii) if lz> rl+2 and lhe collocation paramet.urs {c ¡} - > are chosett suclt

Í.hat relation @.1) holds and c,r:I, tllett: 
t L ) i=t¡¡

(4.4) ,rla*ll'(r,) - r'þ)l= o(h"'*o). (as å\0 and Nh<{),
t,eZ*'

and

(4.s)'ng*ll'(r,,) -a'(ùl=o(h"), (4sl,\0 and NItsvT),
l,eZrt

where a = min{lz *2, s'}.
(4.1 l) e' (r,,) =ð(r,,) + L h¡8,,,¡ = \ h,8,,,t,



T2 13 Sp line Collocation Methods

1,(o): t, r e [o,t],

89

if m : 2, aud the set
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whereE,',¡derrotethequadratureefÏorsassociatedwitlrtliert-poirrtinterpolatory

quadrattrre fomrulas, bas ed on the ab scissas 
!' i! " þ i\'f?t "tt l]]:Ials 

frour (4' 1 0)'

The assertions of fneo.ern (¡.1) (iiÐ now fàitow' iry tne arguments enployed at

the end of the proof of (i) and (ii)'

CoRoLLARY 4.7' Let the assumptions of Tlteorem 3'l hold' Thett:

(i)for rlte approxíntatíott A t S!,!op¡¡) 8ív"" by rhe discrete collocatiott

equatiott(2.10) in tt'hichF.: Pl 
: rn, dr: c, and d,,: cft v'e have:

mgxl/r,)-t(/,,)l =o(h"'*') (as å\0 and Nlt<^fT)'
l,,ezNl

andfor c,r--l v'e ltave:

maxlv'(r'r) - a' (ùl= o(h^* o) (as lz\0 and Nh < YT)''
l,ezNt

(ti) if the collocalion paratneters {",} ,=ç, 
are the zeros of P''(Zs-l) (Gauss

points for (0,1)), t.hen P : m and

tt'tq*1.{r,, 1l= o(nz"') (as å\0 attd Nh syT);
l,eZ nl

(iii) l' tlte collocrttion pararneters {ci} j=t, are lhe zeros of P''-t(2s-1)-

- P,,(Zs - l) (Radau II points fot" (0,11), Íhen p = m-l attd

¡1g*1"(t)(r" )l= o(nt^-')' fo' i = 0'1 (as h\0 and Nh <vT)''
t,,eZ*l

(iv),/f'hecJiscrel'i'zecl'collocaÍionequat'i'on(2'10)ischaracl'eri'zedb1,
i.nterpolaÍ.ory nt-po¡rtt qaa¿rature opprorj,notiotts tt'ith tro: Pl 

:m, Ihett Ihe

resultírtg approxitttatíon û e SliJrQì has the property Íhat:

,tta*la(r,, ¡l = o(t "') (as å\0 attd Nlt < 1rT) '
t,,eL,

if and onty if, ("), (b) attd one of (c), (c'), (c") holds:

(a) the collocation pararnetu" {"¡} 'ç 
are the Gauss poittÍs for (0'l);

(b) df c,(l: l, ,.,, nt);

(c) d¡,t: cf tç.1 
: l, "', m);

1"1 i,): rf ', 0, t 
: 1. "', m), wløe rlrc {c' ¡} --, ure thc Ra'dau l poíttts þr l0'1);

(c") d¡,. c.,c'i (i,l: l, .. ,, ttt), tt'here th. {c''¡} ,=n, 
are Íhe Raclau II poittts

for (0,11.- 
Proof. The above results are provetl by H. Bmner and P. J. vau der Houwen

iri the case d:0 (í..e Sil)(2") (see [3], 1tp.279-299)). Also they hold in our case

(d>0), the prooß can be ideritically transposed.

5. NT]N{BRICAL EXAIIPLES

The convergence results derived in the preceding sections will be illustrated

by the collocatiou methods to the follorving test problem:

(s.l) 1tQ)=i.fi/')d", .v(o) =1, re[o,t], À>0,

wnose exact solution is ¡,(r) = j(*o(J^r) * *o(-Jfu)), a'ra two linear problenrs:

.i,'(¡) = v(t) + 2te*p(r2) * | 2,.'p(r2 - s2)r'(s)as,
(5'2) 

'v(o) =t' Ie[o't]'

whose exact solution is ¡r(l) :exp(l + l2), and

(s.3)
y' (t) = -y(t) *exp(r) - J'.^p(r - sþ(s)tts,

whose exact soltttion is;(l) : 1.

For above problerns we have tested tlie collocatiolt nethods based on:

A, set of collocation Points C1

if nt:3;

I
t

{",= å 
,", = }, ", ='}

B. Radau II Points

{",=+,"r=#", =,} ir m :3;
{", 

= *,"r=t} if m : 2, an¿ the poi'ts
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Table 5.1.c

C. Gauss points
3-# 3+\6

Ll- - ¡L2-frô
if m : 2, and the ¡toints Approxirnated error, Durnber ofconect significarit digits aDd eltèctive orders for problenr (5.1),

with À=1 for nt 3andd=l

I
I

5-Jß I s+ús
"t 

= l0 'cz=5,ca = l0 if m= 3.
47x1 '7,57

.20x10-6/8.88
12x10-e/10.09

C

/sd; pe

)+

)a

.4

,03

B

e, I sd; p""t

-20x1.04 
16.8'.1

.66x10-8/8.3?

.20x10-el9.88

)s

)s 
o:

A

e* I sd; p""t

12x10-'/5.08
.'78x104 16.29

.5o x t0' l '1 .49

)oo

)+

3

h

112
114

1/8The tables contain the values of approximated error in the end point, i.e. the

value e¡ =ll(r)-"çr)l . tfr" number of cônect digits obtained at the énd point, i.e.

the value of:

rl
sd:= -logrol l, (r= l")(.i

Table 5.2

Approxirnated ertot, nurnber ofconect significaut digits and eftèctil'e orders for problern (5 2),

for m=2 and, d:l

and the effective order of numerical method, i.e. the value of

C

e* I sd; p,,,

.48x10-'/3.18

.28x10-3 14.41

.17 xl}r 15.61

.10xi0-5/6.83

)a.o 
r

)a

)a 
o:

B

e* I sd, po,,

2.1 x70-t 11.52

.30x10{/2.38

.39x10-'113.26

.51x 104 I 4.16

)z 
ro

)z.sz

I'

A

en I sd; p,u

.21 x10-t l2A3

.15x10-'?/3.69

.90x704 /4.91

.55x104 16.12

)0,

)+.oe

)a.or

h

1t2

1/4

118

1t 16

'd(
lt) sd(zh ) (tog,o(z) = 0,3)P"!T :=
log16(2)

for vadous values of the h, m, d. Using the Maple Progranring Langttage, the collocation rnethod apply at the

problen(5.ã)inallcai theexactsolutiorli,e. u(t):flt)forgllr€[0,1].
' Fiiaíy, frorn pri'ted i' Tables 5.1 and 5.2, we cart

observe u góód "ott" 
retical resttlts presented in the preceding

sections and corresponding results given in this section'

Table 5.1.a

Approxinated error, nutnbet of correct signitìcant digits and eflèctive o¡ders l-orproblern (5.1),
with À= l,for m:2 and d=0

C

e, I sd; p*
,17 x10' /4.%

.10xl0r/6.16

.6'l xrc' 1736

.40x10+/&58

)a.oe

)+

)a.oe

B

e, I sd; p,
37 xt0-3 13.61

.54xrc4 14,45

.70x10r/5.33

.89x10< 16.23

),'
lrn
\¡

A

e, I s:d; p,
.68x10-2 1235

.16xrc-2 llqf

.39 xrc-l 13.59

.%x104 14.2ß

)r,
lz.ot

)z.oz

h

112

114

U8
1lt6
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Table 5.1.b

Approxirnated error, uumber of con ect signilicant digits and eflèctive orders fir¡ problcrl (5 . I ),
with À= I,for m=3 and d=0

C

e, I sd; p,,,,

.23x104 l'7.82

.35x70-'19.63

.56x10-tt 111.44

)e 
o:

)a 
o:

B

e, / sd; p"*
'.54x10-'/5.45

.1'7 x10-6 16.95

.40x10-8/8.58

)s

)s
.5

A

e, I stl; p,",

.83 x 10-'/3.2ó

.10x10-3/4.18

.12x10{/5.08

): oo

Þ

h

t/2
r/4
1/8
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