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221 1. TNTRODUCTION

229 The Baskakov operators are defined on C[0, oo) as

237
(n,.r)(*) = i r,,o!) r(*),

249
(1)

where
2s9

BOOK REYIEWS (2) b,,r(*) =
n+k-l

k

xk
269

(l +.x)"e

If we define the mth order central moment by

then there are ìvell-knoriln the following relations:

(3) p,,o(t) = l, pn,r(r) = 0, pn,z(x) =

and

¡(¡ + l)
n

ntLr,,n+t(x) = r(t + x)(vl n,, (x) + nrp"n,*_,(r)), nr = 2, 3, 4, . . .

The purpose of this paper is to introduce a class of Baskakov-type operators
by means of Daubechies' compactþ-supported wavelets. These nerv operators
have the sarne moments as Baskakov operators in an arbiharily chosen number,
The rate of convergence of these operators is in connection with the Lipschitz
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2. PRELIMINARIES

2 3
functions with respec
that using wavelets
obtained in [a].

B Operators
t to the second-ordermodulus of smoothness, We mentionfor Szász-type operato.., .en arkabf.-ìäì.1t, have been

whe¡e the suppor-t of ry, is [0, 2r + rl.Also, there exists a positive constant y suchthaty ,has yr continuoirs derivatives and for any 0 < k-:;-,

J ;0,4(")* = o,

s a regular function is approximated by

iii.::iåäil
follows we require for y e z_(R) the 

given. In what

(Cr) u finite constant i, >0 exiìtsÇitn r l
(Cr) its firstr moments vanish: ^J;

Jororyç,¡a, = o, I < tc < r;
(C')

f, v(t)a' = r.
Then our Baskakov_type operators are defined as

(6) @,t)(*) = ,f 4,oe)l^f (t)ty(nt _ k)dt .

k=0

n of the interval 10,1) and V = X[o,r),

il*î.å#ï.'äi,:i.,il"il,'Tecause
(7) (t,,r)(*) =t,u,,,oe)f t(+)v(,)d,

5

B
(t< p for.Lo-aPProximation

rovicir, in the sense of Kanto_

(4) (ni,r)A¡ =,Ëu,,r@lu+ -r(u)au,
k=0 D

of relations between rate of convergence

on g of operators Bn and Bj which
tion is defined as

(5) 
v2Q¡ = x(t+ x),.r > o.

on the other hand, we recall some facts about waverets (see t2r, [5]). Theterm "wavelets" refers to sets of functions of the form

v,,u6) = o.,rr(!_!1, o, o, å e R,\a )

-r(*) =åå oo,k)v¡,oe),
3. RDSULTS

where

"(i, k) = zi,, I*¡(x)y(zi x _ o)*
For each positive integer r Ingrid Daubechies constructs an orthonormalbasis for Zr(R) of the form

2i/zty,.(zi x _ t), j, k e Z,

Tnnonev l. Let Lnbedefined by (6).Then, for 0 < s < r,we have

wheree,(t):t,. @'e')(x) =(a'e')(x)' x) o'

Proof. We canwrite

(t,,e,)(x) = t u,,o!) 1- (#)" v(x)a, = )t u,,rr,, 
[1; å (r,i 

r*, v(,)o,)
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By using the conditions (C,) and (C"), we obtain the claimed result

(r.,,e ")(x) = #äó,*(')l* fr'y(x)or = (n,,e,)(x).

The following particular situations will be remarked as important:

(8) (t,q)(*) = I and (.L,er)(x) = x.

Further, we present some Bernstein-Markov types of inequalities. Firstly,
we insert Cr[0, -): = Clo, oo)n¿-[0,*).

Tn¡oRBlr¿ 2. Let f e C ol0, æ) . Then theþtlowing inequalities

(e) lla,r¡¡_ , ulltll_,

(ro) llr', fll*<znullfll*,

(n) llt"^ fll*<+"("+t)ullfll*
hotd,where ø = i.llvll*.

.Proof.Ifweput

ft(#)t(,)or= rr(k,n),

then, for. f e ColO,.o), the following inequality

Ir,(n, ")l = 
rllrll_llvll_

holds.
By using relation (7), we can write

@

l(¿rlt'\, Z t,,oþ) lr'(tc, n)l 
= 

Mll.fll- .

Baskakov-typo Oporators

Hence (10) holds.
We derive relation (12) with respect to.x and we get

(t', f)(,)= 
-{å 

b,*r,¡-,(x)I ¡(t,r) - (L,fl'4} =

(r2) 
= #{å b'*',*(x)r,(k +t'n)- (¿'l¡1')}

This identity together with relation (9) imply

l(r':, Ð(,)= 
-{å 

4u,oQ)l ¡(k +t,n)1* |{a,rX')|} < z,i,llr¡-llv¡-

'7

In order to prove relations (10) and (11), we recall

(r;', y)(x¡ = -#@,/X').#[

(aù¿=-ou,

But we have

iu *r,o -16) r, (tt + r,n) -iu *,, 1*¡, ¡ (t, + r,l)

k=0

From the above relation and inequality (10) we obtain

l(r'", f)(*)l < (n * t¡l1t; ¡¡çx¡l+ zn(n+ t)I||f ll- ||vll* < +n(n + t)ull¡ll*'

The proof of this theorem is complete.

Tnronsll 3. Let f e Cllo,æ)fìz-[0, æ). Then the following inequalíty

llu rll* = 
ø(llrll- * llrll-)

hotds, where ø = r,llvll_ .

Proof. Relation (14) may be written as follows

(* @

Þu,,^Og 
,(rc + ¡r) - I ¡(k,n))* I(ó,*,,0( x) - u,,oþ))r ,ft * r, ,¡)

l r(rc + t,n) - r r(k, n)l . ) ilr'll_ll*ll_,
i,,o¡)=Fir( k

-- )e
n

(r), x > o;

Iu",rf¿= xbn*1,¡-1(x), k =1,2,3, because

Thus, we can write ,(r+!)-,(+) =; f,(\,),
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M +t)llf - sll_ * Mlls,,ll*

9

f u lies betv¿een !- una 
t + lc + 7, Also, it is easy to veriff thatnn l(r,,f)(,) - f@l= ,Jl¡.,{llt,(r - s)ll- + llr - sll_ *lçt,s)(*)- ,f,)} =

{,

--x _+
3n2

x(x+L
n Ì=

h,u*(*) - b,,o?) = 
T n, b,,oe)

All these relations lead to the following inequality

Applying the Cauchy's inequality, we obúain

t u. rølffi-,1 = f u.,ra¡(I - *)' = t,,,(*)

lG:, ¡)Øl= 
^llril-[,+l[,ll- 

* .;îlrlLË ,^rr.¡ll-.l)

I
<(u * Ð";*¡""{llr

Here, Kris Peetre's functional given by

(13) Kr(f ,t) = 
,.àTfnr.{ll.r - 

gll- * rlls"ll*}. / > 0.

Now, we can state the following result

THEoREM 4. Let f e Coll,æ) and Lnbe gíven by (6). Then

l(r',,f)(*) - f (.)l < (a * \K,( f ,r1C * +],\ /, n')

where ø = llVll* ,o = t,q and K, arementioned at(5),respectively at(13),
It is known that Peðtre's functional is equivalent to the regular modulus of

smoothness, consequently there exist some constants p t O *a fo> 0 such as

þ-t^r,(f,t)< Kr(f,P)<Þrr(f,t), f eca,0 <r ( ro,

,,(.r,') = 
¿Ïålloirll*

-o òæ .(t-* 'r('r + 1)

\3r" n

* xl.r + t)l- ^-* 
t '1,3n"n)

= (M +ryr(r,

and, according to (3), we get the desired result.

Further, let g e C2lO, *) lì CrlO, oo), We use the Taylor expansion

s(t) = s(") + s, (*)(t- r) + fJ, - r)r,, (u)du.

By using relations (8) and (3), forx> 0, we can write successively

l(t,ò(ò - g(,)l =

l-
l>
lo=n

i
k=0

þ^((r* 
-,,)8"(,,)u,), ")l =

(+-uþ"{,Þ,)*r,r| =

#-'11,"ø¡o'l)u+'¡- =

+k

u,*Q)Ë

IJ

I:
t+k

(14)

where

and

oQ)b,, n

= llvll-llg,,ll_Ëu,,,r{,)f (+ - *)'o, =

: Àllvll*lls" r-(# * I r^r* *,,,(,)) = r4,,l*(# .4#l
Taking the infimum over g eC2lo,-)nCr[0,-), by (9), we have

¡2 ¡t-\ _ [¡(-+ h)-zf(*)+ f(x - h), when h < x
^"t'/-l o ,otherwise,

once Theorem 4 and inequality (14) areknown, we can easily obtain

Conorr,Rnv, Let 0 < o < Z, f e Cr[0, æ) anrt Ln gíven at (6). If
lor(.f ,r) = o(¿"),
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then we have

lØ,,r)(*)- rØ1.'[# .#)' ,

where t = +,y 
ís a constant and rp is defined by (5),

Next, let s be an integer such that À < s and f e Lrl},co). we can write

lt,ll,. f å ¡l<+)|m.,þ oQ)dx <

.l'Lå f/ff)þ'l ø,,.g)ax=#lvil-Ë I, Vu,V

(1s) ll';/1,.(;)tmr,
is known (see [3], p. 118),

Ifwechooso V = X¡¡,1¡, then llVll_ = 1,1, = landscanbecomeÀ. Inthis
way, we come across (15).'
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l, r,*r¿* =*
On the other hand,

ø )tt-k - nt.rk , , @ .r_l -f.t ¡+1 ¡_l

ÐJu-lr(,)Þ = tJ¡lr(')l¿'= Ër EVa)W= Illrll, =,ll/ll,k=0 n k=|-n tÃ¡=o'n i=o

Hence it follows that llt,,fll, < Urllflly where ,, = ì\llrll_,
The above inequality and relation (9), by -eatrö of Riesz-Thorin theorem

(see []), lead to the following result

TneoReu 5. Let n>1, I3 p S Ø, f e t ofO,æ). fhen

llt,fll, < c,llfll,

holds, where Cots a constanl.
The Ries2-Thorin theorem claim ¡ that the norm of operator z, does not

exceed Ml-'M', where, in our casa,p-l = l-V,v e(0,t), After a irw calcu_
lations we obtain an upper bound of the operator's norm, asîollows

,-l lr .t
C,=i orrl n 

lell,,,ll- P [z - t/ llvtt-'

For the classical operator,Br* the estimation
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