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A whole series of production processes, economic systems of different types
and technical objectives are described by matherriatical models which are
multicriteri a optknization problems ,

This paper presents some properties of different classes of multicriteria
optimization problem solutions,

Consider the following model of a multicriteria optimization problem

(P) v - min f(x)
xex,

whereXis anonempty convex compactset of fr, and f = ("Ír,...,.fo,): X -+ ß^
is a continuous function onX

Let us recall some concepts of multicriteriaoptimization problem solutions:

Dnrr¡urtoN L The point .rP e X is said to be a Pareto solution of Problem

(P) if there exists no point x e X such that f(x) . f(r").
The inequaliW f(*) = f(r") means

f,(*)Sft(-') for all ; e {1, ...,m}

afìd

fr(*)+...+ f*(*) . .fr(*')+.,* f,(*')
Let PQf ; X) denote the set of Pareto solutions for Problem (P).

DEFINITIoN 2. The point .rs e X is said to be a Slater solution of Problem

(P) if there exists no point x e X such that
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f,(*) . f,(f ) for all i e {1, ...,m},

Let SÇ; X) denote the set of Slater solutions for Problem (P),

DEFìNITIoN 3. The point .rG e X is said to be a Geoffüon solution of
Problem (P) if xG is a Pareto solution of Problem (P) and there exists a positive
number M> 0 sueh that for each ; e {t, , . .,m} we have

f¡
Gx - "f'(r)

.f¡(*) - f *G

for some .i .t.1,,..,n1j such that fj(*o,\. f¡(r) whenever x e X and

f,(r)..f,(f)
Let GÇ; X) denote the set of Geoffüon solutions for Problem (P).
It is obvious that

c(.f;x) c P(f;x) c s(f;x).

If A = ltrl " tlPxr'/ is amahix of the type þ, m)withall real elements, then

AI : X -+ I7p denotes the function defined by

11 (r) = (ar rfr(x)+. .,+ ar, f ,,(x), . . ., o orfr(*¡+. . .+ o 
0,, 1,,(*))

forall x e X,

Tnronelr¡ I. Let A =lorl eßP"' beamatríxsuchthat (o,r,,.,,ai,r)> 0

for all ; e {1, . .., p}. If xs is a Slater solution of Problem

J Multicriteria Optimization 't't

Remark 1. The converse of Theorem I is not always true. For example, let

x = {(*r, *2) . nzlo l.r¡ t 1, o < 12 
-< 

l},

.f (*t, *r) = (\, xz) for all (x1, xr) e X

¿=ltt] eBr*2.
Then

s(f;x) = {(r,, xr) e Xlxl:0,x2 e [o,t]]U{(r,, x2) e Xlx, = 0,rr e [o,r]]
and

s(d¡1 x) = {(o,o)}.

Hence, the point (1, 0) is a Slater solution of Problem (P), but it is not a
Slater solution of Problem (Pl),

Tnnoneu 2. Let A = lou] e npxnt be a matrix such thctt oi u 0 for all

; e {1, . . . , p} and .¡ u {1, . . ., m}. I¡xP is a Pareto solution of Problem (pA), then

xP is a Pareto solution of Problem (P).

ProoJ'. Assurne that xP is not a Pareto solution of Problem (p); then there
exists apoint .x e X such thatf(x).-f(x\. Fromthis, because oür0 forall
; e {1, ...,p} and for all j e{1,..,,n}, itfollows that

(arrfr(x)+...+ar,,,.f,,(x),. . ,, ao1f1(x)+, , ,+-aor"f,(r)) <

. ("r r.fr(*' )+ 
. . .-r a r,n 1'*(*n ),,,,, o ¡í(*P )t .,,.. o 

0,,, [,(r, )),

hence lf(*) < ,El(*") Therefore, ¡P is not a Paref o solufion of Problem (,Dl),
whiclt is a contradiction,

Remarlc2.The converse of rheorern 2 is not alr¡'ays true, For example, let

x = {Gt, xr) e ß2lx1e [0, tl, xr. e l0,l], rr + rz iì 1],

f (xp xr) = (\, xz) for all (x1, x2) e X ,

and

fM,

(PA)

then f ís a Slater solution of Problem (P).

Proof. Assume that ,C is not a Slater solution of Problem (P); then there

existsapoint x e X suchthat f(r). f(f).Fromthis,because (o,r,..,,ai,)>0
for all i e {1, . .., p}, it follows that

a,r/r(x)+. . ,+a,,,!,n(x) < a,rf,,(xs)+. . .+o,,n.f,,(xt)

forall; e {t,..,,p},henceAf(x)<Af(f),Therefore,.Cisnotaslatersolutionof
Problem (PA), whichis a contradiction.

v - min ,qf(*)
xeX,

A= * rY"2'x2
tl

I

3)2.
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Then

P(f;x) = {(r,, xr) e Xlx, + x, = t}
and

p(AJ';x) : {(r, o)}.

Hence, the point (0, l) is a Pareto solution of problem (p), but it is not a pareto
solution of Problem (Pl).

THEoREM 3. Let A = louf e iI.p"' be a matrix, such that o,, , , for all

t e {1, . . ., p} and j . {1, . . ., n}. t¡ f is a Slater solutíon of problem (pA), then
f is a Geoffrion solution of Problem(p).

Proof. since .C is a slater solution of problem (pA), therc exists no point
x e x suchthatÁf(x) < 4f (f). This means tha! for each x e x, there exists an
index k = lt(*) u {L . , ,, p} such that the inequality

(l) o 
oorfr(r)+...+a^f,(x)>aorfr(xt)+,..+a*.f,,(xs)

is fulfrlled, L9t c¡ = akt*...+a*. From orj , 0 for all j e {I,. . ., nt} it follows
that co> 0 and hence bV (1) we deduce

Ð,tr¡Q)>Att,(.i)
Letnow ci=aír+...+a,,forallie{t,...,p}.Obviously,c,>0foralli e{t,...,p}.
Then there,exist the points

,, =(!iL, ,f-1, i e {1,...,p},( c' '"'' 
"¡ )

suchthat ,t =(ri,...,r',)> 0 for all i e{1,..., p} and,foreach x eX,there
exists an index Æ = lt(*) . {L . . ., p} so that

t,ir,r.¡zi,ir,(s)
Now, in view of Theorem 2,1.12 in f2l, the point .C is a Geoffrion solution of
Problem (P).

Let now Bl eWP,*^,82 .ylPr'Pr,... be a sequence of matrices and let

(r*)*.* be the sequence of mahices defined by

a) 
{7'r==t}o 

nu,,r e N, k è 2.

Assume that each matrix Ak = l"lf ,(r e n) has all positive elements. consider
thefamilyof multicriteriaoptimizationproblems

( p.ak\ 1v - min ¿k f(r)\ / [xe x,
where Ë e N,

Sttchproblems chains usuallyoccurinsequentialprocesses oftaking decisions;
at each st taken considering the state of the system; the utilityfunctions a ratio corresponding to the priority of the moment in
which the

From Theorems 1, 2 and 3 it follows

Tmoneu 4. The chain of inclusíons

s(f;x) - p(f;x) 
= G(f;x) 2 s(etf;x) 

= 
r(,ety;x) -_ G(t'f,x) 

=...
...2 s(Ao f; x) 2 p(¿o f, x) = c(ek f ; x) 2.. .

ísvalid.
rf x c. gìn is a nonempty compact set and the function f :x -> frn is

continuous, then the set 
^s(f, x) is a nonempty compact set. Hence each set

s(lo f t x),(lt e N) is a nonempty compact set. Then, by a well-known theorem

of functional analysis, the family of nested sets (s(,e¿l;x)), -. 
has a nonempty

intersection; this means that there exists a set x' c x .u"íttt

x. = n[s(qo l.; x)lt, . N] = ll+s(¿r ¡; x) .

Now, assume that forevery k e N the matrixlris square, of themthorder,
with all positive elements, and there exists

I:gAr = A' en^"^.

Is then the equality Xr = S(¿'frX) true? Or, generally speaking, are the
equalities

(3) 
I:g, s(tot,r) =s((,*nr)t,*),

54 Multicriteria Optimization 79
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(4) lim
t--+o

P(toltx)= p (tm

(tm

\r;x)
nrf,x)

s(n' ft x) = c(d' ¡t x) = r(n' f, x) = n(¡; x);

(s)

true?

I,gG(¿r t, x) = G ,(o" f , x) = c(,ak y, x) = ,(uo 1,") = 
{(;, 

t)},

for all fr e N k>_2.Therefore, there exist
Example 1 . Let us consider the multicriteria optimization problem

[v - nin f(*r, *r) = (*r, *r)

f(",, 'r) . {(r,, xr) e 821x, e [0, t] , x, ell,lf ,2x, + 2x, > t] ,

Itys(er ¡,x) = i1i G(,to f ;t) = lT] P(dof,¡ = {(i,Ð}
It can be easily verifiod that

and the matrix
P(t. f , x) = c(.,t. ¡; x) = s(,t- ¡; x) ,= I

t
(+ ')Ì,

(6) Bk

Ii I e n2"2 thus, in this case, equalities (3), (4) and (5) are fullìllocl,

tr):rampIe2. Letùs consider the rnulticriteria optimization problem

for all fr e N, Then v - min f(xr, xr) = (rr, *r)

t * z(z\r
¿k - 3 3\5/

t t (z\k
ã - r[5J

(*r, rr). 
{ir,, 

xr) e ß,2-,r, c [0, tf , x, *.[t, j-] , *, + z,*, > t],

(7)

for all È e N; hence, there exists

and Bk syt2"2 (f e ru) the matrix giventy (ó),'then Ao <n"' (À e_F+) is
givon by (7) and henee l* is givcn bV (B),

We have

s(f;x) = G(.f;x) = p(f;x) = s(,tk¡;x)=, G(¿uf;x) = r(,ek¡'tx) =

= {(t,, xr) e çJ121:t, * 2x, = l, x, elo,l], xr t [0, r] ]
fr.¡r all lc e N and hence equalities (3), (4) anri (5) are fulfilled, too.

Example 3. Let us consider the multicriteria optimization problem

Jv 
- min f(*r, *r) = (*r, rr)

l(",,'r) . {(t', xr) e rtzlx, e [0, t], ', e [0, t] ] ,

and the rnafrix

(B) ,. 
[1

2
;
J
2
;J

e n2"2

On the other hand, we have

s(f ; x) = {(t,, xr) e n2lzx, + 2x2 = I, xtèl, xz¿ o}U

u{t',, x2) e n2 x! = 0," . 
[;,r]] 

u{t,,, x2) e 82 x2 = 0,', . 
[;,r]] '

p(f 
; x) = {(r,, x,r) e m2lzx, + 2x2 = l, xt e [0, t], x, e10,7

c(f;x) = {(r,, xr) en2lzxr+2x2 = l,xL e fo,t],xr- e [0,1

l]' (+
=l.i

1l
l],

8,, * ç¡22x2
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for all ft e l\. Then If there exists

ur=(T b,.
for all fr e N, lim Ak

k-+q
A

d,. then

(e)
where

x. c s(,1. ¡; x),

"o = e# 
t=f)- .'o ;f [=f)-,

b,. = c,. _ 3ú0 l¿aJrlo _ ¡Jro .lr - Jiul*^ n zo I rz ) ,o I t, ),
no=!tP 

t=f)o-'*s 
_1/io [=f)''

Proof. Let x e N*, Then there exists a sequen.. ("0)0." of points
*o e s(zt'|; x) , (t e N) such that -r* is the rimit of the sequenc e (xk\
From .rt e s(.lk ¡;X), (t e N) we deduce that it does not exist ,y . ; iä
that Ak f (x) . ¿o f(ro), This means tha! for every x e x,there exists an index
¡ = t(*) . {L ,.., lø} such that

for eveÊy fr e N. Therefore, there exists
(ur rQ) - ,tk t(*k)) >0.

Let x e X andlet

A*
0

Ilim
k->ø

AK
ul = 

{0. 
*l[r-rt, ) - ur r1r).), 

= 
r], i € {1,

0 ,m].
Obviously,

t(n. ft x) = n(.e- ¡, x) = 
"(u. 

ft *) =,
It is clear that

On the other hand, we have
K:U...U,<; = ¡

and it is obvious that at least one of the sets Kl, .

instance, that the set K"l is infinite, Since

A* = lim Ak,

we have 'l¡-+æ

s(f ;x) = p(f;x) = c(f ;x) = s(¿o f;x) = r(,ek ¡;x) = c(¿o -f ;x) = {(0, o)}, , Ki is infinite; suppose, for

for all fr e N, Hence there exist

l,+ t(no ft x) = l,* r(no ¡; x) = Ì,+*c(no f; x) ={(o, o)}

Thus, in this case, equalities (3), (4) and (5) are not fulfilled,
The following theorem shows a relationship among the sets x* and s(A.f ; x),

THE'REM s ' tet (Bk 
) o* be a sequence of square matrices of the mth order

such that the sequenc. (no) r., defined by (2) has the property that each matrix

Uo = lo!,1,(t e N), has all positive elemtents:

"!j ,0 for every r,¡ e{|,.,.,m} and k eN.

lim
k-+q
k.K:

Àn A*

and

(10)
lr+*(no t(.) - .qo l(ro)), = (n- f{*) - ¿..f(*.))r.

keKj

Then, from (10) and from the shucture of Krt,we obtain

(n. ¡(,) - ,{ f(x.)),zo



Sincex is an arbitrarypoint in the setX, it follows that, for each x e X, there

exisrs an index ; = ;(x) u {L,,,, llr} such that (A. J'(x) - l. f(*.)), ì o. tnt,
means !\tat x,* e S(,1. ¡;X), hence relation (9) is fulfilled,

Rewwrlc -3, Considering n: m:2and theparticularcasewhenl is a
stochastie matrix, M. E. Salukvadze and A. L, Topchishvili [a] have provecl that
reiation (9) is an equality,

84 Dorol l. Duca, Eugonia Duca, Liana Lupça 10
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ON A REPRESENTATION OF 'THE EXPANSION
COEFFICIENTS OF A FI.INCTION ITELATIVE

TO A POWER SCALE

GHEORGHE HALIC

The main results of this paper are: a rlecessary ancl sufficient condition rbr
the existence of the asymptotic expansion

(1) fQo + h) =ZAkhk
k=.0

of tl_r functionl lvhere o is flre Landau srymbcj, and the represenl,ation of the

:::fl:t-,tll¡,.k= t,2,...,nasan entof/lt,he
number k! A,ris ag,eneralization of

Let I c: R be an open interuai, .to clefined in 1
that is continuous a! xu. If the va¡ia-Ële å bclongs to a sufficieltly srnall
neighbourhood U(0) nf the oligiri, then xo .+ h e I and we caiì consider the firnction
h r + f (x, + /r, defined iu U(0), The nth-ordera^syniptotic expan-sion ofthis f,rnction
relative to the power scale {hk, k = 0,r, , .. ,n} is (1), whe¡e the coeffiei e,nts .tlo - .
are calculated success ively

(z) 4 = J'(*ù, Ak = !,nlr[rf* + h)-*^n), k =t,2... ,n,

providerl that l-he lirnits of the second me rber of (2) exist arid are finite.
Fol7: 1, the existence of the exprinsion (1) is equivalent to the e1erivative-

ness of/af .xo and At: -f, (xo). The ntime d

con<lition for the existence of iho exparrsi

for n ) 2 th.is cr:ndition il ¡rot a ¡raeess¿¿¡-y
example rnary be an ill¡¡straiicr of tjlis fàct

1991 Ál\40 Srrbjoot lll¿r-ssjfication: 65D05, 41A10.

+ o(n')


