
Sincex is an arbitrarypoint in the setX, it follows that, for each x e X, there

exisrs an index ; = ;(x) u {L,,,, llr} such that (A. J'(x) - l. f(*.)), ì o. tnt,
means !\tat x,* e S(,1. ¡;X), hence relation (9) is fulfilled,

Rewwrlc -3, Considering n: m:2and theparticularcasewhenl is a
stochastie matrix, M. E. Salukvadze and A. L, Topchishvili [a] have provecl that
reiation (9) is an equality,
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REVUE D'ANALYSE 
,NUMÉR.IQUE 

ET DE THÉORIE DE L'APPROXIMATION
fome XX\ï, Nß 1-2r 1997, pp. g5-89

ON A REPRESENTATION OF 'THE EXPANSION
COEFFICIENTS OF A FI.INCTION ITELATIVE

TO A POWER SCALE

GHEORGHE HALIC

The main results of this paper are: a rlecessary ancl sufficient condition rbr
the existence of the asymptotic expansion

(1) fQo + h) =ZAkhk
k=.0

of tl_r functionl lvhere o is flre Landau srymbcj, and the represenl,ation of the

:::fl:t-,tll¡,.k= t,2,...,nasan entof/lt,he
number k! A,ris ag,eneralization of

Let I c: R be an open interuai, .to clefined in 1
that is continuous a! xu. If the va¡ia-Ële å bclongs to a sufficieltly srnall
neighbourhood U(0) nf the oligiri, then xo .+ h e I and we caiì consider the firnction
h r + f (x, + /r, defined iu U(0), The nth-ordera^syniptotic expan-sion ofthis f,rnction
relative to the power scale {hk, k = 0,r, , .. ,n} is (1), whe¡e the coeffiei e,nts .tlo - .
are calculated success ively

(z) 4 = J'(*ù, Ak = !,nlr[rf* + h)-*^n), k =t,2... ,n,

providerl that l-he lirnits of the second me rber of (2) exist arid are finite.
Fol7: 1, the existence of the exprinsion (1) is equivalent to the e1erivative-

ness of/af .xo and At: -f, (xo). The ntime d

con<lition for the existence of iho exparrsi

for n ) 2 th.is cr:ndition il ¡rot a ¡raeess¿¿¡-y
example rnary be an ill¡¡straiicr of tjlis fàct

1991 Ál\40 Srrbjoot lll¿r-ssjfication: 65D05, 41A10.

+ o(n')
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f'
sinl if x+o

x0 if .r=0,

m-1

(3) f(,) =
1

.f\o + h,*r) -ÐArhl,.,
k=0 _ 4,,

To obtain a condition which is also a necessary one, for each natural number

k, | < k 1 n,the difference quotient

h^+t hI*,

(4) l*0, *o + h,. .., x, + ho; .f)

is considered, where the variables h, i: I,2,..., fr satisff h, eU(0) and for

i+j,h,+h,,
LEpni¡e. If l*o; fl = .fQò = Á4 andfor each natural k,l < k < m,

wh,ich is equal to the right-hand side of (6).

THEOREM, The necessary and sufficient condition þr the existence of the
expansion (r) is thatfor each nalural number k,l < k < n, the difference quotient
(4) has afinite iterated limit, when l\ -+ 0,..,,h* ) 0. In thís case, the coeffi-
cients Ao, k:1,2,.,., n, are

(7) Ak lirn
h¡-+0 

"..,1¡ -o[to, 
xo * h1, ' ' ', xo + ho; ff

(s)

then

lim
ho-+0,.,,,1¡-o[ro, 

xs r h1,.,., r0 * ht; f] = A¡, A¡ eR., Proof. Relation (1) is equivalent to relations (2)
If we prove that for'each k,I < k < n, relations

nt k-l
f\o + Ir,*r) --ZAonI., f\o + h) -> ht

(6) . lit", ^fxo, 
xo + hr,. , xo * h^, xo + h,*r; fl =

a-+vf.,\àv
(8) lim

h-+0

Í=0 lim
h¡-)0,...,h1 -o["0, 

xg r h1,'..,xç + h¡; f)
hk

Proof. For m: 0, the statement is obvious. We suppose that it is true for

each natural number less than m and we will show that it is true for m, i,e., that

relation (6) takes place. The left-hand side of(6) is equal to

take place, then both the necessity and sufficiency of the condition result im-
mediately.

We will prove (8) by induction, For fr : I, it canbe easily verified, Let mbe
a nataralnumbersuchthat I < m < n -l andwesupposethat(8) is trueforeach
natural k, k < n, We will show that (8) is true for m r l , The following equalities
take place

,,-åi1,,-o *[-' 
+ l\' "'' x0 r h'*,; f]- ['o' ""0 + h' "" r0 * h"; f]) =

1
lim

hñ-+0,...,h2 -o[to, 
xo ] 1t2,, .., ro * h^u; ff - Ar,) 4,*,Jå1,0,-o[to' 

tu * ht' "'' xs + h^n; fl =

= lim '1- lim, .^([ro* h1,xs+h2,...,x0+hrr+tiff-l*g,*o*h1,...,.xs*h,;f])=
h,n¡)o l4n¡1 h,n-+0,...,å1-+0" - '

hrn*j

Since the statement is supposed to be true for m - 1, the equality

m-l 1im
I

hn+t
' ,^ *^th -..1-, ì-L li-, ^["0,ro * h2,...,xs + hr+t)fl- ,

[1,,r-+tl,-.,7r+01"v'-'v 
'r¿1"'ttuu "'n+l'J t "^ 

)-

.f!o*k+t)-iuot u

f(*o + lr,*r) -ZAoh!,., h^a1)0

lirn
h^--+0,...,14-+ o[to, 

to + k, "',xo * hr*r; fl =
,¿=0

hr*,

lim
h,ra1-l0

k=0
+1
+1takes place. Using this equality, the left-hand side of (6) becomes equal to t lll

llm



5 Expansion Coolïcimts 89

The sum of the right-hand side of relation (1) is the "best local approxima-
tion" off in the neighbourhood of x¡, by the linear subspace H generated by the

basis {&/', k = 0,1, ...,n} [3]. The coeffrcients A¡, givenby (7), are completely

determined byl xoand H,that is whywe call nunrber hl Aothe ltth-order H-derivative

off at.xo andwritethis as nkf(xo) = lclAr l4).

Remallc2. Furthergeneralizations of the frth-order derivative of.a function at

a point .x0 rnay be obtained by using the same idea" but stafiirft from another

asymptotic scale (for example, the scale {(*(", + h) - o("r))0, k = 0,1,,,,,n},
where <Þ is a strictly monotonic function-in a neighbourhoo<l of xo, which is
continuous atxo) ([5], [6]).

Remark 3, Similar investigations would be interesting to be done fôr the

functions of p variables as well as the research of the connection between the

coefficients of its asymptotic expansions and the various generulizations ofpartial
derivatives.
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(note that the last equality is true since, according to the above lemma,

lim
h^-+Q,.,h2 -olro, 

to r h,..., xo + h^*t; ll =

Replacing in the last expression h^*tby å, we obtain

f(xo+h)-Lnooo

o,Ji|r,-o[ 
xo 'xo * h" ' ' ''xo + h,*r; f] = ]gà

4

m-l

f Qo + h,*r)-ZAoh!,.,
k=0

)
hllu

k=0

¡n+1

which shows that relation (8) is true for m* l,
Remark I . Fo¡ k > 2, the utmber klA ¡, wherc A ois giyen by (7), is a genera-

lization of the Æth-order derivative of f at r0. we emphasize that this notion is
different from that based on the limit of difference quotienf when the variables
hp,.,, hotend simultaneously to 0, i.e., on the limit of function

(h,'...,h0) r+lxo,xs + hr,...,xo + hr;fl

at the point o(0,...,0) .Rft. This generalization also differs from the so-called
direct derivative of the order k of f atxo. 'we will illustrate these, lor k: 2,by the
function (3), at the pointxo: 0, It is easy to veriff that

0,,-1åS-o[0, 
h' ,h" ; fl = ]tgrh" sin! = o ,

To show that the function (h',h) Þ [0, h',1.t,;,f] h^ not a limit at O(0,0), we

considerthe sequences h'n- J- , h'tn= --J-, fl = I,2,... .Thesequence" n'Tc (2n - l)n
l},h',,hun;fl has not alimit, when n -+ æ, The direct derivative of the second

order of/ at the origin O(0, 0) is the limit at O of the function (h, , t{) r> p(h' , H),
where

Q(h',n'¡ - l(h'+h") - f@: I@lJlE
h'lf

To show that 8(h', å") has not a limit at O,we consider the sequences

h',=:*,, ¡r"^= ffi, n =1,2,

The sequenee g(h,,,,h,',,) has not a limit, when z -+ oo.


