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PRELIMINARIES

Let > 1 be an integer and let [a, b] = R bean interval. We shall use the
following notation

1) Tz{(xo,...,xn)eR"”lano <...<xnsb}.
Let F:T —> R be a function satisfying the following condition
'.min{F(xO,...,xn),F(xl,...,x,,H)}S
SF(')CO""’xi--l’xiﬂ’""xn+1)S
Smax{F(xO,...,x,,),F(xl,...,xn+1)},

2) { foralla<xg <.<X,, <$bi=l..n

«if, for fixed x;,..., x,,; and for a fixed i, at least

one of the two previous inequalities is an equality, then
F(xO""’xn):F(xl""’xn+l)' ali

Let m e N. For a given point (ag,...,a,) €T, we consider a finite subset
M c T of the form

Mz{(xj,...,xj+n)eT|j:0,...,m;x0 =dy, Xyem = s

©)

{aOV"’an} —C—{xo""’xnﬂn}}‘
Using (2), one can show that
4) min F(M)< F(ay,...,a,) <maxF(M).
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MAIN RESULTS

THEOREM 1. If F:T — R is continuous and satisfies condition (2), then,
for any point (ay,...,a,) €T and for anye >0, there exista point £, a, < & < a,,
and h > 0, h < g, suchthat

)  Flag,...,a,) = FE,E+h,...,E +nh).

Proof. For the sake of simplification, we shall consider the interval [0, 1]
instead of the generally used {a, b].

Case 1. We suppose that inf F(T) < F(a,,..., a,) < sup F(T). It follows that
there exist points (ag,...,a, ),(Bgs..,B,) €TNQ™*! such that
(6) F(ao,...,an)SF(ao,...,(ln)SF(Bo,...,B").

Let p, and g, be the denominators of o, and, respectively, B,, £=0,..., n. We shall
use the notations:

1

h:— ,xl=lh,y]=jh;
PoP1-- Pudodt. - 4n
j= 20 oL”+1 ﬁ;j:B—O,B—O+1,...,’3—".
h’ oh h h' h h

By taking the denominators sufficiently large, we have 4 < &, From (4) we obtain

Flag,...,a,) = min{F(ih,ih+h,‘.‘,ih.+nh) i:ﬂ,ﬂﬂ,...,“—"—n},

*n

Flag vty ) < max{F(jh,jh+h,.u,jh+nh)‘j = BTO,BTO+1,...,-B—"~H}.

Let i, j, for definiteness, i < j, such that
F(ihih+h,...,ih + nh) < Fay,...,a,) < F(jh, jh+h,..., jh+ nh).
The function g :[i, j] - R,

g(t) = F(thyth+ h,...,th+ nh),
is continuous and

g(i) < F(ag,...,a,) < g(J);

it follows that there exists ¢ < [i, j] such that g(c) = F(aq, ...,
we obtain

a,). With & = ch.

3 Mean Value Theorem 97

F(ao,...,a,,) = F(E_,,E_,+h,...,&+nh).

Case 2. We suppose that F(a,,..., a,) = sup F(T) (or inf F(T)).
By using (2), one can prove that there exists a point (b,,...,5,) € T Q!
such that

(7 F(ag,...,a,) = F(by,..., b,).
We proceed as in Case 1, by using (7) instead of (6).

THEOREM 2. If F:T — R is continuous and satisfies condition (2), then,
forany p e N’ and forany h > 0,a + nph < b, thereexists apoint £ a < § < b,
such that

®) F(a,a+ph,...,a+nph) = F(g,E_, +h,...,§+nh).

Proof. We use the method of the previous proof and the inequalities

F(a,a+ ph,...,a+ nph) 2 gmn F(a+ jh,...,a+(j+n)h),
Jj= np-n
F(a,a+ ph,... a+nph)< max F(a+1h +(j+n)h).

j=0,.,np-n

]

We present below some applications.
Let f:[a, b] — R be a continuous function. We use the notation y

i () (c + ih).

i=0
It is well known that

15 fann
i A, f(c).

The theorem below gathers some results contained in [6]. e

) le,c+h...,ctnh; f]=

THEOREM 3. If the function f'is continuous on an interval [a, b) containing
the points a,< ... <a,, then there exist points e,c+h...,c+nhe [a, b] so that

[aOs' ruf] hf( )

Proof. We consider the function F:7 — R,

F[xv,...,x,,] = [xo,...,x,,;f].

It satisfies (2) (see [6, p. 352]). Therefore, using (9), Theorem 3 is a consequence
of Theorem 1. ‘
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Theorem 3 also gives an answer to a questlon asked by Heinz H. Gonska and
Xin-long Zhou in [1, p. 9]. Another answer is given in [3].
Some consequences of Theorem 2 are the following:

THEOREM 4. If f :[a, b] — R is continuous, then, for any p,oneN and
for any h >0, (a + nph < b), there exists a point £ a < & < b, such that

(10) A hj( F=BUAY f(&,).

THEOREM 5 (P. Lévy) [8, Bx. 5.5.78, p. 231]. Let f:[a,b] - R be a
continuous function such that f(a) = f(b). Then, for any positive integer p, there
exists & & [a,b] such that f(&) = f(é +(b-a)l p).

This is a consequence of Theorem 4, for /# = —&

> = 1’ Ab”af(a> =0

Some results related to Theorem § are:

THEOREM 6 (N. Ciordnescu) [8, Ex. 5.5.40,p. 216]. Let f:[a,b] — R bea
continuous function so that f(a) = f(b) # f(x), for all x € (a,b). Then, for
any 0 <d <b —a, there exists & & (a, b) such that f(£) = f(& + d).

THEOREM 7 [8, Ex. 5.5.54,p. 220]. Let f:R —> R be a continuous function
so that the limits f(—oo), f(o0) exist and S(=0) = f(e0). Then, for any d > 0,
there exists £ € R such that f(é) = f(é + d).
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