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PRELIMINARIES

Let n 21 be an integer and let la,bf c R be an interval. we shall use the

following notation

(1) 7 = {(*0,...,x,).R'*tl a 3 xs...,.r,. b}.

Let F:Z -+ R be a function satisffing the following condition

Q)

. min{F(x,, .,.,xn), F(q,..,, xr*r)} I
< F (x0,.,,, x,-1, x¡¡,,,,, x r*r) 1

< max{r(rs,.,,, xr), F (x1,..., xn*t)},

for all alxo 1...<xn+rlb,i=1,'.',n; v

.if, for ftxedrs,,,,,xr*, and for a fixed l, at least

one of the two previous inequalities is an equality, then

F (x s,.,., x r) = F (xt,,..,xn+t).

Let m e N. For a given point (ø6,..',a,r)eT, we consider a finite subset

M c. T of the form

(3)

¡a =f(* i " 
,i' ï)' =rn.',,, 

1,.'* rî' 

xn+'n = a'i

Using (2), one can show that

min F(M) < F (a0,,..,a n) < max F (M).(4)
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MAIN RESULTS

F('¡ ,jh+nh) .l=

2

TnBoneu l. If F:Z + R is continuous and satisJìes condition (2), then,

for any point (a,,...,a,,) eT and for any E> 0, there exist a point €, ao 3 \ 1 a,
and h>0,h<e, suchthat

(5) F(o,,...,on)= F(8,\+h,..,,\+nh).

Proof. For the sake of simplifrcation, we shall consider the interval [0, l]
instead ofthe generallyused la, bl.

Case l, We suppose thatinf F(I) < F(as,..., a,) < sup F(7).It follows that

there exist points (cro,.,,,on ),(p6,,.,,Þ, ) . Z [l en*l such that

(6) F(us,...,a,)< F(as,.,.,crn)<f(p.,,..,p,,),

Letpoandqobe the denominators of uoand, respectively,þt, k:0,,.., n. We shall
use the notations:

1

PoPt.. ' PnQoQt"'4n

c as e 2*. .,0;:î 
^;?r=,' :7.i:3,' ;,1. ;';, Fs))

Byusing (2), one canprove that there exists apoint (ó0,,..,bn) . f fì Q'*l
such that

(7) F(o,,,..,an) = F(h,...,b,,).

Weproceed as in Case 1, byusing (7) instead of (6),

THEORF.M 2. If F:Z + lL is conlinuous and satisfies condition (2), then,

forany p € N'andþrany h > 0,a+ nph ! b,thereexistsapoint4,o <t, < b,

such that

(8) F(a,a * ph,...,a i nph) = p(r",\ + lr,.,.,\ + nh).

Proof. We use the method of the previous proof and the inequalities

F(a, a i ph,.,.., a * nph) >,=f.h_,F(a + ih,.,., o * (i + n)n),

F(a, a t ph,.,.,.o + nph) <,=f.?,ï_,F(a + .ih,..., o -, (i + n)h).

We present below some applications. 
tl

Let f :la, bl + R be a continuous fi'¡nction. 
'We 

use the notation Þ

Nnf þ) = å {-t)"-' (î)r {" *,0¡
i=0

It is well known that

(9) fc,c+h,'..,c+nh;fl=#N,,.f(,)'

The theorem below gathers some results contained in [6].

THEOREM 3, If thefunctionf is continuous on an interval la, bl contuining

the points do1 ,,, 1 u,,, then there exist points c, c + h,..,,c * nh ela,bf so that

1o0,..., o,, i fl = h Nnfþ).

Proof.\ùy'e corxidø the ft¡nction F : ? + R,

F[.tr,...,rr] = [*u, ..., xo; ff'
It satisf¡es (2) (see [6, p. 352J). Thereforo, us¡¡W (9), Theorem 3 is a cor¡.sequeÉe

of Threm l.

h jh;x¡ = ih, y¡

Q,n

h
lq- + t.
h

c[o

h
,ih + nh)

.,_c[6 cúo,r ún ,_Fo Fo,, þn
L --.-T1.....-. t --.-î1..." h, h -,,,,, Il, r h, h -r,'., h'

By taking the denominators sufficientþ large, we have h ( e, From (4) we obtain

F(oo, ,an) 2rni"{r{;1, ih + h, I n

F(no, Po Þo *1, F,

Ì

,Ìh,jh+h,maxatt
h h

Let i, j, for definiteness, i ( j, such that

F(ih,ih * h,...,ih + nh) . F(o,,,,,,o,) < F(i1,, .ih + h,. .,, ih + nh).

The function g:[;,,r] -+ n,

g(t) = tr(tn, th r h,. ",th + nh),

is continuous and

s(l) < F(or,...,o,) < s(i);

it follows that there exists c .li, jl such that s(r) = F(o,,...,or),With\: ch

we obtain

h
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Theorern 3 also gives an answer to ?que$tiol askedby HeinzH. Gonskaand
Xin-long Zhottin 11, p. 91. Another ahswer is given in l3l,

Some consequences of Theorem 2 arcthe following:

THEoREM 4. If "f '.ln,b) -r Il is c:onti.nuoui, then, for cmy p,n e¡"¡* and

for any h> 0, (a + nph < b), th"r. exìsto- ct point E, o < 6 < b, suclt, that

(10) NroJ'(o) = p, Nt,f(E).

TnroRBIr¿ 5 (P, Lévy) [8, Ex. 5.5.78, p. 2311. Let .f :la,b) -+ k be a
continuous functíon such that f(o) : f (b). Then, for any positive tnteger p, there

exists \ elø,bl such that "f(E) = ¡(E * (tt - o) I p).

This is aconseqr.renoe ofThoorem4, for h = 
b l:o, h = l, Lo 

"f(a) = O.

Some results related to Theorem 5 are: p
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CONTINUOUS DEPENDENCE AND FIXED POINTS
FOR SOME MULTIVALUED OPERATORS I'

EDUARD KIRR, ADRIAN PETRU$EL

1. INTRODUCTION

if A*Ø*B
n(1., a):: if A=Ø=B i

ifA:Ø+BorA+Ø:8.

4

TuBonnu 6 (N. Ciorãnescu) [8, Ex. 5.5.40, p,216l. Let f
continuous function so that f(o) = ¡(U) + J'(x), for all x e
any) <d<b-a,thereexists t, e(a,b) such that f(E) = fG

THEoREM 7 [8, Ex, 5.5,54,p.2201, Let f :lL + lì be a continuousfunction
so that the límits "f(-*),./'(*) extst anct f(_-xt) = /'(*). Then, for any d> 0,
there exists 6 e R such that f(E) = lG + A)

In this paperwe extend the notions of/O-continuity and uniformlo-continù-
ity (given by I. Del Prete and C. Esposito in [2]) for multivalued operators on
metric spaces, as follows:

Let (X ,d) be a metric space and denote

e(x)={el,aex}
p"t6) = {,1 e e(x)l,l + Ø, A is closed}

D(x,A)=infl{d(x,a)la eA},whete x e and A.a(x)

H :ce(X) x ce(x) I R* U{*} the HausdorfÊPompeiu genpralizedsemimetric

on cP(X), given by

-u*{ruo D(a, B),*up n(4, ,a)}
lae4 beB )

0,

*@,

ln,b)
(o,b)
+ d).

-+Rbeq
Then, for
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Consider F : X -+ cr(X) amultivalued operator. LetFix p ,= {, e Xlx e F(r)i

DBrINtttoN 1,1. We say thatFis 10-continuous if and only if, for every

e ) 0, there exists ô > 0 with the property that the following implication holds:

YxeX with D(x,¡(r)) .ô +f.r* e FixF such that d.(r:,*)<r.
Now, let ()', r) be the topological space oftheparameters and F:X xf -+ ce(X) .
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