
RDVUE D'AI{ALYSE NUMÉRIQUD ET DD TTIÉOT{IE DE I,'APPROXIMATION

Torne XXVI, NÑ 1-2,199?, pp. 103-109

ON THE HERON'S METHOD FOR APPROXIMATING
THE CUBIC ROOT OF A REAL NUMBER
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1. INTRODUCTION

In this paperweshall specifyandgo deeply into someproblems presented in [l],
concerning the Heron's method for approximating the cubic root ofapositive nunber.

The authors of [1] construct a method based on the Heron's algorithm for
computing the cubic root of 100.

The method works as follows: Giren two real numbers a and b satisffing
a3 < N < bt,theHeron's method forapproximating V¡/ is

(r,r) Þ(N,o,b) = o. dhØ - o),

where dt = N - a3 anJ cl, = 63 - N. We shall show that the approximation (1.1)

of VN follows from the regula falsi applied to the equation ,' - L = 0 l\l.
This will give a rigorous interpreûation of (1.1), and the results f.o-"¡t1 will be
reached again.

using results from [4], we shall give other errorbounds than those in Ir]. on
the other hand, the method is generalized to the .^e {/N,p € N, p 22, the
method also offering bilateral approximations, Some remarks on applying the results
in [4] for the error bounds will lead us to the generulization of the Heron's method.

2.IIERON'S METHOD AND REGULA FALSI

A. In order to approximate the cubic root of N> 0 by (1.1), consider the
function f :la,bl-+n/("r) =xt -N,0< a<b and the function g:la,h] r R,

s(*) = f(*) '
.x
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It is well known thatregulafalsi applied to the equationg(x) :0 leads to the
following approximation of its root

lflt 3a

m2 -,,t i#-t,t-#Ì(2.r) c

ø, =-u*{u;t,u;t}
fu, v; E7 denoting the first-order divided difference of g on the nodes u and, v.lt
can be easily verified that c = q(ttt, a, b) ,

Taking into accountthat c e (a, b) and denoting by lu, v w; gl thesecond-
orcler divided difference of g on the points Lt, V v,,we get

(2.2) s(r) = s(") +la,b; gl(x - o) +la, b, x; sl(, - a)(x - b)

forall x e(a,b).

For x = V¡/ in(2.2) weobúain

M^=max[{-r.r-4}--z - 
[o, b')

Note that (2, 5) leads to a very good error evaluation; since ø and ó are close

to N, then mrand Mrare close to zero. This is implied by the fact that the func-

tion g and its second derivative vanish at the same point .r = tJN.

B. It can be easily seen that the method presented at A can be generalized,

For the approximation of the root of orderp of the real number N, p eN, P ) 2,

consider the function f¡lar, b r) -+ n,d(x) : xP - N,0 . o,. bt ol t N t bl and the

function gr:lat, b,l -+ R, gr(x) : +, where ,: +. The function

91 satisf,res r,(Vt) = si(VN)
Applying regulafalsi to the equationg,(x):0, we obtain

s(o) + 1", t ; gl({ñ - o) *fn, t,\lñ ;r]('JF -,X,J" - u) = o,

from which, by dividing la, b; gl it follows

" -tJN =
a, bj.[N ; g ({rv-')(J* -u) 8t at)(2.3)

lo, b; s (2.6) cl=41-
lor, br; g,

o,b,tJÑ; gf
Similar to A, we obtain

An elementary calculation on
o, b; g]

shows that orrbrroJÑ;g,
(2.7)

which givos

cr--PJ¡¡ =
lor,b,;grl

,{ñ -n)(x!ñ -r,),

(24) -!=:fr:JÃ-ft,\ / 'JN 'Ñi;;6.;;.4(1/lv - "Xv'\' -'XvF - J'b)'

which gives Theorem 3, [1].
Taking into account the above remarks and using the evaluations obtained

by T. Popoviciu in l4l, (2.3) gives the following enorbounds

(2 s) fr(tt, -')(u - vÐ = l'- JFI = Tto -,)(u- vN),

(2,8)

where

fr({, - ",Xö, - {/N) . 
1., 

- JFI = *,({o - ^)(u,- 
{/N),

p-1

t, = Patz

Í
ì
t

(p-t)(p+r)(ro - "{) (p -t)(p + r)(r¡ - n)
p+3 ,¡r r3

1wherc
12 :' ¡ni11

4ar' 4bl
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(p +- t)a{' p rt)h{ t

2bt''

) to-r)(p rl

å - i),À/7ì = tltax

Tz=

;; t-l

Zott

(p-_t)(p+r )(* - ,( )(øi - u

then the fo llowing pro¡:ertíes ho Id:

j) the sequence (x) ís increasing,
jj) the sequence (h@,,)) is clecreásing,
jjj) lim x, : lim h(x,): i,
jv) the relations x,,i=xn+t< i < h(x,,) hotdfor all n:0, 1,...,
v) ; - xn+t1h@,)-x,*t.
Applying this'fheorcm forF : [ø, F] + R, Ë(x) : xp _ N, h : la,pl + R, /z(.r):
r(*): x- p#-t, where 0 <c¿ < B andpe N,p )Z,weobtain

p+':l

,[c\2
p+.3

4bt'

3. STTÙIIF'TINSE,N'S METIIOD FOR APPROXIMAT¡NG
TÍIÐ pT'II-ûRDEI{ ROOT

Xr¡1 = Xn *
pa (,, - N)'

4*r2

p-I p-1

where Ë' 1-t s, Suppo¡e jhat equation (3, 1) has a root i e (a,p), consider arsoa function h: I-+ R such that the equatiàn

(3,2) x_h(x)_o
is equivalentto (3.t).

*r ,,,äliiiffii:ffi|jethod 
consists in the generatiou of two seque'ces (x,,)

(pal'-txn -.ï1; + ,)' -(rul'-l*n)e'

since F is increasing and convex on [ø, B], it folrow s fhat his decreasing onf1,jl, and the equations F(x):0 and h(x) - r:0 ur"equivalent. so the conclusion
of Theorem 3.1 follows,

The sequeuces (xr) and (h(xr)) being convergent, it follows that for alle > 0 there exists noe N"such that ftói n> no*"have"

h(x,,) - xn1t,

which implies t^tñ 
- x,, 1E h(*,,) -V¡f . " ,

If we use (2.6) for at: xnand, br: h(x) anå gíx) : ry ,and we ¿r,ror.
'Y: 2

the approxirnation obtainedby cn, then by (2.g) we have

1"" 
- {ol= h,,,

where

Let I:-[c¿, 0], e < p be an interv ll of the real axis
Uonslcler the equation

,F(x):0,

X0=d, n=0r1,.,.;d,P <N

(p - t)(p + l(nPe).. iv

(3,3)
xr)

, xoeI, n=0r1,
xn, h(xr); F

As we shall see, this mefhod offers the possibilify to obtain r¡etter both upper

th a lower approximation of t/¡/. .fhen,

6), the precision can be increased,
¡ and (h(x,,)) in (3.3), in [3] ir is proved

. TrloREM 3.1 [3] If thefunctions F: 1+ R and h :1-+ R are confinuousand s atisfy the following conditions :

convex on I,
)<0andh(x)eI,

equivalent.

ln+l = xn -

T\ = ^a*

p-l
t\ = pxn2

p+3
ah(x,)-f
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4, À NUMDRICAL EXAMPLE

V/e intend to apply the method described in section 3 for the approximation
of the number {,/i¡0, i,e., forsolving the equationx5 - r00:0, In this case wehave

F(x): 'x5 - 100
and, taking ú:2, forthe function hwehave

h(x):" - ,o1.0,

^ .. Considering xo : a:2 and using (3.3), with F and hgiven above, we obtainfor the sequences (i,,)nro and (h(x,)),_ i tt. following vahîes:
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n

0

I
2

J

4

5

X,
2.0000000000
2.3704445072
2.4927536892
2.s114651493
2.5118862213
2.s118864315

h(x,,)
2.8500000000
2.6849117966
2.s396394928
2.5125130194
2.5118867443
2.511886431s

e,,: h(xr) - x,
8.5000000000¿
3.14467289418
4.68 858035788
1.0478700'7158
5.229121s9798
3.63'Ì91880718

-01
-01
-02
-03
-07
-12.

1. Let-æ (cr 
1*o.p <co antl l¡be theset of all flrnctions f ,lo,p] - R

which are p-tir'es differentiable at xo. lf a : (ur, ez, ... , an), b : (bþ' b2: .'.. , br),

b,+ b, for i + j, are arbitrary points in R", 9-IL < bk < lc: l, ... , n,

å > 0, letus consider n-poínt differentiatíonforhufusof the foúowing kind

(1) Í40)(*o) = ,tn(f;a,b)+ R (f), tr)- p +1à2,
where d,,(, ; oz !) : { - R is a linear functional called tlte n-point rule for the pth
derivative and is defined as

(2) d,(f;o,n)t= 
ìr-äoof6), tt > 0, Ì,i := r0 + hbo .

The linear functional n, i y + t!
renrainder, By denoting 

"¡,(t); 
/, we say t

arrd only if rt,,(er;a,b)= 
"f)@n), 

k:0,1,
*uþÀr(x). In otherwords, Ø,, contains all
exactness m, Ann-point rule d,,(.; a, b) is o
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(3)

where

,t,(l' ; o, t) = (L,-, 1')(') (ro ),

(1,-,f)(*) == 
þ..,or,rt(x¡), 

toe)= 
G _ #, ("J, 

o(x) = fI (, - * ),

that is,

o = to(tÍr)Go),. lt,ti (xo ))

1991 ,/'rÀ4S Srrbject Cl¿ssification: 6JÐ25, 6iD05


