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4, A NUMERICAL EXAMPLE

We intend to apply the method described in Section 3 for the approximation

of the number l/i¡õ, i,e,, for solving the equation.x5 - 100 : 0. In this case we

have
F(x):.x5 - 100

and, taking &:2, for the function hwehave

h(x):" - *oO,
CorrsideringX0:0:2andusing(3'3),witlrFandh'givenabove,weobtain

for the sequences (",), r o and (h(xr))rr o the following values:
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n

0

I
)
J

4

5

X,,

2.0000000000
2.37044450',12
2.492'7 536892
2.s114651493
2.51r8862213
2.511886431s

h(x,,)

2.8 500000000
2.684911,1966
2.5396394928
2.s125130794
2.s1'18867443
2.5118864315

e,= h(x,) - x,
8.5000000000.8 -01
3.14467289418 -01
4.68858035788 -02
1.04't8'7007158 -03
5.22912159'798 -0'l
3.6379'7880'71,8 -12

1. Let-co (cr.*o.p <co and lbe theset of all functions f tlo,B] --t R

which are p-times differentiable at xo. lf a : (a1, a2, ." , an), b : (br, b2, ". , br),

b,+ br for i * j,are arbitrary Points in R",

å > 0, letus consider n-point differentiationfonùulas of the following kind

(l) t'b)ç*o)=cl,(.f;a,b)+R(f),k)- P+r>2,

where dn(, ; a, I:) : Y -+ R is a linear functional called tlte n-point rule for thepth

derivative and is defined as
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Ø d,,(f;a,h):= -h1"rtt*o), h > 0, xr:= x, + hbo

The linear functional R-: Y -+ R, ft,,(f):¡r"l(;) - d,,(f; a, b) is the

renrainder, By dcnoting eo!): É, we say thdt d,(.; a, b)belongs to the sct rD,, if

and only if ¿,,(e¡;a,b)= 
"f,) {*r)' 

k: 0' l' "'' m' àîd moreover dn (e^*1'' a' b) +.

*n@rlr(x), In otherwords, O. contains all n-point rules which have the clegree of

."ríóttir.J'r, An n-point rule'ä,,(.: a, b) is of interpolatory type if and only if
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(3)

where

,t n(.f ; o, b) = (L 
^-t 

J') 

(') 
(ro ),

(1.-,f)(r) =.þ^,orrrr(x¿), /o(.r) = e=#fe, o(') = Jn11' - "o),

that is,

o = tto(tlù(¡n),.,,, ¿1")("0))
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Though the following proposition is a very sinrplc tr)ne, vJe have not tbund

any references to it,

; a, b) ís of interpokttoty type if and only iJ

d,,(s; al 
.g 

of degt"ee 1 n - I '

Proof. i) Suppose d,,(.; a, &) is of interpolatory type. If g is an arbitrary

polyrromial of degree I n -- l,lhen frorn (3)

(4) dn(s;o,A)= si1')(rr).

If (4) is satisfied, by choosing g: tpwe find Gr : hpcl,(I¡)a,b) = hol!t')(xo),i.e.,

d,,(.; a, Zr) is of inteiPolatory tYPe'

ii) Let us assltme m) n't' [, and consider fho polynomial(Þ(x) : : (x --ro) A(x).

Obsewe that

(s) 4,(n) : c(p)(ro) nnd .R,,(Õ) = pn(r-')1no¡

and, becatrse O and f) are of degree 1rn, we mtlst have O(')(to) = 0 and

t (r*t)(xo) 
= 0. This is contrarJictory to the fact that () iias distinct roots'

LEMMA 2. If R, ís Íhe remaínder corresponding to an n-point rule oJ

i.nterpolatory í;ype, fhen

(6) R,("n) =,rØ)çs¡¡"-n,

dk=

;b¡r+0,

and the roots b y, b2, ... , b,, of o>(x) = ftr;=, (, - b,,) are selected such that

(B) ,(r)10) = 0 attrl "f 
t b¡ 3 +, k = 1,2,,",n .

Proof. suppose that d.,,(i a, b) e Ø, is truo, Then, according to (6), we find

(B) and observe that in this case rtr-1)(O) + 0. At tËe samo time, the n-point rule

d.,,(,; a, å) being of interpolatory type, we get or = ItotL")(xo), which may be

written as in (7). n
In the foliowing two sections we investigate the cases p : I and p:2.

2. ident the differentiation formulas which

areopti ers,i,e', ú\';",b)=Øo,weusethe
results rding to Theorem I, for P: 1 we

musthave or(O) + 0 and r':'(O) = 0, i.e,,

(e) +.+*...n1=0,4b2bn
This condition imposed on b : (b1, b2, ... , bn) is also given in [4], and for n:3 see [l]'
Moreover,

(10) r'(*ù=t[+Oä##*ÀÍ')(/),
where br, b2, ... , bn are arbitrary such that (9) is fulfilled, represents all

àt¡"r."tìâtúnformuíhsfrom {D,, The case n:3 is studied in [1]' it may be noted

that (10) is the same with

1 3

(7)

e',,(x) = xn = f'2(¡) + qu-t(x), e,*t(x)= o(x)+ ",(r)) x¡, + Qn-1(x),
k=0

for some pcllynornials Q¡t-l, â,,-r of degree 1 n - l.
Using (5), we find (6), a

TuBonBu L The followín g s tatements are equiv al ent :

, dn(.; a, b) e Qn;

. a: (ay, ct2t .'. t a,r) is determined bY

.(r+r)10)

(p + t)ro'(0)

" "ol ' -;' ai t{')10¡
bf*to>'(b) ,î¡ sl

f,(,ò=tu:y-l
b2, .,. , br; ö): fbp b2, ,

the distinct points b1, b2,

b1, b2,,.., u,,, fuËÐ] * ol',(t),

. , b,; Þ(t)) denotes the divided difference of

',, , bn,

i bt =o,(P>2),

4,(u,*,) = po(r-r)1o )hn-r'*t. 
[,, 

. 1).ro + nfiur);ø(o)h'-',

where o(x) = fü=, (r - bò.

proof, Let ¡p be defined as in the proof of Lenrma 1 . It is easy to observe that

where [á,,
0 :0(¿) at
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In connection with the remainder fr), some considerations 'were made by H.
E. Salzer [a], We shall prove the following

THeoReN{ 2. If -f € du"l) [cr, Þ], then there exísts a point @, @ e (a, p),
such that

Another formula is

.r'Gù=*(*rlo+Ð-Y#

-#,(.,.+) #,16)(,,),

for f ett',['o -#,,*o*n)r,*o-#.@r<xot H,

In the following numerical example let iu consider n: 2m in ( l0). According

to [2], the tnmcatíon etror is minimized for /ro = #eo - 2n - r) = Tro...From (10) the desired differentiation formula is Ltt

4
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'(^ 
- #).?'(^.+)-

(11) 4')(r) = (-t)" h"bþ.... b,
,l,.r)1O)
(n+1)l

+)-, u, . Ð). #.r(') (o' ),

Proof, If zp 22, .,. , z^are distinct points from [u, Þ], we denote by

(n,,f)(*)i= H,(?t,.,,,2t,.?2.,.,.,22,...,?,,,.._.,2,,.;f;x), (ft,+...*k,n = ¡x¡1¡
k, kz kn

the unique polynomial of degree < n which satisfies

(n,.f)(')(",) = f(t)(r,), j = 0,r,..., ku - t; v = t, 2,...,ffi,

i.e., the Hermite interpolation polynomial. Further we use that

(12) f (*) - (n,¡)(ù= (, - 
",)0, 

...(, - 
",n)0, #H,

with I e (cr, Ê). Defining

g(r) = f (r) - H,(xg, xs, x2,..., x,;.f ;x),

we get from (10)

+Í')(r) = 41')(s) = s'(ro) - (-r)"-tb,br,..b,,

(13) ,/'(xs)= l)''* (/(*, * tur,H) - f(*u - wo.,H)) +
(,r,^)'

+(-l)'' cn,H2^
f('^-\(4)

2m +I) '

â+H4
ß=l

(
t-k k2m

k

where
I

"t,t' 
42nt

2m

m
satisfies

4 tn îC
m.r -l---

2

It is suppose dthat f . 
"(z'*r)[ct,p] 

and 0 <
2

< min(;o - a,,Þ - xo ). .
m--

h

(-r)"-1 brbr, . . b,, g(¡,)
h ø,(U,)t? '

and (12) completes this proof, a
The remainder of some differentiation formulas was also investigated by

H. Brass [3].
Let us give some numerical examples: For n : 4, H> 0, we have

Further, with ru :3, I¡:2h in(13), we find

f ' 6 o)= fr {r[", - 5h, x o + sh; fl - 25[xo - 3h, x x + 3 h; fl+ 1 50[.ro - h, xo + n; .f]) -

-'ão'f'G)'

wlrere ¡ ec?)lo.,pl, o. h< l.nrin(ro - tr,B - x6).

3. Cuse p :2 and bt: 0. For the sake of brevity, we put

å t a'(x),'r" - 
í¡..tr¡, 

vü',l=- i',

f'þo) fþo-H)-s Jto
6H

1
xo*

).*
H
2

rvith /. C(')[ro - H,xonH], xo - H < @r < xr+ H
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From (7) withbr: 0 it is seen that the formula
where 

",,,'= h(:'), , . ,tz^*z)la,p)and 0 < (--:)r< min(xo -.r,B - xs),+ \m,(14)f,,(*ù=#(,,.fGù+z(--t),ø,t,',fffiJ*nj,,(,),

with a * a *. . .* l - 0, has the degree of exactness equal to n.
bzUbn
Tnronnu 3.Iffe in+t) [o, Þ], then thereexists apoinln, rl e (u,þ),such

that

€, .(o,P).Further, withm:4in(17), we find

f " (, ò = *(r rr tl^ - I, .,, ., * f, tf- z+ slx o - !,' o, * o * ! ; r +

44 (n = z(-r),' -' 
hn-r brbr. .. bn

,r(".t)(n)
+ + o 

[,, - !,, o, * o . T, tf- r1., - T,.,,., . +f). #, u t(' 
o ) (6, ),

(1s) n+r)l

Proof. Let us start with

h(x) = f(r)- H,(xo,xo,xr,xr,xo,...,xn;f ;x)

and observe that

h(xs) = 0, h'(xs) = 0, h" (ro) =' 0, h(4) =.. .= tr\x,)

Further, from (14),

(16) ¿1')(¡) = 4')Ø) = z(-r)'-'b,U':'b, !(x?) ,h2 ø)v'(br)
and (12) enables us to write

where /' e c(lo)[ct,B], 0 < H < ?min(xo- cl,,p - r0)
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h(x2) = Q2 - rs)3(*z - n)...(*, - r,)
/('*t)(n) ¡n+t¡ (hùtl /'('*t)(n)
(n+1)! (n+t)!'

which completes, together with (16), the proof, o
Now one can give the following numerical example: Let us consider

n : 2m * I ; then we get from ( 1a) the differentiation formula

f" (rr) = # ,,içÐ'.r-'(T) k
X

(r7) _1k-m--
2

'[r(',.(o- --:),).
/(,, t -^-L

2
- +/(")I 1

).k=r (2k )'

."(z^+z) 
çqr¡+(-r), c,Hz, çfr4n * ¡,


