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ON THE NUMERICAL DIFFERENTIATION

ALEXANDRU LUPAS, DETLEF H. MACHE

1. Let —o0 <o <x, <P < and ¥ be the set of all functions f:[a,] - R
which are p-times differentiable at x,. If a = (¢, a,, ..., a,), b= (Db 5.,
b, # b, for i # j, are arbitrary points in R”, X & b, st—xi, k=1, ..,n,

h> 0, let us consider n-point differentiation formulas of the following kind

) f(p)(xo)=dn(f;a,b)+R,,(f), nEp+12=2,

where d (. ; a, b) : Y R is a linear functional called the n-point rule for the pth
derivative and is defined as

| R
) d,,(f;a,b)::%F;akf(xk), h>0, x,:=xy+hb.

The linear functional R : ¥ - R, R.(f) = f@(x)) - d, (f; a, b) is the
remainder. By denoting e () = t*, we say that d (; a, b) belongs to the set O if
and only if d (e,;a,b)= P (x,), k=0, 1, ..., m, and moreover d, (e,,,;; @ b) #
#e®), | (x,). In other words, @, contains all n-point rules which have the degree of
exactness m. An n-point rule d (.; a, b) is of inferpolatory type ifand only if -~

3) d,(f32,6)= (L) (%),

where

(B ) = S0 1) = 2 ) =TT (5 - %0)

k=1 (x - Xk )O‘ (xk) ’ k=1

that is,
a= h”(ll(p)(xn),...,l,(,:")(xo)).
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Though the foilowing proposition is a very simple one, we have not found
any references to it.

LEMMA 1. i) An n-point rule d (.; a, b) is of interpolatory type if and only if
d (g a b)= g® (x,) for any polynomial g of degree< n—1.
i) Ifd (.; a,b)e ©,, thenm < n.

Proof. 1) Suppose 4, (.; a, b) is of interpolatory type. If g is an arbitrary
polynomial of degree < » — 1, then from (3)

@) d,(g:0,6)= £?(x).

If (4) is satisfied, by choosing g =/, we find a, = h%d,(;;a,b) = h”l,(c")(x0 ), i.e.,
d (.; a, b) is of interpolatory type.

i) Letus assume m > 5 + 1, and consider the polynornial d(x) : = (x — xg) Q(x).
Observe that

(5) R () = (x;) and R (®) = pQ ) (x,)

and, because @ and Q are of degree < m, we must have Q(‘")(xo) =0 and
Q(P“)( x,) = 0. This is contradictory to the fact that () has distinct roots.

LEMMA 2. If R, is the remainder corresponding to an n-point rule of
interpolatory fype, then

©6) R,(e,) = o PO,

R"(enﬂ) = p(D(I’-l)(O)hn~P+1 + ((n + l)xo._+ hz kaO)(P)(O)hn-p,

k=1
where o(x) = HH (x = B).
Proof. Let @ be defined as in the proof of Lemma 1. It is easy to observe that

e,., (x) = x" = Qx) + yi(x), (%) = O(x)+e, (x)éxk + (),

for some polynomials g, , §,_, of degree<n-—1.
Using (5), we find (6).0
THEOREM 1. The following statements are equivalent:
o d;a b)e O,
«a=(a, a, .., a,) is determined by
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- (P+1)(0)
®
S b 0 b, =0, (p=2)
A (p+1)0)'(0) k (P )
@ p! i im(s)(o) L b, #0,

blfﬂ") '(be) sSp 8!

and the roots b, b,, ..., b, of ®(x) = H';:l(x — b,) are selected such that

(8) (D(‘D)(O):Oand E—?hﬂgbkﬁﬁ—]xo,kzlﬁ,...,n.
)

Proof. Suppose that d (.; a, b) € @, is true. Then, according to (6), we find
(8) and observe that in this case m("‘l)(o) £ 0. At the same time, the n-point rule

d (.; a, b) being of interpolatory type, we get g, = h”l,((”)(xo), which may be
written as in (7). 0
In the following two sections we investigate the cases p =1 and p=2.

2. Case p= 1. In order to make evident the differentiation formulas which
are optimal with respect to the degree of exactness, i.c.,d (.; a, b) € D, weuse the
results established in the above section. According to Theorem 1, for p =1 we

must have o(0) # 0 and ©'(0) = 0, i.c,

9 —1—+—1—+...+—1——=0.
: by by b,
This condition imposed on b= (b}, b,, ... , b,) is also given in [4], and forn =3 see [1].

Moreover,

oy ) T bbby < (g T | o)
(10) S'(x) : ; o) Y ),

where b,, b,, ... , b, are arbitrary such that (9) is fulfilled, represents all
differentiation formulas from ©, . The case n = 3/is studied in [1]. it may be noted
that (10) is the same with

I (%) = Ml:bl,bz,--- b .M]+ R;<.1)(f),

h iy t2

where [b,, by, ... , b,; ¢]= [by, by, . s by $(D)] denotes the divided difference of
¢ = ¢(2) at the distinct points b}, b,, ... , b

n
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In connection with the remainder R,(,]), some considerations were made by H.
E. Salzer [4]. We shall prove the following

THEOREM 2. If f € CU*D [, B, then there exists a point ®, ® e (a, p),
such that

(n+1)
() = (17 J(e)
(11) R(f) = (-1)'W'byb,...b, Ik

Proof 1f z,, z,, ..., z, are distinct points from {o, B], we denote by

(H,,f)(x):z Hn(zly'-'azlyzb-"722,"-,2,”’ ‘2 m ’f ) (k1+"'+k1n = n+1)
H_.__J / . ~-

k, k, k,
the unique polynomial of dégree < n which satisfies
(Hn.f)(j)(zv) N f(j)(zv)’ .] = 0:1:"'7kv i l) V= 172,'--;m’

i.e., the Hermite interpolation polynomial. Further we use that

n+1)
| U 2 T S SR S

with & € (o, p). Defining
g(x) i f(x')_Hn(xO:XO’XZ,-'-’xn;f;x)y

we get from (10)
<1> ~ (l) L) __( )" lbb2 bn - g(xk) -
Rn (f) - R7| (g) =& (XO) h LA O}I(bk)bf =
— ( )" lbb b, g(xl)
" b o'(b)b

and (12) completes this proof. O
The remainder of some differentiation formulas was also investigated by

H. Brass [3].
Let us give some numerical examples: For n = 4, H> 0, we have

f(x0) = 6;{(f(x H)-8f(x0—%)+8f(xo+£{2—)—f(xo+H))+%f(5)(®l),

with e COx, — H,x) + H], x, - H < ®, < x, + H.
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Another formula is
1152 HY 72 H
= + H) - —= -—= il
S(x0) = (260 f(xo + H) 221f( 12) Sf(x0+6)
625 H Hib )
-— - ®
f( 5)) w007 (©2)

(5) H H
for feC [xo——ﬁ,x0+H],x0—E<®2 <xo+H.
In the following numerical example let us consider n = 2m in (10). According

to [2], the truncation error is minimized for b, = Z(2k 2m-1) = il 5 Mo

From (10) the desired differentiation formula is

(13 1)= %i(-n'"*“"[z’”](—"——z(f(xo o) S = )

k=1 k Wim )

" f(2m+1)(§)
u § HZm S \v
H-1)e, (2m +1) °

1

2m) . 1
me 42’" i satisfies ————
4”’1’m1t + g

It is supposed that f e C(“'"“)[oc Bland 0 <| m - ~21—JH <min(x, —o,p - xo)
Further, with m =3, =25 in (13), we find

- 1

Cp S —
4" mm

where ¢

1
S'(x)= o8 (3[x0 ~5h,xo +5h f ] - 25[x0 =3h,x0 +3h f]+1500xy — b, x, + Iy -
L3 s ANy
112h SE),

where [ C(7)[a,[3], 0<hs< —;-min(xn —at, P - xg).

3. Casep =2 and b, = 0. For the sake of brevity, we put
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From (7) with b, = 0 it is seen that the formula

= S (%o "‘hbk)] @)

f(% = ] s ) -
(14) ifl (xo)—hz[rn Fxg)+2( l)'b2b3...bnk=2 bl'zv"(bk) +R(f),

. 1
with i + _+__,+L = 0, has the degree of exactness equal to x.
2 3 ]
THEOREM 3. If fe C* D o, B, then there exists a poinin,n € (o, p), such
that

f(”+1)(n)

(2) =2(—1 -1, -1
(15) RI(f)=2=1)"1" ol ey
Proof. Let us start with

h(X) = f(X)—H,,(xo,xo,xo,x3,x4,...,x,,;f;x)

and observe that

h(xo) = 0, n (xo) = 0, h"(xo) :.0, h(X3) =...= h(xn) = 0.
Further, from (14),
@B w0 _ oyt Baby by h(xy)
16 R(f) = B = 2ty B o
and (12) enables us to write
‘ (n+1) .(n+1)
h(xy) = (x5 — x0)3(x2 —x3).(xg - xn)f(n—+1()1!]—) - h"ﬂv'(bz)bg ﬁ,

which completes, together with (16), the proof. O
Now one can give the following numerical example: Let us consider
n=2m +1; then we get from (14) the differentiation formula

)= e Fer |

a7 A =
2

X[f(xo +(k—m—%)H)+f(x0 —(k-m—%]HD—4f(xo)g(—27c—1:)7]+

Al SOTRE,)
Y el o m +1)
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2m

1 m )
where ¢, ::WL ), fect +2)[oa,[?)] and 0 <(m—%)[—[£mm(xo —o,B~x,),

m
g, €(o,p). Further, with m = 4 in (17), we find

] 1 H H 3H 3H

SH SH 7H TH TH®
+49[x0 — = %0 +7;f}—_5[x0 — 5 %0, % +_D+ f(lo)(ﬁz),

2 294912

where f € C(w)[a, Bln0yseHus %min(x0 —a,f - xy).
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